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Devwudfw

Wklv sdshu suhvhqwv dq dssur{lpdwh dqdo|wlfdo vroxwlrq wr wkh rswlpdo frqvxpswlrq dqg sruwir0

olr fkrlfh sureohp ri dq lq�qlwho|0olyhg lqyhvwru zlwk Hsvwhlq0]lq0Zhlo xwlolw| zkr idfhv d frqvwdqw

ulvnohvv lqwhuhvw udwh dqg d wlph0ydu|lqj htxlw| suhplxp1 Zkhq wkh prgho lv fdoleudwhg wr XV vwrfn

pdunhw gdwd lw lpsolhv wkdw lqwhuwhpsrudo khgjlqj prwlyhv juhdwo| lqfuhdvh/ dqg pd| hyhq grxeoh/

wkh dyhudjh ghpdqg iru vwrfnv e| lqyhvwruv zkrvh ulvn0dyhuvlrq frh!flhqwv h{fhhg rqh1 Wkh rswlpdo

sruwirolr srolf| dovr lqyroyhv wlplqj wkh vwrfn pdunhw1 Idloxuh wr wlph ru wr khgjh fdq fdxvh odujh

zhoiduh orvvhv uhodwlyh wr wkh rswlpdo srolf|1

MHO fodvvl�fdwlrq= J451

Nh|zrugv= Lqwhuwhpsrudo khgjlqj/ orjolqhdu dssur{lpdwlrq/ orqj0olyhg lqyhvwru/ sruwirolr
fkrlfh/ uhfxuvlyh xwlolw|/ wlph0ydu|lqj h{shfwhg uhwxuqv1



L Lqwurgxfwlrq

Wkh fkrlfh ri dq rswlpdo sruwirolr ri dvvhwv lv d fodvvlf sureohp lq �qdqfldo hfrqrplfv1 Lq
d vlqjoh0shulrg vhwwlqj wkh sureohp lv zhoo xqghuvwrrg/ dqg dqdo|wlfdo vroxwlrqv iru rswlpdo
sruwirolr zhljkwv duh dydlodeoh lq lpsruwdqw vshfldo fdvhv1 Zkhq phdq0yduldqfh dqdo|vlv lv
dssursuldwh/ iru h{dpsoh/ rswlpdo sruwirolr zhljkwv duh nqrzq ixqfwlrqv ri wkh �uvw dqg
vhfrqg prphqwv ri dvvhw uhwxuqv1

Lq d pxowl0shulrg vhwwlqj wkh sureohp lv idu ohvv wudfwdeoh1 H{solflw vroxwlrqv iru sruwirolr
zhljkwv duh dydlodeoh lq wkh vshfldo fdvhv zkhuh lqyhvwphqw rssruwxqlwlhv duh frqvwdqw ru wkh
lqyhvwru kdv orj xwlolw| dqg khqfh dfwv p|rslfdoo|> exw wkhvh fdvhv duh wudfwdeoh suhflvho| eh0
fdxvh wkh| uhgxfh wr wkh idploldu vlqjoh0shulrg sureohp1 Phuwrq ^4<9</ 4<:4` dqg Vdpxhovrq
^4<9<`/ iroorzhg pruh uhfhqwo| e| Fr{ dqg Kxdqj ^4<;<`/ kdyh vkrzq wkdw lq jhqhudo vkliwlqj
lqyhvwphqw rssruwxqlwlhv fdq kdyh lpsruwdqw h�hfwv rq rswlpdo sruwirolrv iru lqyhvwruv zlwk
orqj krul}rqv1 Wkhvh sdshuv fkdudfwhul}h vrph surshuwlhv ri rswlpdo sruwirolrv/ exw gr qrw
gholyhu dqdo|wlfdo vroxwlrqv iru sruwirolr zhljkwv dv ixqfwlrqv ri vwdwh yduldeohv1

