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Modellingby LévyProcesses
for FinancialEconometrics

OLE E. BARNDORFF-NIELSEN NEIL SHEPHARD

ABSTRACT This paperreviewssomerecentwork in which Lévy processesareusedto modelandana-
lysetime seriesfrom financialeconometrics.A mainfeatureof thepaperis theuseof positive Ornstein-
Uhlenbeck(OU) typeprocessesinsidestochasticvolatility processes.Thebasicprobability theoryasso-
ciatedwith suchmodelsis discussedin somedetail.

1. Intr oduction

This paperreviews somerecentwork in which Lévy processesareusedto modelandanalysefinan-
cial time seriesat the “microscopic” tick-by-tick scaleandat the larger “macroscopic”time scaleof
hourlyor daily data.Themodelsaim to incorporateasmany aspossibleof themainstylizedfeatures
of financialseries,be they stockprices,foreign exchangeratesor interestrates,while maintaining
mathematicaltractability.

On the macroscopicscalesprototypicalstochasticvolatility modelsfor one-dimensionalvariates
areof theform ���������
	������������������	��������������
	��! "����	

(1.1)

in thecaseof log stockpricesor log foreignexchangerates,andof theform���#���
	������������������	%$'&(�#���
	����������)����	��� "����	
(1.2)

for shortinterestrates1. In bothcases,
 *���
	

is Brownianmotionand
� � ���
	

is a non-negative station-
ary stochasticprocess,for simplicity assumedindependentof

 *���
	
. Thesolution

� � ����	
of (1.1) is a

stochasticprocessof “integrated”typewhereasthesolutionsof (1.2), in which we areinterested,are
stationary. Modelsof the type(1.1) and(1.2) arereferredto asSV (stochasticvolatility) modelsand
SSV(stationarystochasticvolatility) models,respectively.

Of particularinterestarecaseswhere
� � ����	

is of OU type(Ornstein-Uhlenbecktype)or is a super-
positionof suchprocesses— suchmodelswereintroducedin this context by Barndorff-Nielsenand
Shephard(1999).In theformerinstance,

� �
satisfiesastochasticdifferentialequationof theform�!� � ���
	��+$-,�� � ����	��������!./�0,!�
	

where
./����	

is aLévyprocesswith positive increments;thus
./����	

is asubordinator2.

1In theinterestratecontext it maymakesenseto replacetheBrownianmotion 1�24365 by aLevy processwith non-negative increments(a
subordinator),in orderto guarantee(solong as 7 and 8 arenon-negative) thattheprocessx(t) is non-negative.

2Theratherunusaltiming in thesubordinatorhasbeenselectedsothatas 9 changesthemarginaldistribution of :�;<24365 doesnot.



Someaspectsof studiesof turbulencewill alsobe discussed,motivatedby the fact that thereare
several striking similarities - as well as importantdifferences- betweenkey empirical featuresof
observationalseriesin financeon theonehandandturbulenceon theother. Seein particularSection
2,whichsummarizesandcomparesthestylizedtraitsin question.Sections3-9review theprobabilistic
theoryneededfor theconstructionandanalysisof thefinancialmodels,andin Section10 we take up
the discussionof thosemodels,necessarilyalso in summaryform. The final Section11 considers
somefurtherissuesandpossiblefuturework.

In thesequelwe shallusethefollowing notationfor cumulanttransformsof a randomvariate
�=?>A@?B ��CD�FEHG�IKJ >ALNMPO�Q CSR T >VUWB �XCD�YEHG�I)J >ALNZ
Q C

and [T >VU?B �XCD�YEHG�IKJ >AL�\/Z]Q C (1.3)

with straightforwardextensionsof thenotationto moregeneralrandomvariates.

2. Stylized featuresof financeand turbulence

A numberof characteristicfeaturesof observational seriesfrom financeand from turbulenceare
summarisedin table1. The featuresarewidely recognizedasbeingessentialfor understandingand
modellingwithin thesetwo,quitedifferent,subjectareas.In financetheobservationalseriesconcerned
consistof valuesof assetssuchas stocksor (logarithmic) stock returnsor exchangerates,while
in turbulencethe seriestypically give the velocitiesor velocity derivatives (or differences),in the
meanwind directionof a largeReynoldsnumberwind field. For sometypical examplesof empirical
probabilitydensitiesof logarithmicassetreturnsseeEberleinandKeller (1995)andShephard(1996),
while for velocity differencesin large Reynolds numberwind fields see,for instance,Barndorff-
Nielsen(1998a).

Finance Turbulence
varyingactivity volatility intermittency
semiheavy tails + +

asymmetry + +
aggregationalGaussianity + +

0 autocorrelation +
$

quasilong rangedependence + +
scaling/selfsimilarity [+] +

TABLE 1. Stylisedfeatures.

A very characteristictrait of time seriesfrom turbulenceaswell asfinanceis that thereseemsto
beakind of switchingregimebetweenperiodsof relatively smallrandomfluctuationsandperiodsof
high ’activity’. In turbulencethisphenomenonis known asintermittency, seee.g.Frisch(1995,Ch.8)
for a thoroughdiscussion,whereasin financeonespeaksof stochasticvolatility or conditionalhetero-
scedasticity. For theintegratedlog-priceprocess

� � ���
	
in financeabasicexpressionof thevolatility is

givenby thequadratic variation process
� ��^ �`_

, which is definedas��� ^ �a_b�Fc
-
Eedefhg > �������`iMej�k 	%$l���m����iM 	<CV� (2.1)
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for any sequenceof partitions
� i n �porqY� i k qts�s�s�qY� iu�v �w�

with x�y c M > � iMej�k $'� iM C"z{o
for | z~}

.
For SV models ��� ^ �a_��p� 3n ��������	������Y���������
	�R
theintegratedvolatility of theprocess.A similarconcept,calledintermittency, isusedin theturbulence
literature.If we write

���Y�%����R
�
	
asthevelocity at position

�
in themeandirectionof thewind field

at time
�
, thenintermittency is definedastheenergy dissipationrateperunit massaroundposition � :L i � � 	�� | \�k ��� jbi��]�� \!i��]����� �� ���

� ���
measuredover a symmetricinterval of length | and centredat � (since

�
is consideredas being

stationaryin time,
�

hasbeensuppressedin thenotationfor
L i ).

The term “semiheavy tails”, in table1, is intendedto indicatethat the datasuggestmodellingby
probabilitydistributionswhosedensitiesbehave, for

��z���}
, as���A�X� ���A� �#� ��������c���$?����� �#� 	

for some¡ j R ¡ \£¢�¤ and
� j R�� \£¥ o .

Velocitydifferencesin turbulenceshow aninherentasymmetryconsistentwith Kolmogorov’smod-
ified theoryof homogeneoushigh Reynoldsnumberturbulence(cf. Barndorff-Nielsen(1986)).Dis-
tributionsof financialassetreturnsaregenerallyrathercloseto beingsymmetricaround0, but there
is a definitetendency towardsa dynamicversionof asymmetrystemmingfrom thefact that themar-
ket is proneto reactdifferently to positive asopposedto negative returns,cf. for instanceShephard
(1996,Subsection1.3.4)).Thisreactionpattern,or at leastpartof it, is referredto asa‘leverageeffect’
wherebyincreasedvolatility tendsto beassociatedwith negative returns.

By aggregationalGaussianityis meantthefactthatlongtermaggregationof financialassetreturns,
in the senseof summingthe returnsover longerperiods,will lead to approximatelynormally dis-
tributed variates,andsimilarly in the turbulencecontext3. For illustrationsof this, seefor instance
EberleinandKeller (1995)andBarndorff-Nielsen(1986).

Theestimatedautocorrelationfunctionsbasedon log pricedifferenceson stocksor currenciesare
generally(closely)consistentwith anassumptionof zeroautocorrelation.

Nevertheless,this type of financial dataexhibit ’quasi long rangedependence’which manifests
itself inter alia in theempiricalautocorrelationfunctionsof theabsolutevaluesor thesquaresof the
returns,whichstaypositive for many lags.

For discussionsof scalingphenomenain turbulencewe refer to Frisch(1995).As regardsfinance,
seeBarndorff-Nielsen and Prause(1999) and Mantegna and Stanley (2000),and referencesgiven
there.Thelatterwork also,morebroadly, discussesrelationsbetweenfinanceandturbulence.

In addition,it is relevantto mentiontheone-dimensionalBurgersequation

� �� � ��� �
�
� � �§¦ �

� �
� � � Rwhich relatesthe velocity changesin time to velocity changesin position. This nonlinearpartial

differentialequationmaybeviewedasa ¨ toy model’ versionof theNavier-Stokesequationsof fluid

3However, in turbulenceasmallskewnessgenerallypersists,in agreementwith Kolmogorov’s theoryof isotropicturbulence.
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dynamicsand,assuch,hasbeenthe subjectof extensive analyticalandnumericalstudies,seefor
instanceFrisch(1995,pp. 142-3),Barndorff-NielsenandLeonenko (2000)andBertoin (2000),and
referencesgiventhere.In finance,Burgersequationhasturnedup in work by HodgesandCarverhill
(1993)andHodgesandSelby(1997).However, theinterpretationof theequationin financedoesnot
appearto have any relationto theroleof theequationin turbulence.

3. Lévy processesand random fields

In this sectionwe recall thedefinitionof a Lévy processanda randomfield. The latterwill beused
extensively in thedevelopmentof long-rangedependentprocessesin Section9 of thispaper. Wethen
studythecumulantgeneratingfunctionsof integralsdefinedwith respectto Lévyprocessesandfields.

Recallthata Lévy processis a continuousin probability, cadlagstochasticprocess
.©� > ./����	<C 3«ª n

with independentandstationaryincrementsand
./�«o¬	��Yo

. For suchaprocesswehave
=?>A@B ./����	<CD�� =?>A@?B ./�]®V	<C

and
./�]®V	

hastheLévy-Khintchinerepresentation=->A@WB ./�]®V	<C��F¯a° @ $ ®±�² @ ���³��´¶µ L MHO
QD$h®�$l¯ @S· ����	�¸"¹*�«����	 (3.1)

wheretheLévymeasure
¹

is suchthatit hasnoatomat
o

and� ´ fºde» > ®�R
� � C�¹*�«����	�qF}
andwhere

·
is acenteringfunctionthatwe chooseas· ����	�� ¼½ ¾ �

for
� �#��¿p®QÀ Q À for
� ���ÂÁp®�� (3.2)

Correspondingly, theprocess
./���
	

is a sum
./����	K�p°Â�X�ÄÃ ²  "����	X�³. n ����	 of a drift term

°¬�
andwhere "����	

and
. n ���
	

areindependentprocesses,
 *���
	

beingBrownianmotionand
. n ����	

aLévyprocesswith=?>A@�B . n �]®V	<Cº��Å ´  L MHO
Q $h®Æ$£¯ @S· ����	 � ¹Ç�«����	
. If ² �to

, andwe shallmainly considersuchcases,
then

.
is saidto beaLévy jumpprocessandif also

°*�Yo
it is aLévypure jumpprocess. If

.
hasonly

non-negative increments,thenit is asubordinator (cf. Bertoin(1996,Ch. III)).
A Lévy field on a region È is a randommeasure

.
on È suchthat the valuesof

.
corresponding

to a countablenumberof disjoint (measurable)subsetsof È areindependentandsuchthat for every
subsetÉ of È the randomvariable

./� É 	 is infinitely divisible. Hence,for sucha field,
.

will have
infinitesimalLévy-Khintchinerepresentation=?>A@?B .(�«�ËÊK	<CD�F¯ @ °b�«�ËÊK	#$ ®± @ � ² �«�ËÊK	�� � ´¶µ L MHO
QD$h®Æ$l¯ @¬· ����	�¸�¦X�«���XÌ��ËÊ�	 (3.3)

wherethe(generalized)Lévymeasure
¦

satisfies
¦�� > o�CSÌ É 	��§o and� ´�fºde» > ®�RA� ��� ��CA¦��«����Ì É 	�qF} (3.4)

for all É . Thequantity
�«°(R ² R<¦(	 is referredto asthecharacteristictriplet of thefield

.
.

