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1 Derivations

Our generic model is a symmetric two-country model in which domestic (d) and for-
eign ( f ) households maximize their country-specific utility subject to their country-
specific budget constraints, firms maximize their respective benefits, and central banks
follow their respective ad-hoc Taylor-type rules and budget constraints.

1.1 Domestic households

The following equations are expressed in terms of stationary variables. The relation
between the initial and stationary variables is logarithmic after normalization by price
and/or the level of exogenous technological progress.1

The optimization problem of domestic households, corresponding to Eq. 1 to Eq. 4
in the paper, expressed in terms of the stationary variables is
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(2)
The utility function consists of consumption, with part of consumption behavior

attributed to habits in preferences, labor, and money in the utility. A friction similar to
the portfolio adjustment costs à la Schmitt-Grohé and Uribe (2003) or price rigidity à
la Rotemberg (1982a) is added into the utility function for each type of bond position.2

This is required when two agents with different intertemporal preferences trade the
same security, especially bonds.3

We use the following external consumption habits in the quadratic costs because
the bond position should be expressed in terms of household consumption:4

ehd,C,t = hd,Cecd,t−1 . (3)

Eq. 3 describes how consumption habits are formed and the parameter hd,C con-

1For instance, cD,t = ln (CD,t/Zt) or mD,t = ln (MD,t/(ZtPD,t)). The relation between the exchange
rate and stationary exchange rate (real exchange rate) is ft = ln (etPF,t/PD,t). Because the bond position
could be negative, we do not take logs. See Section 2 for more details about these transformations.

2This is equivalent to a credit borrowing constraint.
3Otherwise, agents could find an optimal solution in having a minus infimum position that is unreal-

istic. Alternatively, restricting the negative values could modulate the rigidity. However, while simple
quadratic costs produce a smoothed restriction, this would be more complicated.

4The use of consumption habits allows us simplify the optimization with respect to consumption.
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tributes to the rigidity.
The market consists of domestic and foreign one-period bonds and long-term bonds.

Long-term bonds pay a share (sd, s f ) of their nominal in each period. Thus, long-term
bonds with a nominal of 1 euro produce sd euros in the first period, sd (1− sd) in the
second, sd (1− sd)

2 in the third, and so on.
The first-order conditions of domestic households are
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These first-order conditions (Eq. 4 to Eq. 10), which are easier to compute in sta-
tionary variables, can be rewritten in nonstationary variables (Eq. 11 to Eq. 17), which
are more readable, as follows:

− εM
d,t

(
Md,t

ZtPd,t

)−1/σd,M Md,t

ZtPd,t
− λd,t

Md,t

ZtPd,t
+

λd,t+1ZtPd,t

Zt+1Pd,t+1

εu
d,t

εu
d,t−1

Md,t

ZtPd,t
= 0, (11)

− εL
d,t (Ld,t)

1/σd,L Ld,t + λd,tLd,tWd,t = 0, (12)(
Cd,t

Zt
− hd,C

Cd,t−1

Zt−1

)−1/σd,C Cd,t

Zt
− λd,t

Cd,t

Zt
= 0, (13)

− ϕd,s,d

(
Bd,s,d,tZt−1

Pd,tCd,t−1Zt
− µd,s,d

)
Zt

Cd,t
− λd,t

1
Rd,s,t

+
λd,t+1ZtPd,t

Zt+1Pd,t+1

εu
d,t

εu
d,t−1

= 0, (14)

−ϕd,l,d

(
Bd,l,d,tZt−1
Pd,tCd,t−1Zt

− µd,l,d

)
Zt−1

Cd,t−1
− λd,t

1
Rd,l,t

+

+
λd,t+1ZtPd,t
Zt+1Pd,t+1

εu
d,t

εu
d,t−1

(
(1− sd)

1
Rd,l,t+1

+ sd

)
= 0,

(15)

− ϕd,s, f

(
Bd,s, f ,t

Pf ,tZt

Zt−1

Cd,t−1
− µd,s, f

)
Zt−1

Cd,t−1
−λd,t

ed,tPf ,t

Pd,tR f ,s,t
+

λd,t+1ZtPf ,t

Zt+1Pf ,t+1

ed,t+1Pf ,t+1

Pd,t+1

εu
d,t

εu
d,t−1

= 0,

(16)

3



−ϕd,l, f

(
Bd,l, f ,t
Pf ,tZt

Zt−1
Cd,t−1

− µd,l, f

)
Zt−1

Cd,t−1
− λd,t

ed,tPf ,t
Pd,tR f ,l,t

+

+
λd,t+1ZtPf ,t
Zt+1Pf ,t+1

ed,t+1Pf ,t+1
Pd,t+1

εu
d,t

εu
d,t−1

λd,t+1

((
1− s f

) 1
R f ,l,t+1

+ s f

)
= 0.