Lqwhuhvw lq orqj0krul}rq sruwirolr fkrlfh kdv uhfhqwo| ehhq vwlpxodwhg e| hpslulfdo hyl0
ghqfh wkdw wkh frqglwlrqv xqghu zklfk wkh pxowl0shulrg sureohp uhgxfhv wr wkh vlqjoh0shulrg
sureohp gr qrw krog1 H{shfwhg dvvhw uhwxuqv vhhp wr ydu| wkurxjk wlph vr wkdw lqyhvwphqw
rssruwxqlwlhv duh qrw frqvwdqw> wkh hylghqfh iru suhglfwdeoh yduldwlrq lq wkh htxlw| suhplxp/
wkh h{fhvv uhwxuq rq vwrfn ryhu Wuhdvxu| eloov/ lv sduwlfxoduo| vwurqj +vhh Fdpsehoo ^4<;:`/
Fdpsehoo dqg Vkloohu ^4<;;d/ 4<;;e`/ Idpd dqg Iuhqfk ^4<;;/ 4<;<`/ Krgulfn ^4<<5`/ ru wkh
wh{werrn wuhdwphqw lq Fdpsehoo/ Or/ dqg PdfNlqod| ^4<<:`/ Fkdswhu :,1 Hfrqrplvwv uh0
vhdufklqj wkh htxlw| suhplxp sx}}oh �qg wkdw dyhudjh h{fhvv vwrfn uhwxuqv duh wrr kljk wr
eh frqvlvwhqw zlwk d uhsuhvhqwdwlyh0lqyhvwru prgho lq zklfk wkh lqyhvwru kdv orj xwlolw| +vhh
Fdpsehoo ^4<<9`/ Fhffkhwwl/ Odp/ dqg Pdun ^4<<7`/ Frfkudqh dqg Kdqvhq ^4<<5`/ Kdqvhq
dqg Mdjdqqdwkdq ^4<<4`/ Nrfkhuodnrwd ^4<<9`/ Phkud dqg Suhvfrww ^4<;8`/ ru wkh wh{werrn
wuhdwphqw lq Fdpsehoo/ Or/ dqg PdfNlqod| ^4<<:`/ Fkdswhu ;,1

Lq uhvsrqvh wr wkhvh hpslulfdo �qglqjv/ vhyhudo uhfhqw sdshuv kdyh xvhg qxphulfdo phwk0
rgv wr vroyh iru rswlpdo sruwirolrv lq prghov zlwk uhdolvwlf suhglfwdelolw| ri uhwxuqv1 Lqyhvwruv
duh jhqhudoo| dvvxphg wr kdyh srzhu xwlolw| gh�qhg ryhu zhdowk dw d vlqjoh whuplqdo gdwh1
Gl�huhqw sdshuv fkrrvh gl�huhqw lqyhvwphqw krul}rqv dqg pdnh gl�huhqw dvvxpswlrqv derxw
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lqyhvwruv* delolw| wr uhedodqfh wkhlu sruwirolrv1 Ndqgho dqg Vwdpedxjk ^4<<9` frqvlghu wkh
h�hfwv ri suhglfwdelolw| rq wkh rswlpdo sruwirolr ri d vlqjoh0shulrg Ed|hvldq lqyhvwru zkr
wdnhv dffrxqw ri sdudphwhu xqfhuwdlqw|/ zkloh Eduehulv ^4<<;` h{whqgv wklv zrun wr vwxg|
wkh rswlpdo sruwirolr ri d orqj0krul}rq Ed|hvldq lqyhvwru zkr uhedodqfhv dqqxdoo| ru qrw
dw doo1 Euhqqdq/ Vfkzduw}/ dqg Odjqdgr ^4<<:` frqvlghu d orqj0krul}rq lqyhvwru zkr uhedo0
dqfhv iuhtxhqwo|/ zkloh Edogx}}l dqg O|qfk ^4<<:d/4<<:e` frqvlghu d orqj0krul}rq lqyhvwru
zkr idfhv �{hg dqg sursruwlrqdo wudqvdfwlrqv frvwv zklfk uhgxfh wkh iuhtxhqf| ri rswlpdo
uhedodqflqj14 Wkh uhvxowv lq wkhvh sdshuv/ wkrxjk ghshqghqw rq wkh sduwlfxodu sdudphwhu
ydoxhv wkh| dvvxph/ looxplqdwh wkh h�hfwv ri suhglfwdelolw| rq sruwirolr fkrlfh1 Nlp dqg
Rpehuj ^4<<9` zrun zlwk d vlplodu iudphzrun exw/ e| dvvxplqj frqwlqxrxv wlph dqg }hur
wudqvdfwlrqv frvwv/ duh deoh wr vroyh wkh sruwirolr fkrlfh sureohp dqdo|wlfdoo|15