In the presentpaperwe will only considercaseswhere
.

hasno Gaussiancomponents,i.e. the
measure² is identically

o
. Then

.
is termedaLévyjumpfield.
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Thereis no essentiallossof generalityin assumingthat
¦

factorizesas¦��«����Ì��ËÊ�	��w¹Ç�«���XÌ]ÊK	`Í��«�ËÊ�	
(3.5)

for somemeasure
Í

on È . Weshallusethenotation¹ \ ���XÌ]ÊK	)�w¹*�
��$-}YR
�!_0Ì]Ê�	
and

¹ j ���XÌ]ÊÆ	��w¹*� ^ ��R�}³	�Ì]Ê�	
(3.6)

for the tail massesof the measure
¹*��sHÌ]Ê�	

. Furthermore,in mostof the casesto be considered,the
Lévy measure

¹Ç��sHÌ]ÊK	
is, for each

Ê
, absolutelycontinuouswith respectto Lebesguemeasureon È ,

with adensity
�%���XÌ]ÊK	

. When
¹*��sHÌ]Ê�	

doesnotdependon
Ê

wewrite
¹Ç�«����	

,
¹ j ����	

, etc.
Any Lévy process

./����	
inducesa Lévy randommeasure

.
on ¤ j , where ¤ j �Î�«oËR�}³	

, starting
from thedefinition ./�
�«°(R ² _�	)�Y.(� ² 	#$¶./�«°�	�� (3.7)

Conversely, if
.

is a Lévy randommeasureon È � ¤ j with characteristictriplet of the form�«oËR�oËR�¹*�«�!��	��ËÊ	
thentheprescription ./����	��Y./�
�«oËR
�`_�	

(3.8)

determinesaLévyprocess.
FunctionsÏ on È can,undersuitableregularityconditions4, beintegratedwith respectto therandom

field
.
. Weusethenotation

ÏÇÐ ."�Ñ�ÂÒ Ï �ÓÊ�	�./�«�ËÊ�	 (3.9)

for theintegrals.In theLévyprocesscase(3.7)-(3.8)Ï�Ð . coincideswith theusualstochasticintegral
of Ï with respectto theprocess

./���
	
andwe write

ÏÇÐ ."�Ñ� ´�Ô Ï ���
	�./�«�!�
	
For Lévyprocessesakey resultfor many calculationsis embodiedin theformula

=?>A@-B ÏÇÐ .ËCD� ��´�Ô =?>A@ Ï � · 	 B ./�]®V	<CV� · (3.10)

Thisratherwell-known resultfollowsessentiallyfrom thefollowing formalcalculation,usingproduct

4A brief review of therelevantmathematicaltheoryis givenin Barndorff-NielsenandPérez-Abreu(1999).
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integrationandtheindependentscatteringpropertyof
.
:���Ëc >m=?>A@?B Ï*Ð .ËC�C � JlÕ%���Ëc � ¯ @ � ´)Ô Ï�Ö . �Ç×� JÙØÚ©ÛÜmÝ ´)Ô ���Ëc > ¯ @ Ï � · 	��!./� · 	<C�Þß� ÛÜmÝ ´)Ô J ^ ���Ëc > ¯ @ Ï � · 	��!./� · 	<C�_� ÛÜmÝ ´)Ô ����c ^ =?>A@ Ï � · 	 B �/./� · 	<C�_� ÛÜmÝ ´)Ô ����c ^ =?>A@ Ï � · 	 B .(�]®V	<CV� · _� ���Ëclà0� ´)Ô�=?>A@ Ï � · 	 B ./�]®V	<CV� ·�á �

More generally, for any Lévy randommeasure
.

with characteristictriplet
�«oËR�oËR�¹*�«����	`Í��«�ËÊK	
	

we
have = Õ @?B � Ò Ï�Ö . × �Ñ� ÒDâ >A@ Ï �ÓÊ�	<CXÍ��«�ËÊK	 (3.11)

where â � @ 	��Ñ��´¶µ L MPO�Q-$Ä®Æ$l¯ @�· ����	�¸"¹Ç�«����	
(3.12)

is thecumulantfunctionof aninfinitely divisible randomvariablewith characteristictriplet
�«oËR�oËR�¹�	

.
Now considerthecasewhere

.
is nonnegative. For suchfields,integrals Ï©Ð . of functions Ï with

respectto
.

have representation(seeJacodandShiryaev (1987,Ch. II, ã 4C))Ï*Ð .ä� ÏºÐ °��³� ´)Ô ��Ò Ï �ÓÊ�	`�(å��«���XÌ��ËÊK	 (3.13)

with
°Âæ«�«�� �	

a measureon È andwhere
å��«����Ì��ËÊ�	

follows thePoissonlaw with mean
¦��«���XÌ���ÊK	

. In
this casethecumulantfunctionalof thefield is of theform=?> Ï B .�CD� =?> ® B Ï*Ð .ËCD�F¯ ÏºÐ ° æ �³� ´)Ô ��ÒÇµ L�Meç 24èË5 Q $Ä®¬¸�¦��«����Ì��ËÊ�	 (3.14)

Supposein particularthat
Í

(in (3.5)) is a probability measurewhich we thereforedenoteby é .
Thenequation(3.14)mayberewrittenas[T >VU?B ÏºÐ .ËCD�ê$ U ÏºÐ ° æ $ �ÂÒ�� ´)Ô µ%®Æ$ L \/Z�ç 2 � 5 Q ¸"¹*�«����Ì � 	 é �«� � 	 (3.15)

and,for simplicity letting
° æ �Yo

, this canbegiventhesymbolicform
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[T >VU?B ÏºÐ .�CD� � Ò [T >VU Ï � � 	 B#ë � � C é �«� � 	 (3.16)

where
ë

and � areinterpretedasa pair of randomvariableswith � having law determinedby é and
suchthat

ë
given � is a positive and infinitely divisible randomvariablewith characteristictriplet�«oËR�oËR�¹*��sHÌ � 	
	 . For apositive infinitely divisible randomvariable

ë
formula(3.15)specializesto[T >VU?B%ë C-�ê$W° æ U $���´ Ô µ#®�$ L \/Z]Q/¸ä¹*�«�!��	��

(3.17)

Extensionto multivariateLévy fields
.ì�Î�«. k R��H�H�HR�. u 	 is immediate.Lévy-Khintchine’s infinites-

imal representationtakestheform=?>A@?B .(�«�ËÊK	<CD�F¯�í«°��«�ËÊ�	�R @�î $ ®± í @ ² �«��Ê)	�R @Ëî �³��µ L M�ïðO�ñ QVò�$h®Æ$l¯ @S· ����	�¸�¦X�«���XÌ��ËÊ�	
(3.18)

wherenow
@ �ó� @ k R��H�H�HR @ u 	 , ° is an ô -dimensionalmeasure,² an ôöõ©ô matrixvaluedmeasureand

(3.2)and(3.4)applywith
� ���

interpretedasEuclideandistance.
In extensionof formula(3.17)we have thatan ô -dimensionalrandomvariate

ë �÷� ë k R��H�H�HR ë u 	 all
of whosecoordinatesarepositive is infinitely divisible if andonly if thecumulantfunction [T is of the
form [T >VU-B�ë CD�+$äí«° æ R UÂî $�� ´�øÔ �]®Æ$ L�\�ïðZ�ñ QVò 	<¹*�«����	

(3.19)

where
°¬æ

is an ô -dimensionalvectorwith all coordinatesnonnegative and
¹

is aLévymeasuresatis-
fying

¹*� ¤ uDù ¤ u j 	)�Yo and � À Q À ú k � �#�û¹Ç�«����	KqY}F� (3.20)

For aproof,seeSkorohod(1991,pp.156-157).

4. Selfdecomposabilityand Lévy processes

4.1.Selfdecomposability

A probabilitymeasureü on ¤ is saidto beselfdecomposableor to belongto Lévy’s class ý , if for
each

,�Áho
thereexistsaprobabilitymeasureþ 9 on ¤ suchthat&#� @ 	)�§&#� L \ 9 @ 	]& 9 � @ 	 (4.1)

where
&

and
& 9 denotethecharacteristicfunctionsof ü and þ 9 , respectively. A randomvariable

�
with law in ý is alsocalledselfdecomposable,andit is infinitely divisible.Theconceptof selfdecom-
posabilityis closelyrelatedto thatof stationarylinearautoregressive timeseriesof order

®
, i.e. É-ÿ �]®V	

processes.Indeed,for suchaprocess ���*� ¡ ��� \�k �����(R
7



with i.i.d. innovations
> ���/CSR

wehave=?>A@WB ���!CD� =?> ¡ @WB ��� \�k CÆ� =?>A@WB ���!C (4.2)

andsince,by stationarity,
=?>A@?B � � C�� =?>A@?B � � \�k C therelation(4.2) is acumulantversionof (4.1).

Essentially, then,theonly possibleÉ-ÿ �]®V	 processesarethosefor whichtheone-dimensionalmarginal
law is selfdecomposable.And similarly for the OU processes,i.e. “AR(1) processesin continuous
time”, to bediscussedin Section6.

Theclassý is alsocharacterizedastheclassof possiblelimit laws for normalizedsequencesof the
form ² \�k� ��� k ��� � �Fs�s�sm�����Ë	�$'°��
where

� k R
� � R��H�H�HR
����R��H�H� is a sequenceof independentrandomvariablessatisfyingtheuniformasymp-
totic negligibity condition(see,for example,Loève (1955,pp.319–326)).

Furtherimportantcharacterizationsof classý asasubclassof thesetof all infinitely divisible laws
is givenby thefollowing theorem

Theorem 4.1 Let
¹*�«����	

denotetheLévy measureof an infinitely divisible probabilitymeasureü
on ¤ . Thenthefollowing threestatementsareequivalent:

(i) ü is selfdecomposable

(ii) Thefunctionson ¤ j givenby
¹ j � L�� 	

and
¹ \ ��$ L�� 	

arebothconvex

(iii)
¹

is of theform
¹*�«�!��	��F�#����	����

with[�%����	)�ó� �#�`�#����	
(4.3)

increasingon
��$-}FR�o¬	

anddecreasingon
�«oËR�}³	

.

If
�

is differentiablethenthenecessaryandsufficient condition(ii) maybereexpressedas�%����	����/� æ ����	K¿ho
, (4.4)

for
����Yo

.

Supposeü is concentratedon ¤ j , with 0 the lower boundof the supportof ü . Then ü is self-
decomposableif and only if ü is absolutelycontinuouswith a density � for which thereexists a
monotonicallydecreasingfunction [� suchthat� � ����	�� � Qn	� ����$ ë 	 [��� ë 	�� ë
for (almostall)

��Áho
. 