(17)

1.2 Foreign households

The foreign household’s problem, corresponding to Eq. 1 to Eq. 4 in the paper, is
symmetric:
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The main difference between these two optimization problems, Eq. 1 to Eq. 2 and
18 to Eq. 19, resides in the use of the exchange rate variable.

1.3 Domestic firms

The firm’s problem with a linear production function and price adjustment costs as in
Rotemberg (1982a,b) corresponds to Eq. 5 to Eq. 8 in the paper and can be rewritten
as follows.

The firm maximizes the following expression:

1
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with respect to D, P, Y, and L, and the following constraints
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This problem (Eq. 20 to Eq. 23) can be rewritten in terms of stationary variables
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(Eq. 24 to Eq. 27):
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The production function (Eq. 23) includes a unit root technology process Zt and a
country-specific total factor productivity parameter. Firms sell their products in do-
mestic and foreign markets at the same price. The demand function (Eq. 26) results
from the usual CES aggregation.

1.4 Domestic firms

After simplification, firms’ first-order condition is

epF,d,t(j)
(

e−φθ
d,t pF,d,t(j)+yd,t ωd + (1−ω f )e

−φθ
f ,t(pF,d,t(j)− ft)+y f ,t

)
+

+
(

epF,d,t(j) − ewd,t−ad

) (
−φθ

d,te
−φθ

d,t pF,d,t(j)+yd,t ωd − φθ
f ,t(1−ω f )e

−φθ
f ,t(pF,d,t(j)− ft)+y f ,t

)
−

−ϕd,P

(
epF,d,t(j)−pF,d,t−1(j)+pd,t−(pdv+(1−v)pd,t−1) − 1

)
eyd,t+pF,d,t(j)+

+ϕd,P

(
epF,d,t+1(j)−pF,d,t(j)+pd,t+1−(pdv+(1−v)pd,t) − 1

)
eyd,t+1+pF,d,t(j)−(rd,s,t−φ

y
t+1−pd,t+1) = 0,

(28)
which can be rewritten in terms of nonstationary variables as

PF,d,t(j)
Pd,t

((
PF,d,t(j)

Pd,t

)−εθ
d,t Yd,tωd + (1−ω f )

(
PF,d,t(j)Pd,t
ed,tPd,tPf ,t

)−εθ
f ,t(pF,d,t(j)− ft)

Yf ,t

)
+

+
(

PF,d,t(j)
Pd,t

− wd,t
Ad

)(
−εθ

d,t

(
PF,d,t(j)

Pd,t

)−εθ
d,t Yd,tωd − εθ

f ,t(1−ω f )
(

PF,d,t(j)Pd,t
ed,tPd,tPf ,t

)−εθ
f ,t(pF,d,t(j)− ft)

Yf ,t

)
−

−ϕd,P

(
PF,d,t(j)

PF,d,t−1(j)
e.−pdv

(
Pd,t−1
Pd,t−2

).−(1−v)
− 1
)

Yd,t
PF,d,t(j)

Pd,t
+

+ϕd,P

(
PF,d,t+1(j)

PF,d,t(j)
e.−pdv

(
Pd,t

Pd,t−1

).−(1−v)
− 1
)

Yd,t+1Zt+1Pd,t+1
Rd,s,tZtPd,t

PF,d,t(j)
Pd,t

= 0.