D olplwdwlrq ri wkhvh prghov lv wkdw wkh| devwudfw iurp wkh fkrlfh ri frqvxpswlrq ryhu
wlph1 Vlqfh wkh lqyhvwru lv dvvxphg wr ydoxh rqo| zhdowk dw d vlqjoh whuplqdo gdwh/ qr
frqvxpswlrq wdnhv sodfh ehiruh wkh whuplqdo gdwh dqg doo sruwirolr uhwxuqv duh uhlqyhvwhg
xqwlo wkdw gdwh1 Wklv vlpsol�hv wkh dqdo|vlv exw pdnhv lw kdug wr dsso| wkh uhvxowv wr wkh
uhdolvwlf sureohp idflqj dq lqyhvwru vdylqj iru uhwluhphqw1 Lq dgglwlrq/ wkhvh prghov fdqqrw
hdvlo| eh uhodwhg wr wkh pdfurhfrqrplf dvvhw sulflqj olwhudwxuh lq zklfk frqvxpswlrq lv xvhg
dv dq lqglfdwru ri pdujlqdo xwlolw|1

Wklv sdshu h{whqgv wkh suhylrxv olwhudwxuh lq wkuhh pdmru uhvshfwv1 Iluvw dqg prvw lp0
sruwdqw/ zh frqvlghu d prgho lq zklfk d orqj0olyhg lqyhvwru fkrrvhv frqvxpswlrq dv zhoo dv
dq rswlpdo sruwirolr/ wr pd{lpl}h d xwlolw| ixqfwlrq gh�qhg ryhu frqvxpswlrq udwkhu wkdq
zhdowk16 Vhfrqg/ zh dvvxph wkdw wkh lqyhvwru kdv Hsvwhlq0]lq0Zhlo suhihuhqfhv +Hsvwhlq dqg

4Prvw ri wkhvh sdshuv/ olnh rxu sdshu/ zrun zlwk d vlqjoh vwdwh yduldeoh gulylqj wkh htxlw| suhplxp1 Rqo|
Euhqqdq/ Vfkzduw}/ dqg Odjqdgr ^4<<:` frqvlghu pxowlsoh vwdwh yduldeohv1

5Nlp dqg Rpehuj vwxg| wkh fkrlfh ehwzhhq d ulvnohvv dvvhw zlwk d frqvwdqw uhwxuq dqg d ulvn| dvvhw
zkrvh h{shfwhg uhwxuq iroorzv d frqwlqxrxv0wlph DU+4, +Ruqvwhlq0Xkohqehfn, surfhvv1 Wkh| dvvxph wkdw
wkh lqyhvwru lv �qlwho|0olyhg dqg kdv KDUD xwlolw| gh�qhg ryhu whuplqdo zhdowk1 Wkh| �qg wkdw wkh rswlpdo
sruwirolr zhljkw lv olqhdu dqg wkh ydoxh ixqfwlrq lv txdgudwlf lq wkh vwdwh yduldeoh1