Theequivalenceof (i), (ii) and(iii) is dueto Lévy (1937).A proof maybefoundalsoin Bar-Lev,
Bshouty, andLetac(1992);seealsoSato(1999).The final result in the theoremwasestablishedin
the form given hereby Steutel(1970),cf. Sato(1999,p. 385 and426).Herewe restrictdiscussion
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to a proof that (iii) implies (i). Let
�«°(R ² R�¹�	 bethecharacteristictriplet of ü andassumethat (iii) is

satisfied.Verifying (i) amountsto showing that,for any � ¢ �«oËRN®V	 , thefunction��N� @ 	��YEHG�I�&#� @ 	�$¶EHG�I�&#� � @ 	
canbewritten in theLévy-Khintchineform (3.1).Now���N� @ 	{� $ ®± ² �]®Æ$ � � 	 @ � ��°b�]®$ � 	`¯ @�l� ´���� n�� >AL�MHO�Q $h®�$l¯ @S· ����	<CN�#����	����$ ��´���� n�� >AL M � O
QD$h®Æ$¶¯ � @S· ����	<CN�#����	����
andthelasttermmayberewritten as��´���� n�� >AL M � O
Q $h®Æ$l¯ � @¬· ����	<CN�#����	������ �Ë´���� n�� >AL MHO
Q $h®Æ$l¯ @ � · � � \�k ��	<C � \�k �%� � \�k ��	������
Furthermore,letting � � ����	)� · ����	%$ � · � � \�k ��	
we have � � ����	�� ¼½ ¾ o

for
� �#��¿ ���$ � x deIS»Ë� for � qê� ���Â¿p®�]®Æ$ � 	 x dHIS»Ë� for
� ���ÂÁ � �

It follows that ��N� @ 	��Y° � ¯ @ $ ®± ² � @ � �h� ´ >AL M � O
Q $h®Æ$¶¯ @S· ����	<CN� � ����	��!�
wherethedrift of theinnovationsis° � �Y°��]®Æ$ � 	 � ´� n�� � � ����	`� � ����	����XR
while thevarianceof theWienercomponentto theinnovationsis² � � ² �]®Æ$ � � 	��
Finally theLévydensityof theinnovationsis� � ����	��F�#����	%$ � \�k �#� � \�k ��	��
To seethisnotefrom (4.3) � � ����	��ó� ��� \�k > [�%����	%$ [�%� � \�k ��	<C
by themonotonicitypropertyof [�%����	 it follows that

� � ����	
is aLévydensity. 


Yetanotherkey characterizationof selfdecomposabilitywill begivenin Theorem4.3below.

Example4.1GIG laws.All thegeneralizedinverseGaussianlawsareselfdecomposable,a resultdue
to Halgreen(1979).Seefurtherin Subsection5.1below. 
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4.2.Multi variate case

An ô -dimensionalinfinitely divisible randomvariate
�

andits distribution arecalledselfdecompos-
ableandaresaidto beof classý if for any � ¢ �«oËRN®V	 thereexistsan ô -dimensionalrandomvariate� �

, independentof
�
, suchthat =?>A@?B ��CD� =?>A@WB � ��CÆ� =?>A@?B � � C

i.e. ���� � �*��� � (4.5)

where
��

meansidentity in law. It canbeshown thatthen
� �

is necessarilyinfinitely divisible,seeSato
(1999,Proposition15.5).Furthermore,we have

Theorem 4.2 Let
�

bean ô -dimensionalinfinitely divisible randomvariate.Then
�

is selfdecom-
posableif andonly if its Lévymeasure

¹
is of theform¹*��� õ�� 	��Ñ��� é �«�!�X	����n  �! � | 	#"�� | R��#	 | \�k � | (4.6)

for
� ¢%$ �'& u \�k 	 , � ¢($ � ¤ j 	 , andwhere é is a probability measureon

& u \�k
andthe function"�� | R��%	 is nonnegative andBorelmeasurablein

�
, nonincreasingin | , and�)�n "�� | R���	 | �]®�� | �N	<\�k<� | �+* qF}

(4.7)

with
*

independentof
�

( é $ almosteverywhere). 

Theorem4.2 is given in Sato(1980); seealso Urbanik (1969) andWolfe (1982) for alternative

representations.
Extensionof theconceptof multivariateselfdecomposabilitytooperatorselfdecomposability, where� in (4.5) is changedto amatrix, is discussedextensively in JurekandMason(1993).

Remark 4.1 Unless
¹

is concentratedon an
� ô $Y®V	

-dimensionalhyperplaneof ¤ u it possessesa
density

�
with respectto Lebesguemeasure(Sato(1982)andSato(1999)). 


Caseswherethe function
"

doesnot dependon
�

, so that
¹

is a productmeasure,oftenoccurin
practice.

Example 4.2 Stablelaws.For all themultivariateinfinite variance, -stabledistributions(
orq , q±

),
¹

is of productmeasureform with
"�� | 	�� | \�- (cf. Samorodnitsky andTaqqu(1994,p. 66)). 


Example4.3 (IG,NIG)Lévymotion.Considerapairof independentBrownianmotions
� ² k R ² � 	 with

drift vector
�/.#R�o¬	

where
. ¥ o . Let

�%����	
denotethefirst passagetime to level

� �
of ² k anddefine

ë ����	
as ² � ���#���
	
	 . Then

./����	�� ���%����	�R ë ����	
	
is a bivariateLévy processand

./�]®V	
hasprobability density

function � ���XR ë Ì � R#.�	)�t� ± é 	<\�k � L10'2 ��\/�����Ëc Õ $ ®± � � ���X\�k��3.b���Ç����\�k ë ��	 × (4.8)
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andcumulantfunction =-> ÍXR54 B �XR ë CD� � . ^ ®Æ$ > ®Æ$Ä� ± ¯aÍÇ�64 � 	57�. � C k`�]� _0�
(4.9)

The marginal processes
�%����	

and
ë ���
	

are, respectively, 8�9 (inverseGaussian)and :;8<9 (normal
inverseGaussian)Lévymotions.Hencethename

� 8<9 R :;8<9 	 Lévymotionfor
./����	

.
Thecharacteristictriplet of (4.8) is

�
� � .�R�o¬	�R�oËR�¹�	
wherethebivariateLévymeasure

¹
hasdensity�%����R ë 	)�t� ± é 	<\�k � ��\/�����Ëc Õ $ ®± �/.����*����\�k ë �V	 × (4.10)

with respectto Lebesguemeasure.(A derivation of the formula for the Lévy density is given in
Barndorff-Nielsen(2000)).

Reexpressing
�#���XR ë 	

in polarcoordinates| Áho , & ¢ ��$ é 7 ± R é 7 ± 	 we have�#� &%R | 	��t� ± é 	 \�k | \�k#= � &%R | 	 (4.11)

where = � &%R | 	�� � ��>�G x &�	<\/�b���Ëc Õ $ ®± | ��>�G x &�	<\�kV�/.��?>�G x ��&Ç� x de»���&�	 × �
As a functionof | , = � &%R | 	 is decreasingandhencethe law of

./�]®V	
is selfdecomposable;in other

words,theprocess
./����	

is of classý .
Someapplicationsof the

� 8�9 R :;8<9 	 Lévymotionandcertaingeneralizationsof this in thecontext
of financearediscussedin Barndorff-Nielsen(2000). 

4.3.Relation betweenselfdecomposabilityand Lévyprocesses.

Thefollowing theoremis dueto JurekandVervaat(1983)(cf. alsoJurekandMason(1993)).

Theorem 4.3 A randomvariable
�

haslaw in ý if andonly if
�

hasa representationof theform���Ñ� �n L \ 3 �!./����	 (4.12)

where
./����	

is aLévyprocess.
In thiscasetheLévymeasures

¹
and @ of

�
and

./�]®V	
arerelatedby¹*�«����	��Ñ�)�n @ � L 3 ����	������ (4.13)



The process

.l� > .(���
	<C 3«ª n is termedthe backgrounddriving Lévyprocessor the BDLP corres-
pondingto

�
.
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Remark 4.2 If
./����	

is aLévyprocessthentheintegral� �n L�\ 3 �!.(���
	
exists,asthelimit of

ÅBAn L \ 3 �!./����	 for C z }
, if andonly if� À D¬À E k EHG�Ib�]®��Ñ� ��� 	 @ � Ö ��	KqY}F�

Thisholdsirrespectively of whetherthelimiting procedureis takento beconvergencein law or almost
surely. For aproof,seeJurekandMason(1993,Thm.3.6.6). 

Remark 4.3Thecumulanttransformsof

�
and

./�]®V	
arerelatedby=?>A@-B ��C-�Ñ� �n =?>AL�\ � @?B ./�]®V	<CV� � �p� On =?> � B ./�]®V	<C � \�k � � (4.14)

and =?>A@-B ./�]®V	<C � @ � =?>A@?B �XC� @ (4.15)

asfollows directly from (4.12)and(3.10). 

From(4.13)we find (recallthenotationintroducedby (3.6)) thatfor

�ìÁho
¹Dj�����	~� �)�n @ � L 3 ^ ��R�}³	
	����� � �k � \�k @ � ^ � �XR�}³	
	�� �

or, equivalently, ¹ j ����	)�Ñ�)�Q � \�k @ j � � 	�� � (4.16)

with asimilar expressionfor
¹ \ ����	

. It follows thatwe have theimportantrelations�%����	�� ¼½ ¾ � \�k @ j ����	
for

��ÁÄo� �#� \�k @ \ ����	
for

� qhoË� (4.17)

Proposition 4.1 SupposethattheLévydensity
�

is differentiable.ThentheLévymeasure@ hasa
density

 
, and

�
and

 
arerelatedby *����	��ê$W�%����	#$l�/� æ ����	��

(4.18)
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PROOF. Straightforward,by differentiationof formula(4.17). 

Example 4.4 InverseGaussianlaw. The inverseGaussiandistribution with parameters

�
and

.
is

denoted8�9 � � R#.�	 . It is concentratedon ¤ j andhasprobabilitydensity� ����	��ó� ± é 	<\�k`�]� � L \ 0'2 ��\�F��]�����Ëc  $"� � ���X\�k��3.b����	57 ± � (4.19)

andLévydensity �#����	��ó� ± é 	 \�k`�]� � � \�F��]� ���ËcHG
$I. � �?7 ±KJ � (4.20)

It follows immediatelyfrom this expressionthat 8�9 � � R#.�	 is selfdecomposable(a specialcaseof the
Halgreen(1979)result)andthattheLévydensityof thecorrespondingBDLP is *����	��ó� ± é 	 \�k`�]� �± ��� \�k �6. � 	`� \�k`�]�NL�\ 2 ; QV�]� � (4.21)

Note4.1 Relationto exponentialtilting. Let

�
betheLévydensityof aselfdecomposableprobability

measureü andsuppose,for simplicity, that ü is concentratedon ¤ j and that
�

is differentiable.
Furthermore,let ü Z denotethenegative exponentialtilt of ü , i..e.� ü Z� ü ����	��§°b� U 	 L \/Z]Q
with

U Áho
. TheLévy measure

� Z of ü Z thenhasadensity
� Z satisfying� Z ����	��F�#����	 L \/Z
QË�

DenotingtheLevy densitiesof theBDLPscorrespondingto ü and ü Z respectively by
 

and
 Z , we

find, from formula(4.18),  Z ����	��F "����	 L�\/Z
Q � U �(� Z ����	�� (4.22)

It follows that theBDLP correspondingto ü Z is a sumof two independentLevy processes,thefirst
beingtheBDLP of ü andthesecond,with Levy density [� Z ����	�� U �/� Z ����	 , beinga compoundPois-
sonprocess.Thelatterresultis aconsequence

�/� Z ����	 beingintegrableon ¤ j (cf. (3.20)). 