(29)

5



1.5 Foreign firms

The foreign firm’s problem consists of maximizing
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The foreign firm’s problem (Eq. 30 to Eq. 33) can be rewritten in terms of variables,
similar to domestic firms, as follows:
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1.6 Governments

Central banks follow a Taylor-type rule, and their budget constraints (Eq. 10 and Eq.
11 in the paper) can be rewritten as stationary variables:
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1.7 Equilibrium

Domestic demand, corresponding to Eq. 12 in the paper, consists of consumption only:

yd,t = cd,t, (42)

y f ,t = c f ,t. (43)

The aggregate price level, corresponding to Eq. 9 in the paper, consists of the usual
CES aggregation:

1 = epF,d,t(1−φθ
d,t) (ωd) + e(pF, f ,t+ ft)(1−φθ

d,t) (1−ωd), (44)

1 = epF, f ,t(1−φθ
f ,t)
(
ω f
)
+ e(pF,d,t− ft)(1−φθ

f ,t)
(
1−ω f

)
. (45)

Each bond should be bought by someone (Eq. 13 and Eq. 14 in the paper), which
can be rewritten as stationary variables as follows:

bd,s,d,t + b f ,s,d,t + bd,G,t = 0, (46)

bd,s, f ,t + b f ,s, f ,t + b f ,G,t = 0, (47)

bd,l,d,t + b f ,l,d,t = 0, (48)

bd,l, f ,t + b f ,l, f ,t = 0. (49)
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2 Summary of the variables

Variable Description Stationary variable
Bd,s,d,t Domestic bonds bought by domestic households bd,s,d,t = Bd,s,d,t/Pd,tZt
Bd,s, f ,t Foreign bonds bought by domestic households bd,s, f ,t = Bd,s, f ,t/Pf ,tZt
Bd,G,t Domestic bonds bought by the domestic central bank bd,G,t = Bd,G,t/Pd,tZt
B f ,s,d,t Domestic bonds bought by foreign households b f ,s,d,t = B f ,s,d,t/Pd,tZt
B f ,s, f ,t Foreign bonds bought by foreign households b f ,s, f ,t = B f ,s, f ,t/Pf ,tZt
B f ,G,t Domestic bonds bought by the foreign central bank b f ,G,t = B f ,G,t/Pf ,tZt
Bd,l,d,t Domestic long-term bonds bought by domestic households bd,l,d,t = Bd,l,d,t/Pd,tZt
B f ,l,d,t Domestic long-term bonds bought by foreign households b f ,l,d,t = B f ,l,d,t/Pd,tZt
Bd,l, f ,t Foreign long-term bonds bought by domestic households bd,l, f ,t = Bd,l, f ,t/Pf ,tZt
B f ,l, f ,t Foreign long-term bonds bought by foreign households b f ,l, f ,t = B f ,l, f ,t/Pf ,tZt
Cd,t Consumption of domestic households cd,t = ln (Cd,t/Zt)
C f ,t Consumption of foreign households c f ,t = ln

(
C f ,t/Zt

)
Dd,t Dividends of domestic firms dd,t = Dd,t/Pd,tZt
D f ,t Dividends of foreign firms d f ,t = D f ,t/Pf ,tZt
eD,t Exchange rate (domestic currency per unit of the foreign currency) ft = ln

(
ed,tPf ,t/PD,t

)
Ld,t Domestic labor ld,t = ln (Ld,t)
L f ,t Foreign labor l f ,t = ln

(
L f ,t
)

Md,t Money stock held by domestic households md,t = ln (Md,t/Pd,tZt)
Md,t Money stock held by domestic households md,t = ln (Md,t/Pd,tZt)
Pd,t Aggregate price level in the domestic market pd,t = ln (Pd,t/Pd,t−1)
Pf ,t Aggregate price level in the foreign market p f ,t = ln

(
Pf ,t/Pf ,t−1

)
PF,d,t (j) Price of goods of domestic firm j pF,d,t (j) = ln (PF,d,t (j) /Pd,t)
PF, f ,t (j) Price of goods of foreign firm j pF, f ,t (j) = ln

(
PF, f ,t (j) /Pf ,t

)
Rd,s,t Domestic interest rate rd,s,t = ln (Rd,s,t)
R f ,s,t Foreign interest rate r f ,s,t = ln

(
R f ,s,t

)
Rd,l,t Domestic long-term interest rate rd,l,t = ln (Rd,l,t)
R f ,l,t Foreign long-term interest rate r f ,l,t = ln

