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Conditional Expectations

Roadmap, Part |

o~ 0 np o~

Linear predictors and least squares regression
Conditional expectations

Some functional forms for linear regression
Regression with controls and residual regression
Panel data and generalized least squares
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Conditional Expectations

Takeaways for these slides

v

Probability review
Conditional probability <+ share within subpopulation

Conditional expectations minimize average squared prediction
error (population concept)

Like best linear predictor, but dropping linearity restriction

v

v

v
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Conditional Expectations

Probability review

» Assume for simplicity finite state space.

» Set of States of Nature
S={s1,...,5m}

» Probability Distribution (Measure):
P(s)) >0, Y}, P(s)=1.

» An event Ais a subset of S and has probability
P(A) = LscaP(s).
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Conditional Expectations

» A random variable Y is a mapping from S to Z. lts expectation is
M
E(Y)= ) Y(s)P(s)).
j=1

> Distribution of Y: Fy(y) = Ye.y(s)=y P(S).

Questions for you

Express E(Y) in terms of Fy
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R
Conditional Expectations

Solution:

B =Y. v(s)Pts) = Yon( T P(s)) -
j=1 / j

L
yiF(yr).
=1 Y(s)=y =1

I
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Conditional Expectations

Conditional Probability
» If P(B) > 0and s; € B,

P(s)
ZSEB P(S)

» Same properties as unconditional probability:

P(sj|B) =

M

P(sj|B)>0, Y P(s;|B)="1

=1

» Conditional probability for events:

P(A|B) =Y P(s|B)= LseanPls) _ — P(ANB)/P(B).
seA (B)

P(s;)/P(B); P(sj|B)=0 ifs;¢ B.



Conditional Expectations

Properties of conditional probability

» Partition Formula: If the collection of disjoint subsets {B;} forms a
partition of S, then

P(A) = Y P(A|B)P(B)).

» Bayes’ Rule:

P(A|B;)P(B;)
P(A)

_ _P(A|B)P(B)

- Y,P(AIB)P(B)

P(Bi|A) =

Questions for you

Prove these formulas.
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Conditional Expectations

Conditional Expectation

v

Conditional expectation given event B:

E(Y|B)= ZY(SI)P sj| B).

v

Let X: S— {xy,..., Xk} be another random variable.
» The regression function r: {xq,...,xx} — % has

r(x)=E(Y|X=x)=E(Y|{s€ S: X(s)=x}).

v

= Conditional expectation given random variable X
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Conditional Expectations

» Joint Distribution. The random vector (X, Y) maps S into
X)W ={(x,y) :x€{x1,....xc },y €{y1,-- -, ¥} },
and induces
Fxy(x,y)=P(X=x,Y =y)

= Z P(s) for (x,y)e Z x¥.

s€S:X(s)=x,Y(s)=y

» Marginal Distribution:
Fx: %%[OJ]) FX(X): ZFXY(ny)v
yew

Fr: % —1[01], Fr(y)= Y Fxv(xy).
xe

» Conditional Distribution. If P(X = x) # 0,
Fyx(y[x) = Fyx(x,y)/Fx(x).
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Conditional Expectations

Optimal Prediction

» Recall the definition of the best linear predictor:
Y =Bo+BiX, minE(Y—Y)?
ﬁ07B1
» Now consider the same problem, without linearity:

mgin E[Y — g(X)]2.

Questions for you

» Rewrite E[Y — g(X)]? in terms of Fxy(x, ).

> Now rewrite it using Fy | x(y | x) and Fx(x).
» Solve for the optimal g.
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Conditional Expectations

Solution:

» Rewriting:

E[Y —g(X)? =Y [y — g(x)*Fxv(x.)

= Z(Z[y —9()PFy x(y| X)) Fx(x).
X \y

» Thus:
arnginZ(y—c)zF(y|x) = E(Y|X = x).
y

» So the optimal choice of the function g is the regression function
r.
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Conditional Expectations

General state spaces and continuous distributions

v

So far, we considered discrete state spaces.

v

For continuous distributions, we can derive most of the same
results.

v

Let’s start with the uniform distribution on [a, b]:

P(le.d]) = = a/d d- : (a<c<d<b).
» IfAC [a,b], 1
P(A) = b_a/Adx.

13/19



Conditional Expectations

Expectation

» General notation:
E(Y) = /s Y(s)dP(s)
— / ydFy(y), with Fy(B)=P{s:Y(s) < B}.

» If the induced distribution for Y is uniform on [a, b], then

1 b
E(Y)= b—a/a yady.
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Conditional Expectations

Generalizing our previous definitions

» Joint Distribution:
Fxy(Bx A) = P{s: X(s) € B, Y(s) € A}.
» Marginal Distribution:
Fx(B) = Fxy(Bx %), Fy(A)= Fxy(Z xA).
» Conditional Distribution:

Fy x(Alx)=P(Y € Al X = x).
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Conditional Expectations

» Partition Formula:
Fry(Bx A) = /B Fy x(A] x) dFx(x).

» Bayes’ Rule:

JoP(Y € A|X = x) dFx(x)
[P(Y € A|X = x)dFx(x)

P(XeB|YEA) =
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Conditional Expectations

Densities

» Joint Density fxy (with respect to Lebesgue measure on %?):

For(Bx A) = | forlx.y) oy
X

:/q(/lgfxy(x,y)dx> dy:/‘B(/Afxy(x,y)dy) ax.

» Marginal Density:

fx(X)Z/fXY(X,Y)d% fY(}’)Z/fXY(X,}/)dx.
» Conditional Density:

fyix (v X) = fxv (X, ¥)/ fx(x).

Frix(Alx) = [ frxly ).
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Conditional Expectations

» The joint density factors into the product of the conditional density
and the marginal density:

fxy(x,¥) = fy x (v | x)fx(x).
» Partition Formula:
W(9) = [ Berxy)a = [y x(y X)) o
» Bayes’ Rule:

 hx ([0 (x)
x| x)fx(x) dx”

fxv(x]y)
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Conditional Expectations

Law of iterated expectations

» For Random Variables X and Y, E[E[Y|X]] = E[Y]

Proof for the continuous case:
/—Z/_nyYIX(HX)dyfx(X)dx
N /—o; /_nyY|X(y|X)fx(X)dydx
N /_Z/_nyxﬂ’(x»}’)dydx
N /_Zy/_z fi.v (X, y)dxdy

= /_nyv(y)dy = E[Y]

E[E[YIX]]
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