Example4.5

k� -stablelaw. TheLévydensityof thepositive stablelaw with index
k� is�%����	)�t� ± é 	 \�k`�]� � \�F��]�

andtheexponentialtilt of thatlaw is the 8<9 �]®�R Ã $ ± U 	 distribution.By Proposition4.1wehave *����	�� ®± �%����	
andhencefrom Note4.1we obtainthattheLévydensityof theBDLP of 8�9 �]®�R#.X	 is "����	��t� ± é 	 \�k`�]� ®± ��� \�k �3. � 	`� \�k`�]� L \ 2 ; QV�]� (4.23)
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in agreementwith formula(4.21). 

Theorem 4.4 Let

� � ��� k R��H�H�HR
� u 	 be an ô -dimensionalselfdecomposablerandomvariate.Then
thereexistsan ô -dimensionalLévy process

.r� �«. k R��H�H�HR�. u 	 , uniqueup to identity in law, suchthat�
is representableas ��� �)�n L \ � �!./� � 	�� (4.24)

Theorem4.4is dueto SatoandYamazato(1984).

5. GIG and GH laws

Havingdiscussedthebasicprobabilitytheoryassociatedwith Lévyfieldsandtheself-decomposability
of probability measureswe arenow in a positionto becomemorespecificin our modellingframe-
work. Wewill beinterestedin constructingnon-negative processesin orderto modelchangingvolat-
ility. A rathergeneralandflexible modellingsetupfor distributionsarethe 9L8<9 (generalizedinverse
Gaussian)laws andthe 9 å (generalizedhyperbolic)laws, thelatterdeterminedasnormalvariance-
meanmixtures5 using 9M8<9 ’s asmixing distributions.Thesedistributions areall selfdecomposable
(Halgreen(1979))andmayserve asbuilding blocksin thevariousdynamicmodelsdiscussedin this
paper.

A review of thedefinitionsandpropertiesof theclasses9M8�9 and 9 å is givenin Eberlein(2000).
Hence,in this section,we review just a few facts,mainly concerningthe specialcasesof the 8�9
(inverseGaussian)andthe :N8�9 (normalinverseGaussian)distributions.In thepresentpaperthese
casesareusedfor illustrative purposesbut we emphasisethatmany otherdistributional patternsare
comprisedby the 9M8�9 and 9 å laws (including the gamma,the reciprocalgamma,the reciprocal
inverseGaussian,thehyperbolic,andtheStudentdistributions).

5.1.GeneralizedinverseGaussiandistributions

ThegeneralizedinverseGaussiandistribution 9M8�9 �0,�R � R#.X	 is thedistribution on ¤ j givenin terms
of its density

� ����	�� � ���XÌ�,�R � R#.�	�� �/.O7 � 	 9± * 9 � � .�	 � 9 \�k ���Ëc Õ $ ®± � � � � \�k �3. � ��	 × � (5.1)

The parameters
,�R#.

and
�

aresuchthat
, ¢Ä¤ while

.
and

�
areboth nonnegative andnot simul-

taneously
o
. Furthermore

* 9 is themodifiedBesselfunctionof thethird kind andwith index
,
. For� .��Yo

theexpression(5.1)shouldbeinterpretedin thelimiting sense,usingtheformula

* 9 ����	�P ¼½ ¾RQ �0,b	 ± 9 \�k � \ 9 for
,�Áho$�EHG�I��

for
,��Yo (5.2)

5A randomvariable Q is saidto beof variance-meanmixture typeif Q canberepresentedin law as QS 7 j 8�: ; j : D where
D

and: areindependentrandomvariableswith
D

having thestandardnormaldistribution.
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valid for
�UTäo

. Werecallthat
* 9 ����	��+* \ 9 ����	 .

It follows from theexponentialform of therepresentation(5.1) thatif
�VP 9M8<9 �0,�R � R#.�	 then6[T >VU Ì
��CD�p,EHG�I > ®�� ± U 7�.��AC�k`�]�Æ$¶EHG�I�* 9 � � .�	���EeG�I�* 9 µ � .WG�®�� ± U 7�.�� J k`�]� ¸ (5.3)

As alreadymentioned,the randomvariable
�

with law (5.1) is selfdecomposable.The Lévy-
Khintchinerepresentationof thecumulantgeneratingfunctionof

�
hasLévydensity�%����	��F� \�k à � � �)�n L�\!Q � = 9 � ± � � � 	�� � ��fYXm� > oËR�,XC á ����c G $I. � �Z7 ± J (5.4)

where = 9 ����	)�\[a� é �17 ± 	`�Çµ^]��À 9 À � Ã ��	�� : �À 9 À � Ã ��	�¸�_ \�k (5.5)

and
]�`

and : ` areBesselfunctions.A derivationof thefact that thecharacteristicfunctionof
�

has
thestatedLévy-Khintchinerepresentationmaybefoundin Barndorff-Nielsen(2000).Oncethisresult
hasbeenestablishedtheselfdecomposabilityof

�
follows directly from Theorem4.1.7

Thespecialcaseof 9M8�9 correspondingto
, �ê$ k� is the 8�9 � � R#.�	 distribution.Otherspecialcases

of the 9M8�9 laws arethe reciprocal inverseGaussiandistribution that correspondsto
,�� k� andis

denotedÿM8�9 � � R#.�	 , thegammadistribution Q � ¦�R , 	 thatobtainsfor
� �Ùo

andwith
¦�Áóo

,
,�� ¦

and , �a. � 7 ±
, andthe reciprocal gammadistribution Q \�k � ¦�R , 	 which occursfor

.��÷o
andwith¦rÁho

,
, �ê$?¦

and , � � � 7 ±
. Notethatif

��P 8�9 � � R#.�	 then
� \�k P ÿM8<9 �/.�R � 	 , andif

�VP Q � ¦�R , 	
then

� \�k P Q \�k � ¦�R , 	 .
5.2.Normal inverseGaussiandistribution

If we take a
� � P 8�9 � � R#.X	 and independentlydraw an b P : �«oËRN®V	 , then

�ó� �l�p��� � �p� b
hasa normalinverseGaussiandistribution. It hasparameters, �dc � � ��. � R
��R
�

and
�

is denoted:;8<9 � , R
�)R
��R � 	 . Therandomvariableexistson ¤ having thedensityfunction

= ����Ì , R
�)R
��R � 	��Y°�� , R
��R
��R � 	fe � �©$¶�� � \�k * k Õg� , e � � $£�� �Ç× L 8 Q (5.6)

where
e�����	�� Ã ®���� �

and°�� , R
��R
��R � 	�� é \�k , ����c Õ �ih , � $l� � $l��� × (5.7)

andwhere
* k is themodifiedBesselfunctionof thethird kind andindex 1. Thedomainof variation

of theparametersis givenby
� ¢ì¤ R � ¢�¤ j R and

o*¿³�¶q , .
It follows immediatelyfrom (5.6) and(5.7) that the cumulantgeneratingfunction of the normal

inverseGaussiandistribution isT©����Ì , R
��R
��R � 	�� � Õjh , � $l� � $ c , � $Ä���r�'��	 � × ���b��� (5.8)

6Weuseherethefactthatfor anexponentialmodelwith densitieskmlon � ïðZ�ñ�QVò�\qp 2 Q 5 \sr 2 Z 5 � (with respectto some: -finite measure
on

´�ø
) thecumulantfunctionis of theform t ��u'v Q � Swr 2 u jDZ 5 \xr 2 Z 5 .

7In this connection,seealsoPitmanandYor (1981,p. 346)wherea connectionto Besselprocessesis establishedfor y?z�y laws with9 ú n .
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Thus,in particular, if
� k R��H�H�HR
� u areindependentnormal inverseGaussianrandomvariableswith

commonparameters, and
�

but having individual location-scaleparameters
� M and

� M ��¯#�t®�R��H�H�HR ô 	
then

� j �{� k �÷�H�H�(�w� u
is againdistributed accordingto a normal inverseGaussianlaw, with

parameters
� , R
�)R
� j R � j 	 .

It is oftenof interestto consideralternative parametrisationsof thenormalinverseGaussianlaws.
In particular, letting [, � � , and [�h� � �

, we have that [, and [� areinvariantunderlocation—scale
changes,andwhen [, R [�)R
��R � constitutetheparametrisationof interestwe shallwrite :N8�9 ^ [, R [��R
��R � _
insteadof :N8�9 � , R
��R
��R � 	 . In termsof this alternative parametrisationthe first four cumulantsof:;8<9 ^ [, R [�)R
��R � _ are â k �F��� � ¡c ®�$ ¡ � R â � � � �[, �]®Æ$ ¡ � 	 F��]� (5.9)

and â F � { � F ¡[, � �]®Æ$ ¡ � 	f| �]� R âi} �~{ � } �]®K�3� ¡ � 	[, F �]®Æ$ ¡ � 	#� �]� R (5.10)

where ¡ � ��7 , , which is invariant since
�^7 , � [�^7 [, . Further, the standardisedthird and fourth

cumulantsare â Fâ F��]�� � { ¡> [, �]®Æ$ ¡ � 	 k`�]� C k`�]� and
â�}â �� � { ®K�6� ¡ �[, �]®Æ$ ¡ � 	 k`�]� � (5.11)

Thus â �Fâi} � { ¡ �®K�6� ¡ � (5.12)

is a functionof ¡ only.
Wenotethatthe :;8<9 distribution (5.6)hassemiheavy tails; specifically,= ����Ì , R
��R
��R � 	�P ���m�X� ���A� �#� \�F��]� ���Ëcä�]$ , � �#�V������	 as

�rz ��}
, (5.13)

asfollows from thewell known asymptoticrelationfor theBesselfunctions
*U`Ë����	

:* ` ����	�P�� é ± ��\�k`�]� L \!Q as
��z�}

. (5.14)

The characteristictriplet of the normal inverseGaussiandistribution is
�«°/R�oËR�¹�	

wherethe Lévy
measure

¹
hasdensity �%����	�� é \�k � , � ��� \�k * k � , � �#� 	 L 8 Q (5.15)

while °*�F��� ± é \�k � , � kn x d6»���������	f* k � , ��	���� . (5.16)

For aderivationof theseformulae,seeBarndorff-Nielsen(1998b).
Remark 5.1 An importantcharacterizationof the normalinverseGaussianlaw :N8�9 � , R
��R
��R � 	 is
thefollowing. Let ² ����	� > ² k ���
	�R ² � ����	<C bea bivariateBrownianmotionstartingat (

��R�o¬	
andhaving

drift vector
���)R#.�	

where
� ¢l¤ and

. ¥ o . Furthermore,let
�

denotethetime when ² k first reaches
level

� Áho
andlet

��� ² � ����	 . Then
�WP :N8�9 � , R
��R
��R � 	 with , ��c � � �6. �

. 
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6. OU processes

6.1.General setup

Financialtime seriesmodelsareusuallyspecifiedin continuoustime. In this sectionwe will develop
continuoustimeprocesseswith valuesconstrainedto fall immediatelyon thepositive half-line.