6Vlqfh wkh �uvw yhuvlrq ri wklv sdshu zdv flufxodwhg/ vrph qxphulfdo uhvxowv kdyh ehhq rewdlqhg iru wkh
orqj0krul}rq sruwirolr fkrlfh sureohp zlwk xwlolw| gh�qhg ryhu frqvxpswlrq1 Edogx}}l dqg O|qfk ^4<<:d/
4<<:e` frqvlghu vrph fdvhv zlwk hqgrjhqrxv frqvxpswlrq/ dqg Eudqgw ^4<<;` xvhv wkh Jhqhudol}hg Phwkrg
ri Prphqwv wr hvwlpdwh frqvxpswlrq dqg sruwirolr uxohv wkdw ehvw vdwlvi| wkh lqwhuwhpsrudo Hxohu htxdwlrq
jlyhq wkh vwrfkdvwlf surshuwlhv ri klvwrulfdo gdwd1
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]lq ^4<;<`/ Zhlo ^4<;<`,1 Wklv doorzv xv wr glvwlqjxlvk wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq
iurp wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq lq frqvxpswlrq> srzhu xwlolw| uhvwulfwv ulvn
dyhuvlrq wr eh wkh uhflsurfdo ri wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq/ exw lq idfw wkhvh
sdudphwhuv kdyh yhu| gl�huhqw h�hfwv rq rswlpdo frqvxpswlrq dqg sruwirolr fkrlfh1 Wklug/
olnh Nlp dqg Rpehuj ^4<<9` exw xqolnh rwkhu suhylrxv uhvhdufk/ zh vroyh wkh sureohp dqd0
o|wlfdoo|1 Wklv surylghv hfrqrplf lqvljkwv wkdw duh kdug wr jhw iurp qxphulfdo vroxwlrqv/ dqg
lw hqdeohv xv wr glvwlqjxlvk jhqhudo surshuwlhv ri wkh vroxwlrq iurp uhvxowv wkdw ghshqg rq
sduwlfxodu sdudphwhu ydoxhv1

Lq rughu wr nhhs rxu sureohp dqdo|wlfdoo| wudfwdeoh/ zh pdnh vhyhudo vlpsoli|lqj dvvxps0
wlrqv1 Zh dvvxph wkdw wkhuh duh wzr dvvhwv= d ulvnohvv dvvhw zlwk d frqvwdqw uhwxuq/ dqg d
ulvn| dvvhw zkrvh h{shfwhg uhwxuq/ wkh vlqjoh vwdwh yduldeoh iru wkh sureohp/ iroorzv d phdq0
uhyhuwlqj DU+4, surfhvv1 Wkh dvvxpswlrq wkdw wkh ulvnohvv uhwxuq lv frqvwdqw vlpsol�hv rxu
dqdo|vlv dqg hqdeohv xv wr lvrodwh wkh h�hfwv ri wlph0yduldwlrq lq wkh htxlw| suhplxp1

Zh zrun lq glvfuhwh wlph/ dqg dvvxph wkdw wkh lqyhvwru lv deoh wr uhedodqfh wkh sruwirolr
hyhu| shulrg1 Rxu dssur{lpdwh vroxwlrq phwkrg ehfrphv pruh dffxudwh dv wkh shulrg ohqjwk
vkulqnv> wkxv rxu prgho dssolhv wr dq lqyhvwru zkr lv deoh wr uhedodqfh iuhtxhqwo|1 Zh dovr
devwudfw iurp wudqvdfwlrqv frvwv dqg uhvwulfwlrqv rq eruurzlqj ru vkruw vdohv1 Zh pdnh
wkhvh dvvxpswlrqv qrw rqo| iru wudfwdelolw|/ exw dovr ehfdxvh zh zdqw wr irfxv rq wkh sxuh
lqwhuwhpsrudo h�hfwv ri uhwxuq suhglfwdelolw| rq rswlpdo frqvxpswlrq dqg sruwirolr fkrlfh
iru orqj0krul}rq lqyhvwruv1 Wudqvdfwlrqv frvwv dqg sruwirolr uhvwulfwlrqv/ zkloh lqwhuhvwlqj lq
wkhlu rzq uljkw/ pd| revfxuh wkhvh h�hfwv1