(
R f ,l,t

)
Wd,t Domestic wage wd,t = ln (Wd,t/Pd,tZt)
W f ,t Foreign wage w f ,t = ln

(
W f ,t/Pf ,tZt

)
Yd,t Domestic demand yd,t = ln (Yd,t/Zt)
Yf ,t Foreign demand y f ,t = ln

(
Yf ,t/Zt

)
YF,d,t Domestic GDP (production of domestic firms) yF,d,t = ln (YF,d,t/Zt)
YF, f ,t Foreign GDP (production of foreign firms) yF, f ,t = ln

(
YF, f ,t/Zt

)
λd,t Domestic household Lagrange multiplier λd,t = λd,t
λ f ,t Foreign household Lagrange multiplier λ f ,t = λ f ,t

Table 1: Description of the variables and corresponding stationary expressions.
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εu
d,t Domestic households’ intertemporal preference shock φu

d,t = ln
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εu
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)
εu
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(
εu

f ,t/εu
f ,t−1

)
εL

d,t Domestic households’ labor supply shock φL
d,t = ln

(
εL

d,t

)
εL

f ,t Foreign households’ labor supply shock φL
f ,t = ln

(
εL

f ,t

)
εM

d,t Domestic households’ liquidity preference shock φM
d,t = ln

(
εM

d,t

)
εM

f ,t Foreign households’ liquidity preference shock φM
f ,t = ln

(
εM

f ,t

)
εR

d,t Domestic monetary policy shock φR
d,t = εR

d,t
εR

f ,t Foreign monetary policy shock φR
f ,t = εR

f ,t
εθ

d,t Domestic demand elasticity shock φθ
d,t = εθ

d,t
εθ

f ,t Foreign demand elasticity shock φθ
f ,t = εθ

f ,t
εt Technological progress shock φ

y
t = ln (εt/εt−1)

Table 2: Description of the shock variables and corresponding stationary expressions.

3 Summary of the parameters

1. Parameters (ηi,j; ηi,j; std of ξ
j
i,t) for each exogenous process φ

j
i,t.

2. Monetary policy rule’s parameters: γd,R; γd,P; γd,Y; γd, f ; γ f ,R; γ f ,P; γ f ,Y; γ f , f .

3. Bonds’ rigidity’s parameters: ϕd,s,d; ϕd,s, f ; ϕd,l,d; ϕd,s, f ; ϕ f ,s,d; ϕ f ,s, f ; ϕ f ,l,d; ϕ f ,l, f ;
µd,s,d; µd,s, f ; µd,l,d; µd,l, f ; µ f ,s,d; µ f ,s, f ; µ f ,l,d; µ f ,s, f ;

4. Price rigidity’s parameters: µd,P; µ f ,P.

5. Habits’ parameters: hd,C; h f ,C.

6. Long-term bonds’ parameters: sd; s f .

7. Indexation parameters: vd; v f .

8. Demand structure preferences’ parameters: ωD; ω f .
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4 Distance correlations

Table 3 to Table 5 present the distance correlations (Székely et al., 2007) of the models’
variables. Distance correlation allows us to analyze linear and nonlinear dependency
between variables, whereas Pearson correlation (standard coefficient of the correla-
tion) is sensitive only to the linear relationships between two variables (Benchimol,
2020). Because we use nonlinear models, we must assess both the linear and the non-
linear relationships between the variables.

The domestic bonds bought by the central bank (bd,g,t) are highly correlated with
the short-run domestic bonds bought by domestic households in the local currency
(bd,d,sr,t). In addition, these bonds are highly correlated with domestic consumption
(cd,t). The quantity of bonds bought by households denotes the ability of households
to intervene in markets, denoted by their increasing ability to consume. By buying
domestic bonds, the central bank intervention plays a substantial role in this increasing
ability of households.

Comparing Table 3 with Table 4, consider that an SVS to technological progress
substantially decreases the distance correlation between foreign wages (w f ,t) and the
foreign bonds bought by the central bank (b f ,g,t) as well as the distance correlation
between foreign wages and foreign money stock (m f ,t).

Table 3 to Table 5 show that the distance correlation between the foreign bonds
bought by the central bank (b f ,g,t) and the short-run domestic bonds bought by domes-
tic households in the foreign currency (bd, f ,sr,t) increases in the 3SVS model compared
with in the other models.

The model without SVSs displays more comovement than the other models.
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