For any
� Áto

and
, Áto

we mayrewrite the representation(4.12)of a randomvariable
�

in the
classý asfollows � � �)�n L�\ 9 � �!.(�0, � 	� �)�3 L�\ 9 � �!.(�0, � 	��³� 3n L�\ 9 � �!.(�0, � 	� L�\ 9N3 � n ��� 3 (6.1)

where � n �Ñ� �n L \ 9 � �!.W�`,X� � ����	
	
and � 3 � L \ 9�3 � 3n L 9 � �/.W�0,X���#$ � 	
	� n

and
� 3 beingindependent.Notethat

� n ��Y�
and� 3 ��Ñ� 3n L�\ 9�2ð3 \ � 5 �!./�0, � 	�� (6.2)

In fact, a strongerstatementis true, namelythat for any
,ÙÁ�o

, the solution to the stochastic
differentialequation ���#���
	��+$-,Ë�#���
	��������!.(�0,���	

(6.3)

is a stationaryprocess
> �%����	<C 3«ª n suchthat

�#���
	 ��p�X�
A stationaryprocess

�#���
	
of this kind is saidto

be an Ornstein-Uhlenbeck typeprocessor an OU process, for short.The process
./����	

is termedthe
backgrounddriving Lévyprocess(BDLP) correspondingto theprocess

�%����	
.

Morespecifically, givenaone-dimensionaldistribution � thereexistsanOrnstein-Uhlenbecktype
stationaryprocesswhoseone-dimensionalmarginal law is � if andonly if � is selfdecomposable.
Theprecisestatementof existenceis asfollows, cf. Wolfe (1982),JurekandVervaat(1983)andSato
andYamazato(1983)(seealsoSato(1999,Section17) andBarndorff-Nielsen,Jensen,andSørensen
(1998)).

Theorem 6.1 Let
&

bethecharacteristicfunctionof a randomvariable
�
. If

�
is selfdecomposable

thenthereexistsastationarystochasticprocess
> �%����	<C 3«ª n andaLévyprocess

> ./����	<C 3«ª n , independent

of
�%�«o¬	

, suchthat
�%����	��F�

and�#���
	�� L \ 9�3 �#�«o¬	�� � 3n L \ 9�243 \ � 5 �!.(�0, � 	 (6.4)
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for all
,�Áho

.
Conversely, if

> �#���
	<C 3«ª n is a stationarystochasticprocessand
> .(���
	<C 3«ª n is a Lévy process,inde-

pendentof
�#�«o¬	

, suchthat
> �#���
	<C

and
> ./���
	<C

satisfy the equation(6.3) for all
,wÁ o

then
�#���
	

is
selfdecomposable. 

Remark 6.1 Let

�
be a squareintegrable OU process.Then

�
has correlationfunction | ����	�����Ëc > $-,%� �#�ûC

. 

Remark 6.2A necessaryandsufficient conditionfor thestochasticdifferentialequation(6.3) to have
astationarysolutionis that J > EHG�IËjr� .(�]®V	��ðC�qF}

(6.5)

where
EHG�I j � �����YfYXm� > oËR�EHG�I�� �#�4C

(cf. Wolfe (1982)andSatoandYamazato(1983)). 

Thestationaryprocess

> �%����	<C 3«ª n canbeextendedto astationaryprocesson thewholerealline. To
do thiswe introduceanindependentcopy of theprocess

.
but modify it to becaglad,thusobtaininga

process[. , say.
Now, for

��qÄo
define

./����	
by
.(���
	�� .(��$W�
	

, andfor
� ¢ì¤ let�#���
	�� L�\ 9N3 � 3\ � L 9 � �!.(�0, � 	�� (6.6)

Then
> ./���
	<C 3 Ý ´ is a (homogeneous,cadlag)Lévy process;and

> �%����	<C 3 Ý ´ is a strictly stationary
processof Ornstein-Uhlenbecktype.

Notethatequivalentformsof (6.6)are�%����	�� L�\ 9�3 � 9�3\ � L � �!./� � 	
and �#���
	��p� n\ � L � �/./� � �h,���	�� (6.7)

Remark 6.3Let
�

beanOU processandlet
.

bethecorrespondingBDLP. Thenthecumulanttrans-
formsof

�%����	
and

./�]®V	
arerelatedby=?>A@-B �%����	<C�� � On =-> � B ./�]®V	<C � \�k�� � (6.8)

and =?>A@?B ./�]®V	<C�� @ � =?>A@-B �%����	<C� @
asfollows directly from (4.14)and(4.15). 
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From the above discussionit follows, in particular, that thereexists a
> �%����	<C 3 Ý ´ stationaryOU

processsuchthat
�#���
	gP 8<9 � � R#.�	 for every

� ¢ì¤ , whateverthevalueof theautoregressiveparameter,
. We refer to this processasthe inverseGaussianOU processor the IG OU process, for short.The

characterof thisprocessis studiedbelow.
Similarly, we shall considerthe characterof the stationarynormal inverseGaussianOrnstein-

Uhlenbecktype processor NIG OU process, i.e. the stationaryOrnstein-Uhlenbecktype process
having :N8�9 � , R
��R
��R � 	 -distributedone-dimensionalmarginals.

However, asa furtherillustration,we first considerthegammaOU process, theOU processwhose
one-dimensionalmarginalsfollow the Q � ¦�R , 	 law.

6.2.The gammaOU process

For the Q � ¦�R , 	 distribution theprobabilitydensityandtheLévydensityare:

� ����	�� , `Q � ¦/	 � ` \�k L \�-�Q�R (6.9)�%����	��§¦Ë� \�k<L�\�-�Q �
(6.10)

Hence,by (4.18),thecorrespondingBDLP
.

hasLévydensityfor
./�]®V	

givenby *����	 � $�%����	%$l�/� æ ����	� $?¦Ë� \�k L \�-�Q � ¦�� \�k L \�-SQ �³¦ , L \�-�Q� , ¦ L�\�-�Q �
Exceptfor thefactor

¦
, this is a probabilitydensityfunctionandit follows that

./���
	
is thecompound

Poissonprocess ./���
	)�(� 2ð365g� S�k � �
where: ���
	 is thePoissonprocesswith

J > : ����	<CD�§¦�� and
���

haslaw Q �]®�R , 	 .
6.3.The 8<9 OU process

TheLévydensity
 *����	

of theBDLP for the 8<9 OU processis givenby formula(4.21).This implies
(Barndorff-Nielsen(1998b))

Proposition 6.1 The BDLP
./����	

driving the inverseGaussianOU processwith one-dimensional8<9 � � R#.�	 marginalsis asumof two independentLévyprocesses,
./���
	)� ë ����	/� � ����	 , where

ë ����	
is an

inverseGaussianLévyprocesswith parameters
� 7 ±

and
.

for
ë �]®V	

, while � ����	 is of theform

� ���
	���. \�k �Z�g M�S�k � �M (6.11)

with : 3 aPoissonprocessof rate
� .Z7 ±

andthe
� M beingindependentstandardnormalandindependent

of theprocess: 3 . 

19



6.4.The :N8�9 OU process

In discussingthecharacterof the :N8�9 OU processwe assume,for simplicity that
�'�óo

and,since�%����	gP :;8<9 � , R
��R�oËR � 	 impliesthat
$�#���
	gP :N8�9 � , R�$��R�oËR � 	 , we furtherrestrictattentionto the

case
� ¥ o .

We first derive theLévy measureof theBDLP
> ./���
	<C 3 Ý ´ correspondingto the :;8<9 OU process,

usingtherelation(4.18).SincetheBesselfunctionssatisfy
* æk ����	��+* n ����	

, *����	~� $�%����	� é \�k � , b� �#� \�k * k � , � ��� 	%$ ,%x dHIS»�����	f* æk � , � �#� 	%$l� x dHIS»�����	f* k � , � �#� 	�� L 8 Q� é \�k � ,��  � ���û\�k�$l� x dHIS»�����	 � * k � , � �#� 	�� , * n � , � ��� 	'� L 8 Q� �]®Æ$l����	`�%����	X� é \�k � , � * n � , � ��� 	 L 8 Q . (6.12)

Proposition 6.2 The BDLP
./���
	

for the normal inverseGaussianOU processwith parameters� , R
��R�oËR � 	 is, for
� ¥ o

, representableas the sum of threeindependentLévy processes:
./���
	ì�ë ���
	�� � ����	��6e����
	 . Thefirst process

ë ����	
is thenormalinverseGaussianLévyprocess,with paramet-

ers
� , R
��R�oËRV�]®$ ¡ 	 � 	�R andthesecondhastheform

� ����	�� ®± , \�k �]®$ ¡ � 	 \�k`�]� � �g M�S�k ��� �M $l� æ �M 	 (6.13)

where : 3 denotesa Poissonprocesswith rate
^ > �]®�$ ¡ 	57Ë�]®-� ¡ 	<C k`�]� � , _ \�k andthe

� M and
� æM ��¯ �oËRN®�R ± R��H�H�4	

areindependentstandardnormallydistributedandindependentof theprocess: 3 . Finally,
theLaplacetransform� ����c�� U e�����	
	 of

e�����	
is���Ëc*µ(� ¡ � [e� > � , $l�%	57Ë� , ���#	<C k`�]� $Ä� U ����	 > � , $ U $l�%	57Ë� , � U ���%	<C k`�]� _/¸"� (6.14)


For thederivationof this result,seeBarndorff-Nielsen(1998b).

7. BDLP modelling

Insteadof specifyingthelaw of theone-dimensionalmarginal distribution of anOU process
�#���
	

and
working out thedensityfor

./�]®V	
of theBDLP, asabove for the 8�9 OU and :N8�9 OU processes,it is

possibleto go theotherwayandconstructthemodelthroughtheBDLP.
Of coursethereareconstraintson valid BDLPswhichmustbesatisfied.Morespecificallywe have

Proposition 7.1 Let
.

bea Lévy jump process,denotetheLévy measureof
./�]®V	

by @ , anddefine
thefunction

�
on ¤ by

�%�«o¬	��Yo
and�%����	�� ¼½ ¾ � \�k @ j ����	

for
� Áho� �#� \�k @ \ ����	

for
� qhoË� (7.1)

If
�

satisfies � ´�fºde» > ®�R
�b��CN�%����	����
(7.2)
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then
�

is thedensityof aLévy jumpprocess
.

andthereexistsanOU process
�

suchthat
�#���
	 ��§./�]®V	

(for all
�
) andsuchthat

.
is theBDLP of

�
. 


PROOF This follows directly from thecharacterizationof theLévy measuresof selfdecomposable
distributions(Theorem4.1)togetherwith formula(4.17)andTheorem6.1. 

Corollary 7.1 Let

 
bethedensityof aLévymeasure@ on ¤ j andsupposethat���k EHG�I)�( "����	��!�ìqF}

(7.3)

ThenProposition7.1applies. 

PROOF We only needto checkthat condition(7.2) is satisfied,andthat is a consequenceof using
(7.1)andthefactthat

 
mustsatisfy� �n fºd6» > ®�R
� � CN "����	���� qF}

More specifically, notingthat �%����	�� �)�k  "� · ��	�� ·
(7.4)

we find� �n j f©de»�!®�R
�b�Â���#����	���� � � �k � �n j f©de» !®�R
�b�¬�) "� · ��	��!�(� ·� �)�k ���n j f©de»  ®�R · \/� ë � � · \�k] *� ë 	�� ë � ·� � kn j ë �  "� ë 	�� ë � �k · \�F � ·� ���k  *� ë 	 � �6�k · \�k
� · � ë � ���� · \�F�� · � � ë� ®± � kn j ë �  "�«� ë 	�� � �k EeG�I ë  "� ë 	�� ë � ®± � �k  "� ë 	�� ë �
In thelatterexpressionthefirst andthird integralsarefinite since@ is aLévymeasureandthesecond
integral is finite by assumption. 


Becauseof the resultsto bediscussedin Section8 below, it maybenumericallyadvantageousto
definetheLévymeasure@ of theBDLP in termsof thetail massratherthanby thedensity

 
.