Ilqdoo|/ zh dvvxph wkdw wkh lqyhvwru lv lq�qlwho| olyhg1 Lq d prgho zlwk hqgrjhqrxv
frqvxpswlrq hyhu| shulrg/ Ilvfkhu ^4<;6` qrwhv wkdw �wkh qrwlrq ri wkh krul}rq orvhv lwv
fulvsqhvv1 Gdwh A lv vwloo wkh krul}rq lq wkh vhqvh wkdw wkh lqglylgxdo orrnv qr ixuwkhu dkhdg
wkdq A 1 Exw qrz hyhqwv wkdw rffxu dw | 	 A pdwwhu qrw rqo| ehfdxvh wkh| d�hfw wkh
vlwxdwlrq dw A exw dovr ehfdxvh frqvxpswlrq dw | dqg odwhu ghshqgv rq wkh vwdwh ri wkh zruog
dw wlph |1� +s1 488,1 Dq lq�qlwh krul}rq lv sduwlfxoduo| frqyhqlhqw dqdo|wlfdoo| ehfdxvh wkh
sureohp ehfrphv rqh ri �qglqj d �{hg srlqw udwkhu wkdq vroylqj edfnzdug iurp d glvwdqw
whuplqdo gdwh1 Lw pd| eh dq dssursuldwh dvvxpswlrq iru lqyhvwruv zlwk ehtxhvw prwlyhv/ dv
glvfxvvhg lq wkh pdfurhfrqrplf olwhudwxuh rq Ulfdugldq htxlydohqfh/ dqg lw dssur{lpdwhv
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zhoo wkh vlwxdwlrq ri lqyhvwruv zlwk �qlwh exw orqj krul}rqv17

Wkh hqgrjhqhlw| ri frqvxpswlrq lq rxu prgho pdnhv lw lpsrvvleoh iru xv wr iroorz Nlp
dqg Rpehuj ^4<<9` dqg ghulyh dq dqdo|wlfdo vroxwlrq wkdw lv h{dfw iru doo sdudphwhu ydoxhv18

Lqvwhdg/ zh �qg dq dssur{lpdwlrq wr wkh sruwirolr fkrlfh sureohp wkdw fdq eh vroyhg xvlqj
wkh phwkrg ri xqghwhuplqhg frh!flhqwv1 Zh dssur{lpdwh wkh Hxohu htxdwlrqv ri wkh sureohp
xvlqj vhfrqg0rughu Wd|oru h{sdqvlrqv/ dqg zh uhsodfh wkh lqyhvwru*v lqwhuwhpsrudo exgjhw
frqvwudlqw zlwk dq dssur{lpdwh frqvwudlqw wkdw lv olqhdu lq orj frqvxpswlrq dqg txdgudwlf
lq wkh sruwirolr zhljkw rq wkh ulvn| dvvhw1 Wklv hqdeohv xv wr �qg dssur{lpdwh dqdo|wlfdo
vroxwlrqv iru frqvxpswlrq dqg wkh sruwirolr zhljkw1 Olnh Nlp dqg Rpehuj ^4<<9` zh �qg wkdw
wkh rswlpdo sruwirolr zhljkw lv olqhdu lq wkh vwdwh yduldeoh/ zkloh wkh orj frqvxpswlrq0zhdowk
udwlr dqg wkh orj ydoxh ixqfwlrq duh txdgudwlf lq wkh vwdwh yduldeoh1

Wkh dssur{lpdwh vroxwlrq krogv h{dfwo| lq vrph vshfldo/ exw lpsruwdqw/ fdvhv qrwhg e|
Jlrydqqlql dqg Zhlo ^4<;<`1 Lq doo rwkhu fdvhv lwv dffxudf| lv dq hpslulfdo lvvxh1 Fdps0
ehoo/ Frffr/ Jrphv/ dqg Pdhqkrxw ^4<<;` frpsduh wkh dssur{lpdwh dqdo|wlfdo vroxwlrq wr d
glvfuhwh0vwdwh qxphulfdo vroxwlrq/ dqg �qg wkdw wkh wzr duh yhu| vlplodu h{fhsw dw wkh xsshu
h{wuhph ri wkh vwdwh vsdfh1 Zh eulh | vxppdul}h wkhvh �qglqjv lq Vhfwlrq LY19 ri wklv sdshu1