Example7.1 SupposetheLévymeasure@ is concentratedon ¤ j andhastail integral@ j ����	�� � � \�� �]®�����	 \ 8 ����c � $ ®± . � � �
where� is apositive constant,

o*¿ b qp® , oÇ¿³� ,
oÇ¿).

and
fYXm� > ����$h®V	�R#.%C Áho

. Then "����	 � � > b ��\�k����K�]®K�'��	<\�k%� ®± .��ACN��\��m�]®K����	<\ 8 ����c � $ ®± .���� �� � > b � \�k ���K�]®K�'��	 \�k � ®± . � C @ j ����	
(7.5)
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andwe have �%����	��F�X\�k @ jK����	�� � �X\�k
\��m�]®�����	<\ 8 ����c � $ ®± .b��� � (7.6)

whichclearlysatisfies(7.3).
Notethatfor b � k� and

� �Yo
, (7.6) reducesto theLévydensityof the 8<9 law. 


8. Seriesrepresentations

Lévyprocessesandfieldsandrelatedintegralswerediscussedin Section3. In thepresentsectionwe
briefly review someseriesrepresentationsof randomobjectsof this kind, for simplicity restricting
the treatmentto positive fields.The representationsareuseful, in particular, for simulationof such
processesandintegrals,whereasdirectsimulationis not really practicaldueto thejump characterof
theprocesses.Bondesson(1982)wasthefirst to discussthetypeof approachwe shallconsider, more
recentwork beingdueto Marcus(1987),Rosinski(1991),Asmussen(1998,Sect.VIII.2), Wolpert
andIckstadt(1998)andWolpertandIckstadt(1999).Rosinski(2000)givesanup to datesurvey of
seriesrepresentations.

Recallthedefinition(3.6)of
¹ j ����Ì]Ê�	

andlet¹ \�k �«°(Ì]Ê�	��Yde»�� > � ¥ o���¹ j ���XÌ]ÊK	K¿h°/C (8.1)

Theorem 8.1 Let
.

beapositive Lévy jump field on a region È andwith cumulantfunctional=?> Ï B .�CD� � ´)Ô �ÂÒ � L Meç 2ûè!5 QD$h®V	<¹Ç�«���XÌ]ÊÆ	 é �«�ËÊ�	 (8.2)

for someprobabilitymeasureé on È . Furthermore,let
° k qh° � qÑs�s�s/qh° M qÑs�s�s bethearrival times

of a Poissonprocesswith intensity
®
, let

Ê k R]Ê � R��H�H�HR]Ê M R��H�H� be an i.i.d. sequencefrom the law é , and
supposethatthesequences

> ° M C and
> Ê M C areindependent.

For nonnegative integrablefunctions Ï we thenhaveÏºÐ .H�� �g M�S�k Ï �ÓÊ M 	<¹ \�k �«° M Ì]Ê M 	 (8.3)



PROOF Let

·
beapositive number, let � Ü bethelargestinteger

¯
for which

° M q · , andwrite��� �g M�S�k Ï �ÓÊ M 	<¹ \�k �«° M Ì]Ê M 	
and � Ü � ���g M�S�k Ï �ÓÊ M 	<¹ \�k �«° M Ì]Ê M 	
Conditionallyon � Ü the joint law of

° k R��H�H�HR�°�� � is equalto the joint law of
· � | 2 k 5 R��H�H�HR | 2 � � 5 	 where| 2 k 5 qÎ�H�H�Æq | 2 ��� 5 arethe orderstatisticsof a sample

� | k R��H�H�HR | ����	 from the uniform law on
�«oËRN®V	

.
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Hence,by conditioningon � Ü and
> Ê M C andusingproductintegration,we find for theLaplacetrans-

form [� >VU?B � Ü CD�Y����c [T >VU-B � Ü C
[� >VU?B � Ü C � J3� ���ÛM�S�k ����c � [T > Ï �ÓÊ M 	 U?B ¹ä\�kN�«° M Ì]Ê M 	<C1�i�� J � ���ÛM�S�k ����c � [T > Ï �ÓÊ M 	 U?B ¹ä\�kN� · | 2 M 5 Ì]Ê M 	<C1� �� J � ���ÛM�S�k ����c ��[T > Ï �ÓÊ M 	 U?B ¹ \�k � · | M Ì]Ê M 	<C �i�� J ����Ëc � � Ü [T > Ï �ÓÊ M 	 U?B ¹ä\�kV� · | Ì]Ê)	<C � �

with
Ê

and | distributedasthe
Ê M and |�� , respectively. Since � Ü follows a Poissondistribution with

mean
®

we consequentlyhave

[� >VU?B � Ü C � J �KL�\ Ü �g� S n · ���� ���Ëc � � [T > Ï �ÓÊK	 U?B ¹ \�k � · | Ì]ÊK	<C �i�� ���Ëc � · G [� > Ï �ÓÊK	 U?B ¹ \�kV� · | Ì]ÊK	<CW$h® J �%� (8.4)

A directcalculationshows that[� >VU-B ¹ \�kA� · | Ì]ÊK	<CD�YJ3� · \�kb� � O¡<¢ 2 Ü�£ è�5 �]®$ L \/Z]Q¬	<¹DjÆ�«�!�XÌ]ÊK	��l�F®
andhence,as

· z�}
,����c � · G [� >VUWB ¹ä\�kN� · �XÌ]ÊK	<CW$h® J �Æz J Õ � ´)Ô��]®Æ$ L \/Z]Q¬	<¹Dj��«���XÌ]ÊK	 × � (8.5)

Therefore,by (8.4)and(8.5),[T >VUWB �%C � EedefÜ1¤ � [T >VU?B � Ü C� � Ò � ´)Ô �]®Æ$ L \(ç 24èË5 Z]Q 	<¹ j �«���XÌ]ÊK	 é �«�ËÊK	
or equivalently [T >VU-B �%CD� [T >VU Ï B .�CD� [T >VU?B ÏÇÐ .�C aswasto beshown. 


In essence,themethodof proof of Theorem8.1 is adoptedfrom Marcus(1987).

Corollary 8.1 Considera subordinator
.

with positive incrementsandLévy measure
¹

. Let
> ° M C

and
> | M C betwo independentsequencesof randomvariablessuchthat | k R | � R��H�H� areindependentcopies

of auniform randomvariable | on
^ oËRN®�_

while
° k qws�s�s/qh° M qÑs�s�s arethearrival timesof aPoisson

processwith intensity
®
. TheLévyprocess

.
is representablein law, on thetime interval

^ oËRN®�_
, as> ./� � 	�SoÇ¿ � ¿p®mC �� >�¥.(� � 	��¬oÇ¿ � ¿p®mC (8.6)
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where ¥./� � 	)� �g M�S�k ¹ \�kA�«° M 	  �¦ n ñ �¨§ � | M 	�� (8.7)



Corollary 8.2 Let the process

./����	
be asabove andlet Ï be a positive andintegrablefunction on^ oËR C _ . Then � An�Ï � � 	��!./� � 	 �� �g M�S�k ¹ä\�kA� C \�k�° M 	 Ï � CW| M 	�� (8.8)



It shouldbenotedthattheconvergenceof theseries(8.3),(8.7)and(8.8)will oftenbequiteslow.

Example8.1 OU gamma( Q ��Í%R , 	 marginals)process.Weneedamethodtosamplefrom
L \ 9N3 Å 9�3n L©� �!./� � 	 .

In thegammacase @ \�kV����	)�YfYXm�"Õ#oËR�$ ®, EHG�IUª � ¦�« × �
Thus,defining � k q � � qê�H�H�

asthearrival timesof a Poissonprocesswith intensity
¦!,!�

and : �]®V	 as
thecorrespondingnumberof eventsup until time

®
, thenL \ 9�3 � 9N3n L � �/./� � 	L¬� L \ 9� �g M�S�k @ \�k �«° M 7�,!�
	 L 9N3 if®� $ , \�k L \ 9N3 �g M�S�k  § n ñ ` ¦ �«° M 7�,/��	�EHG�Ib�«° M 7�¦/,���	 L 9V3 i'®� , \�k L \ 9�3 �g M�S�k  § n ñ k ¦ � � M 	�EHG�Ib� � \�kM 	 L 9N3 i'®

� , \�k L \ 9�3 � 2 k 5g M�S�k EeG�Ib� � \�kM 	 L 9V3 i'®]�
Example8.2 BDLPof IG. Whenthelaw of

�
is 8�9 � � R#.�	 theuppertail integralof theLévymeasure

for thecorrespondingBDLP is@ j ����	�� �Ã ± é � \�k`�]� ����c � $ ®± . � � � R
cf. formula(4.17).Theinversefunction @ \�k

of @ j
satisfies@ \�k � ë 	gP � �± é ë \/� for

ë z }F�
Hencetheseries(8.7)and(8.8) (with @ \�k

insteadof
¹ \�k

) will only convergeslowly. 
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Example8.3 TheBesselfunction
* n ����	

is positive anddecreasing,with* n ����	 ¼½ ¾ P $�EeG�I)�
as

�UT oz o
as

��z�}Y�
Thus,letting

 *����	� $q* æn ����	Æ�a* k ����	 we find, by Proposition7.1andCorollary7.1, that
 

is the
Lévydensityof aBDLP of a positive OU processwith Lévydensity

�%����	��Y� \�k * n ����	
. In this case,

since @ \�k � ë 	gP L \ � as
ë z{}

, theseries(8.7)and(8.8)will convergerapidly. 

9. Superpositionsof OU processes

At first sight modellingdynamicprocessesusingOU type processesseemsvery restrictive asthese
processesare linear andMarkov. However, we could think of thesemodelsasbuilding blocks for
more generalprocesses.Thesericher processescan be achieved by simply addingand weighting
differenttypesof OU processes.Thetheorybehindsuchsuperpositionsof processesis consideredin
thissection.

In thenotationof Section3, let È � ¤ õ ¤ j , with points
Êw� � � R � 	 , andlet

.
be a Lévy jump

field suchthat
°�� Ö ÊK	 and ² � Ö Ê�	 (of theLévy-Khintchinerepresentation(3.3))areidentically

o
while

thegeneralizedLévymeasure
¦

is of theform¦X�«���XÌ��ËÊ�	�� @ �«�!��	�� � é �«� � 	 (9.1)

where @ is aLévymeasureof aninfinitely divisibledistribution on ¤ and é is aprobabilitymeasure
on ¤ j . Thenwe have thefollowing theorem,which is provedin Barndorff-Nielsen(1999).

Theorem 9.1 Supposethatthetail masses@ \
and @ j

areof theform@ \�����	��ó� ���`�%����	
and @ jK����	��Y�/�%����	�R

(9.2)�
beingtheLévydensityof aselfdecomposabledistribution on ¤ .
Definethefamily

�%��sHR�� � 	�� > �%����R�� � 	�S� ¢�¤ C of randommeasureson ¤ j by�#����R��º	�� ��� L \ � 3 ��� 3\ � L � ./�«� � R�� � 	 (9.3)

andlet �%����	��F�#����R ¤ j 	�� (9.4)

Then
> �%����	<C 3 Ý ´ is a well-defined,infinitely divisible and stationaryprocess,and the cumulant

transformsof thefinite dimensionaldistributionsof
�

aregivenby=?>A@ k R��H�H�HR @ u B �%��� k 	�R��H�H�HR
�%��� u 	<C�� � ´)Ô � ´ â ¼½ ¾ ug� S�k  �¦ n ñ � 5 ��� � $ � 	 @ � L \ � 2ð3°¯ \ � 5©±³²´ � � � é �«� � 	 (9.5)

where
â

is thecumulantfunctioncorrespondingto theLévymeasure@ and
� k qps�s�s!q³� u . 
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Remark 9.1Formalcalculationfrom theformulae(9.4)and(9.3)gives���%����	�� � ´)Ô > $ � �#����R�� � 	��!����./�«�!��R�� � 	<C (9.6)

showing that
�

is a superpositionof, perhapsinfinitesimally determined,Ornstein-Uhlenbecktype
processes.Weshallreferto any suchprocessasa supOUprocess.

PROOF We first note that (asverified in Barndorff-Nielsen (1999)) the randommeasure
�#����R�s4	

is
well-definedin accordancewith thetheoryof independentlyscatteredrandommeasures.

To derive (9.5)wewriteug� S�k @ � �%��� � 	 � � ´)Ô ug� S�k @ � L \ � 3°¯ � � 3°¯\ � L � ./�«� � R�� � 	� ��µs= � � R � 	�./�«� � R�� � 	
where = � � R � 	�� ug� S�k @ � L�\ � 3°¯  2 \ � ñ � 3°¯ § � � 	 L � �
Hence,by formula(3.10),=?>A@ k R��H�H�HR @ u B �%��� k 	�R��H�H�HR
�%��� u 	<C � � ´)Ô � ´ â ¼½ ¾ ug� S�k @ � L�\ � 3°¯  2 \ � ñ � 3°¯ § � � 	 L � ±³²´ � � é �«� � 	� ��´)Ô���´ â ¼½ ¾ ug� S�k @ � L \ � 2ð3°¯ \ � 5  �¦ n ñ � 5 ��� � $ � 	 ±³²´ � � �mé �«� � 	��

Thestationarityandinfinite divisibility of theprocess
�

follow immediatelyfrom this expression
andtheinfinite divisibility of

â
. 


Note that condition(9.2) implies that @ is the Lévy measureof the BDLP correspondingto the
selfdecomposablelaw whoseLévydensityis

�
.

Corollary 9.1 Wehave
=->A@?B �#���
	<CD�\¶â � @ 	

where
¶â

is thecumulantfunctionof theselfdecompos-
ablelaw with Lévydensity

�
. 


PROOF Formula(9.5) implies,in particular, that=?>A@?B �#���
	<C��Ñ�)�n â � @ÂL�\ � 	�� �
andtheresultnow follows from formula(4.14). 
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Corollary 9.2 Assumingthat
�

is squareintegrable,theautocorrelationfunction | of
�

is givenby| � · 	��p� �n L \ Ü � é �«� � 	��F����c [* >V· B � C (9.7)

for
· ¥ o

andwherefor the lastconclusionwe interpret � asa (non-negative) randomvariablewith
distribution é . 

Example9.1 Supposethat é is thegammalaw Q � ± [å�RN®V	 where [å Áho

. Then| � · 	��t�]®�� · 	 \/�¸·¹ �
(9.8)

In particular, then,theprocess
> �#���
	<C 3 Ý ´ exhibits secondorderlong rangedependenceif

å ¢ � k� RN®V	
where

åÎ�+®Æ$ [å . 

Note 9.1 Corollaries9.1 and9.2 togethershow that to any selfdecomposabledistribution � with fi-
nite secondmomentandto any Laplacetransformof a distribution é on ¤ j thereexistsa stationary
processon ¤ whoseone-dimensionalmarginal law is � andwhoseautocorrelationfunctionequals
thegivenLaplacetransform. 

Example 9.2 8<9 supOUprocesses.For

.�ÁÑo
thereexistsa supOUprocesswith one-dimensional

marginal distribution 8<9 � � R#.X	 andautocorrelationfunction(9.8). 

Example 9.3 :;8<9 supOUprocesses.The normal inverseGaussianlaw :N8�9 � , R
�)R
��R � 	 is self-
decomposableandhencethereexists a supOUprocesswith one-dimensionalmarginal distribution:;8<9 � , R
�)R
��R � R#.X	 andautocorrelationfunction(9.8). 


It shouldalsobenotedthatquestionsof moduli of continuityandlargeincrementsof infinite sums
of classical,i.e. Gaussian,Ornstein-Uhlenbeckprocesseshave beendiscussedin papersby Cśaki,
Cs̈orgö, Lin, andRévész(1991)andLin (1995).SeealsoWalsh(1981).

10.Return to financial economics

10.1.Background

Continuoustime modelsbuilt out of Brownian motion play a crucial role in modernmathematical
finance,providing thebasisof mostoptionpricing,assetallocationandtermstructuretheorycurrently
beingused.An exampleis thesocalledBlack-Scholesor Samuelsonmodelwhich modelsthelog of
anassetpriceby thesolutionto thestochasticdifferentialequation��� � ����	��  �����X� � � ���������! "����	�R � ¢ ^ oËR�º�_0R (10.1)

where
 "����	

is standardBrownianmotion.Here
�����X� �

representsthedrift of thelog-price,while
�

is thevolatility. Thereasonthesizeof thedrift dependsuponthevolatility is thatinvestorsareusually
thoughtto requirea“risk premium”for holdingstochasticassets,comparedto holdingtheirwealthin
a risklessinterestbankingaccount.Henceif thevolatility is high,wewouldexpectthedrift alsoto be
high. Overall, thismodelimpliesaggregatereturnsover intervalsof length » Áho

areë �*� � � 2 � \�k 5� ��� � ����	��F� � � � » 	%$l� � ��� � $Ä®V	 » 	 (10.2)
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implying returnsarenormalandindependentlydistributedwith a meanof
� » �Ä��� � » anda vari-

anceof » � � . Unfortunately, for moderateto large valuesof » (correspondingto returnsmeasured
over 5 minuteto oneday intervals) returnsaretypically heavy-tailed,exhibit volatility clustering(in
particularthe

� ë ���
arecorrelated)andareskew (seethe discussionin, for example,Campbell,Lo,

andMacKinlay (1997)andBollerslev, Engle,andNelson(1994)),althoughfor highervaluesof » a
centrallimit theoremseemsto hold andsoGaussianitybecomesa lesspoorassumptionfor

>Vë ��C
in

that case.This meansthat at this “macroscopic”time scaleevery singleassumptionunderlyingthe
Black-Scholesmodelis routinelyrejectedby thetypeof datausuallyusedin practice.

One possibleresponseto the empirical rejectionof (10.1) is to replaceBrownian motion by a
heavier tailed Lévy process— suchas the generalisedhyperbolic(see,for example,Eberleinand
Keller (1995)andRydberg (1999);questionsof pricing andhedgingfor Lévy processesis discussed
by Chan(1999)andHubalekandKrawczyk (1999)).This will allow returnsto bebothheavy tailed
andskewed, however thesereturnsaregoing to be independentandstationary, by the definition of
Lévy processes.Hencethesemodelsarealsoeasilyrejectedempirically, aswell asmissinga major
conceptin financialeconomics— thatof changingvolatility or risk in financialmarkets.

In orderto improve these“macroscopic”modelswecanallow thevolatility processto changeover
timeaccordingto anOU processor asuperpositionof suchprocessesaswassuggestedby Barndorff-
NielsenandShephard(1999).In thesestochasticvolatility (SV) modelswewrite���b������	{�  �����X���S����	 � ������������	��� "����	�� ¡ � [./�0,!�
	�R � ¢ ^ oËR�º�_0R (10.3)�!� � ����	{� $-,/� � ���
	��������!.(�0,���	

(10.4)

where [.(����	�� ./����	$YJ�./����	
, the centredversionof the BDLP (which is hereto captureleverage,

seeBlack (1976)andNelson(1991)).SV modelsdriven entirely by Brownian motionshave been
extensively studiedin the econometricsliterature,seeTaylor (1994),Ghysels,Harvey, andRenault
(1996)andShephard(1996)for reviews, however theuseof Lévy basedOU type processesis new
andpowerful.

Whenfinancialeconomistslook at returnswith very smallvaluesof » even theseSV modelsare
not sufficiently rich. Assetsareneithercontinuouslytradedin time nor, generally, in price (see,for
example,EngleandRussell(1998)).Insteadtradesoccurirregularly in time andusuallyat discrete
prices(e.g.1/16 of a US dollar on the New York stockexchange).In orderto dealwith these“mi-
croscopic”datasetsRydberg andShephard(2000)have suggestedtheuseof compoundprocesses.A
stylisedversionof thismodel,basedonOU typeprocesses,is� � ����	~� � 2ð365gr¼S�k � r R� ��� ����	~� � 3n � � ����	�����R�/� � ����	~� $-,�� � ����	��������!./�0,!�
	�R
with : ����	 beingmodelledasthenumberof tradesin

^ oËR
�a_
of aCoxprocesswith instantaneousintens-

ity
 � � ���
	 �

. Wewill write
· r asthetimeof the

"D�5½
eventandso

· � 2ð365 is thetimeof thelastrecorded
eventwhenwearestandingatcalendartime

�
. Further, we let

> � r C besomestationarysequencewith
conditional(on theintensity)mean� r � �©� · r $ · rA\�k 	����X� �r � ¡ [. r R���r � �  ������� · r 	�$¶�����#� · rA\�k 	 � R[. r � ¡ > [.W� · r 	%$ [.W� · rA\�k 	<C)�
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If thesupportof
> � r C is discretethenthepriceprocesswill move at irregularly spacedtimesandthe

pricesatwhich tradesarerecordedwill bediscrete.
In this sectionwe will give someof thebasicpropertiesof themacroscopicmodels.Dueto space

limitationsit is not possibleto give a full discussionof all of theissues(suchasthenon-existenceof
arbitrage),insteadwereferthereaderto Barndorff-NielsenandShephard(1999)andNicolato(1999).
Thefirst of thesepapersdiscusses,in particular, theconnectionbetweenmicroscopicandmacroscopic
models.