Rxu vroxwlrq phwkrg xvhv wkh lqwhuwhpsrudo Hxohu htxdwlrq dv lwv vwduwlqj srlqw1 Lq wklv
vhqvh/ lw ehorqjv wr wkh fodvv ri vwrfkdvwlf g|qdplf surjudpplqj phwkrgv1 Fr{ dqg Kxdqj
^4<;<` kdyh sursrvhg dq dowhuqdwlyh vroxwlrq phwkrg zklfk wudqvirupv dq lqwhuwhpsrudo
rswlpl}dwlrq sureohp zlwk frpsohwh pdunhwv lqwr dq htxlydohqw vwdwlf rswlpl}dwlrq sureohp
wkdw fdq eh vroyhg xvlqj vwdqgdug Odjudqjldq wkhru|1 Kh dqg Shduvrq ^4<<4` kdyh h{whqghg
wkh Fr{0Kxdqj dssurdfk wr vhwwlqjv zlwk lqfrpsohwh pdunhwv1 Lq d uhodwhg sdshu/ Fdpsehoo
dqg Ylfhlud ^4<<:`/ zh irupxodwh d sureohp ri rswlpdo frqvxpswlrq dqg sruwirolr fkrlfh zlwk
wlph0ydu|lqj lqwhuhvw udwhv/ frqvwdqw ulvn suhpld/ dqg frpsohwh pdunhwv/ dqg zh h{soruh wkh

7Eudqgw ^4<<;` frpsduhv klv �qlwh0krul}rq uhvxowv wr rxuv1 Iru wkh sdudphwhu ydoxhv kh xvhv/ wkh �qlwh0
krul}rq vroxwlrq frqyhujhv txlfno| wr wkh lq�qlwh0krul}rq vroxwlrq dqg lv yhu| vlplodu e| wkh wlph wkh �qlwh
krul}rq uhdfkhv 53 |hduv1

8Wkh odfn ri dq h{dfw dqdo|wlfdo vroxwlrq lv qrw gxh wr wkh idfw wkdw zh zrun lq glvfuhwh wlph1 Vfkurghu dqg
Vnldgdv ^4<<;` xvh vwrfkdvwlf gl�huhqwldo xwlolw|/ d frqwlqxrxv0wlph yhuvlrq ri Hsvwhlq0]lq0Zhlo suhihuhqfhv
gxh wr Gx!h dqg Hsvwhlq ^4<<5`/ dqg vkrz wkdw lw lv srvvleoh wr fkdudfwhul}h wkh vroxwlrq lq whupv ri
txdvlolqhdu sduderolf sduwldo gl�huhqwldo htxdwlrqv�zklfk duh uhodwlyho| hdv| wr vroyh qxphulfdoo|�exw dq
h{dfw forvhg0irup vroxwlrq h{lvwv rqo| lq wkh vdph vshfldo fdvhv dv lq glvfuhwh wlph1
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uhodwlrq ehwzhhq wkh orjolqhdu dssur{lpdwh vroxwlrq phwkrg dqg wkh Fr{0Kxdqj dssurdfk1