10.2.The SV model

We first discussthe distributional propertiesof the stochasticvolatility process
� �

given by (10.3).
Thosepropertiesareembodiedin theclassof integralsof theformÏºÐ �b�� � �n Ï ���
	������A����	 (10.5)

where Ï is a deterministicreal functionandwe interpret Ï Ð � � asa stochasticintegral (asdefined,
for instance,in Protter(1992)).We thereforeproceedto determinethe cumulantfunction of such
integrals(whenthey exist). In particular, by suitablechoiceof Ï oneobtainsthecumulantfunctions
of themultivariatemarginal distributionsof

� �
in termsof thecumulantgeneratingfunction

"�� U 	
of./�]®V	

.
Theorem 10.1 Thecumulantfunctionof ÏÇÐ � � is expressibleas=?>A@-B ÏºÐ �b�AC � ,-� �n µ "���$M] L \ 9 � 	X��"���$Wå�� � 	
	 ¸ � ��D¯ @ ����$�, ¡¬� 	��)�n Ï � � 	�� � (10.6)

where ] � �)�n Õ ®± @ � Ï ������	%$£¯ @ � Ï ����	 × L \ 9 D ��� (10.7)

and å�� � 	�� �)�n Õ ®± @ � Ï � � � ����	%$l¯ @ � Ï � � ����	 × L \ 9 D �!�©$l¯ @ ¡�Ï � � 	�� (10.8)

PROOF From(10.1)we haveÏºÐ � � �t� Ï �X	 Ð  ³��� ���n Ï ���
	�� � ����	������ ¡�Ï �0, \�k �
	 Ð .-�§����$ ¡¬� ,b	 ���n Ï ����	������ (10.9)

Now J > ���Ëc���¯ @ � Ï �X	 Ð  D	�� ./��s4	<C �F���Ëc Õ $ ®± @S� � �n Ï � ���
	�� � ����	���� ×
andhence J > ���Ëc���¯ @ ÏºÐ � � 	<CD�YJ > ����c 9 ^ Ï _ C����Ëc Õ ¯ @ ����$ ¡Â� ,b	����n Ï ����	���� ×
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where 9 ^ Ï _(�Ñ�)�n �)�n Õ $ ®± @�� Ï � ����	���¯ @ � Ï ���
	 × � � ����	�������¯ @ ¡ �)�n Ï G , \�k � J �/./���
	��
Furthermore,usingtherepresentation� � ����	�� L \ 9N3 � 3\ � L 9 � �!./�0, � 	
we find for anarbitraryfunction

½ � �n ½X����	��������
	��!��� 8 n � 8 k
where 8 n � �)�n ½X����	 L \ 9A3 � n\ � L 9 � �!./�0, � 	����� � �n L \ 9V3 ½X����	������ n\ � L � �/./� � 	
and 8 k � � �n � �� L�\ 9�243 \ � 5 ½X����	����]�!./�0, � 	� �)�n �)�n L�\ 9 D ½X� � ����	��!�(�!./�0, � 	��
It follows that J > ����c���¯ @ ÏÇÐ � � 	<C � JÑà�����c Õ $M] � �n L \ � �!.(� � 	 × áõ J à ���ËcÇÕK$ �)�n å�� � 	��!./�0, � 	 × áõ ���Ëc Õ ¯ @ ����$ ¡Â� ,b	 ���n Ï ����	���� × (10.10)

where
]

and
å�� � 	 aregivenby (10.7)and(10.8).Applicationof thekey formula(3.10)now yields

(10.3). 

In particular, letting

@ �+®
andÏ ����	�� @ k  �¦ n ñ 3 ¢ § �Ys�s�s�� @ u  �¦ n ñ 3 ø § (10.11)

(where
oÇq³� k qÑs�s�s/qh� u ) we obtainthejoint cumulantfunctionof

� � ��� k 	�R�s�s�s�R
� � ��� u 	 .
Let usconsiderthespecialcaseof ô �Ù®

,
� k �w�

and
�¶�w��� ¡ �êo

in moredetail.For this we
have

Corollary 10.1 In thecase
�ì�F�£� ¡ �§o , thecumulantfunctionof

� � ���
	
is=?>A@?B �������
	<C � ,?� �n ""ÕK$ ®± @ �V,�\�kV�]®Æ$ L \ 9�3 	 L \ 9 � × � ���,-� 3n " Õ $ ®± @S� , \�k �]®$ L�\ 9�2ð3 \ � 5 	 L�\ 9 � × � � � (10.12)
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From this formula the cumulantsof

� � ����	
areexplicitly expressiblein termsof the cumulantsof./�]®V	

or, alternatively, of
� � ����	

. More specifically, with"�� U 	�� �gu S�k â u ��$ä®V	 u U uô �
and =->A@WB �b������	<C�� �gu S�k ¶â u ��¯ @ 	 uô �
astheseriesrepresentationsof thecumulantfunctionsof

./�]®V	
and

� � ���
	
, we find that theevenorder

cumulantsof
� � ����	

are(all theoddordercumulantsbeing
o
)¶â � u � â u � ± ô 	 �ô � ± \ u , \ u j�k � u ����Ì�,(	 (10.13)

where � u ����Ì�,�	{� � 3n �]®Æ$ L�\ 9�2ð3 \ � 5 	 u � � �§� ô ,b	 \�k �]®Æ$ L�\ 9N3 	 u (10.14)� ���³,�\�k ug` S�k ��$ ®V	 ` ¦b\�kA�]®Æ$ L \ ` 9N3 	X�§� ô ,(	<\�kA�]®$ L \ 9�3 	 u � (10.15)

In particular � k ����Ì�,�	�� � � ����Ì�,(	��Y� (10.16)

Furthermorewe find for thekurtosisof
� � ���
	¶. � � â�}â �� � { . � ,�\�k
�<\�k

where
. � � âi} 7 â �� .

In otherwords { ¶. \�k� �	. \�k� ,!���
Example 10.1 Suppose

� � ����	¾ 8�9 � � R#.�	 . Then [T >VUDB � � ����	<C"� � . > ®W$Y�]®K� ± U 7�. � 	 k`�]� C
andso,

by formula(4.15), "�� U 	�� � U. �]®�� ± U 7�. � 	 \�k`�]� �
Consequently â k � � 7�. and

â u � ô ® { s�s�sm� ± ô $ { 	�� � 7�.X	¿.X\/� 2 u \�k 5 �
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In particular, wefind, by (10.3)and(10.16)¶â � �t� � 7�.X	`�
and

¶â }�%À�� � 7�.?FN	
,�\�k����
As a resultthekurtosisis ¶. � �(À©. \�k , \�k � \�k

while { ¶. \�k� � ± . \�k ,!��� 

10.3.The SSVmodel

In this subsectionwe shall indicatehow a stationaryprocessof the form (1.2) lies imbeddedin a
stochasticvolatility modelfor the term structureof interestrates.The model,which is discussedin
detail in Nicolato (1999),is an extensionof theHeath-Jarrow-Morton (HJM) model,with theHull-
White factorisationof thevolatility.

As in theHJM setup,we assumethattheforwardrateÏ ����R C 	��ê$ � EHG�I � ����R C 	� Csatisfiesastochasticdifferentialequationof theform� Ï ����R C 	�� , ����R C 	����X���)����R C 	��� "����	
where

 
is Brownianmotionandthedrift , ����R C 	 andvolatility

������R C 	 arerestrictedby therelation, ����R C 	��Y�)����R C 	�� A3 ������R5Á�	��iÁä$'������R C 	 = ���
	
for somefunction

= ����	
which hasthe interpretationof themarket priceof risk. TheHull-White spe-

cificationof thevolatility is �)����R C 	��Y�)����	 L \�Â 2 A \ 365&
beingapositive parameter.
A widely adoptedroughapproximationspecifiesthattheshortrate � ����	�� Ï ����R
��	 follows a mean-

revertingdynamics � � ���
	#� >�Ã ���
	%$�& � ����	<CV����� �)���
	��!�
for somefunctionor process

Ã ���
	
. If, in particular,8Ã ���
	��Y���'��� � ���
	

andif
� � ����	

is now assumedto beastationarystochasticprocess(ratherthanadeterministicfunction)
then � ���
	 obeysanequationof theSSVtype(1.2).A preliminarystatisticalanalysisof LIBOR datahas
indicatedthat,undercertainregimes,thistypeof dynamicsfor theshortrate,with thevolatility process� � ����	

definedasa superpositionof 8<9 -OU processes,providesa fairly realisticmodel.Moreover, in
that setting,the cumulantfunctional of the process� ����	 is available in a form similar to that for
integratedprocesses

� �
givenin Theorem10.1.

8thiscorrespondsto assumingthatthemarket priceof risk satisfiestheequation:¬24365�Ä�24365 S 2�Å 2ð365 jÇÆ �È : ; 2 D 5�É ¡ ;ËÊoÌ � ¡�ÍoÎ�Ï D \xÐ 24365
where2 Å 24365 SÒÑ5Ó�Ô Ì � ÎÑ � jÖÕ�ç Å 2ð365 and ç Å denotestheinitially observedforwardratecurve, i.e. ç Å 2ð365 SÇç 2 n ñ 365 .
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11.Discussion:Further issuesand futur e workÐ We have here focussedon GH laws as a flexible classof distributions for describingasset
returnsin financeand velocity differencesin turbulence.An alternative approachis to seek
to capturetheobserved distributional behaviour by specificationof Lévy densitiesratherthan
probabilitydensities.ForsomecasestudiesseeNovikov (1994),Koponen(1995),Cont,Potters,
andBouchaud(1997),MantegnaandStanley (2000,Sect.8).Levendorskii(2000)developsthis
approachconsiderably, includingapplicationsto optionpricing.Ð Pricingof derivativesunderthetypeof stochasticvolatility modelsgivenby (1.1)with

� � ���
	
of

OU typeis discussedby NicolatoandPrause(2000).Ð In view of the rolesof the conceptsof selfsimilarity andscalingin financeandturbulenceon
the onehandandthe applicability of the generalizedhyperbolicdistributions on the other it
seemsnaturalto askwhetherfor any given 9 å law � , say, thereexistsa selfsimilarprocess

ë
with stationaryincrementssuchthatthelaw of

ë �]®V	
is � andall theone-dimensionalmarginals

of
ë

belongto theclass9 å . In particular, onemayaskwhetherthereis sucha
ë

whoseone-
dimensionalmarginalsarenormalinverseGaussian.This is still anopenproblem.However, by
relaxingtherequirementssomewhat,eitheraskingonly for secondorderstationaryincrements
or only for secondorderselfsimilarity, it is possibleto make someheadway, seeBarndorff-
NielsenandPérez-Abreu(1999)andBarndorff-Nielsen(1999),respectively.Ð A simple

e
-dimensionalversionof theSV modelfor log-pricessets

� � ���
	��  � � k ����	�R��H�H�HR
� �× ���
	 �
with ��� � ����	�� > ������Ø����
	<C%������Ø����
	 k`�]� �! "����	�R
where

Ø�����	
is a time varyingstochasticcovariancematrix and

�
is a vectorof risk premiums.

Wecanestimate
Ø � ���
	

usingquadraticvariation^ ����_`���
	 � c
-
Eedef g > �������`iMej�k 	%$l�������`iM 	<C æ > �b������iMHj�k 	�$¶�b�����`iM 	<C� Ø � ���
	�� � 3n Ø�����	��!�

as
� � ���
	

is a continuous
e�$

dimensionallocal martingale.An importantproblemis to specifya
modelfor

Ø � ����	
. Oneapproachis to do this indirectly via a factorstructureØ�����	�� Ö ¯a° = �«�X� k ����	�R��H�H�HR��%� × ����	
	X�³& æ &b���× j�k ����	��

Here
&��t� & k R��H�H�HR<& × 	 areunknown parametersandthe

� k R�� � R��H�H�HR�� × j�k aremutuallyindepend-
ent OU processeswhich aresquareintegrableandstationary— a modelfirst suggestedand
analysedby Barndorff-NielsenandShephard(1999).Theprocess

� � ���
	
hasa common,scaled

stochasticvolatility component.In addition,eachelementof thevectorprocessis hit by anin-
dependentstochasticvolatility process.It generalizesstraightforwardly to allow for two or more
factors.This styleof modelis in keepingwith thelatentfactormodelsof DieboldandNerlove
(1989),King, Sentana,andWadhwani (1994)andPitt andShephard(1999).Its motivation is
thatin financialassetsit is oftenthecasethatreturnsmovetogether, with afew commondriving
mechanisms.Thecommonfactorsallow usto pick this up in a straightforwardandparsimoni-
ousway. Thismodelcouldbegeneralisedby allowing thevolatilities to bedependentusingthe
multivariateOU typeprocessesdiscussedin Barndorff-NielsenandShephard(1999).
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Ð Extensionsof thetypeof stochasticvolatility modelsdiscussedin thepresentpaperto settings
where

�
insteadof time denotesa multi-dimensionalindex, suchas position in the planeor

in space-time,areof considerableinterest.In thatcontext the focusof formulationis on Lévy
randomfieldsratherthanLévyprocesses.SomerelevantreferencesareBrix (1998)andWolpert
andIckstadt(1998).
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