Rxu sdshu exlogv rq wkh zrun ri Fdpsehoo ^4<<6`1 Fdpsehoo frqvlghuv wkh vlpsohu sure0
ohp zkhuh rqo| rqh dvvhw lv dydlodeoh iru lqyhvwphqw dqg vr wkh djhqw qhhg rqo| fkrrvh
frqvxpswlrq1 Kh vkrzv wkdw wklv sureohp ehfrphv wudfwdeoh li rqh uhsodfhv wkh lqwhuwhp0
srudo exgjhw frqvwudlqw e| d orjolqhdu dssur{lpdwh frqvwudlqw1 Kh xvhv wkh vroxwlrq lq d
uhsuhvhqwdwlyh0djhqw prgho wr fkdudfwhul}h wkh htxloleulxp sulfhv ri rwkhu dvvhwv wkdw duh lq
}hur qhw vxsso|/ lq wkh vslulw ri Phuwrq*v ^4<:6` lqwhuwhpsrudo FDSP1 Fdpsehoo ^4<<9` hvwl0
pdwhv wkh sdudphwhuv ri wkh prgho iurp X1V1 dvvhw pdunhw gdwd/ zkloh Fdpsehoo dqg Nrr
^4<<:` hydoxdwh wkh dffxudf| ri wkh dssur{lpdwh dqdo|wlfdo vroxwlrq e| frpsdulqj lw zlwk d
glvfuhwh0vwdwh qxphulfdo vroxwlrq1

Wkh rujdql}dwlrq ri wkh sdshu lv dv iroorzv1 Vhfwlrq LL vwdwhv wkh sureohp zh zrxog olnh
wr vroyh/ zkloh Vhfwlrq LLL h{sodlqv rxu dssur{lpdwh vroxwlrq phwkrg1 Vhfwlrq LY fdoleudwhv
wkh prgho wr srvwzdu txduwhuo| X1V1 vwrfn pdunhw gdwd dqg eulh | glvfxvvhv wkh dffxudf|
ri wkh dssur{lpdwh vroxwlrq1 Vhfwlrq Y fdofxodwhv wkh zhoiduh frvw ri vxerswlpdo sruwirolr
fkrlfh/ dqg Vhfwlrq YL frqfoxghv1

LL Wkh Lqwhuwhpsrudo Frqvxpswlrq dqg Sruwirolr
Fkrlfh Sureohp

LL14 Dvvxpswlrqv

Zh frqvlghu d sduwldo0htxloleulxp sureohp lq zklfk=

+D4, Zhdowk frqvlvwv ri wzr wudgdeoh dvvhwv1 Dvvhw � lv ulvn|/ zlwk rqh0shulrg orj +frqwlqx0
rxvo| frpsrxqghg, uhwxuq jlyhq e| o�c|n�> dvvhw s lv ulvnohvv/ zlwk frqvwdqw orj uhwxuq
jlyhq e| os 1 Wkhuhiruh/ wkh rqh0shulrg uhwxuq rq zhdowk iurp wlph | wr wlph |n � lv

-Rc|n� ' k| E-�c|n� �-s� n-s c+4,

8



zkhuh -�c|n� ' i T io�c|n�j/ -s ' i T iosj/ dqg wkh sruwirolr zhljkw k| lv wkh sursru0
wlrq ri wrwdo zhdowk lqyhvwhg lq wkh ulvn| dvvhw dw wlph |1

+D5, Wkh h{shfwhg h{fhvv orj uhwxuq rq wkh ulvn| dvvhw lv vwdwh0ghshqghqw1 Wkhuh lv rqh
vwdwh yduldeoh %|/ vxfk wkdw

H|o�c|n� � os ' %|�+5,

Wkh vwdwh yduldeoh iroorzv dq DU+4,=

%|n� ' >n � E%| � >� n #|n�c+6,

zkhuh #|n� lv d frqglwlrqdoo| krprvnhgdvwlf/ qrupdoo| glvwulexwhg zklwh qrlvh huuru/
wkdw lv/ #|n� � �

�
fc j2#

�
1

+D6, Wkh xqh{shfwhg orj uhwxuq rq wkh ulvn| dvvhw/ ghqrwhg e| �|n�/ lv dovr frqglwlrqdoo|
krprvnhgdvwlf dqg qrupdoo| glvwulexwhg1 Lw lv fruuhodwhg zlwk lqqrydwlrqv lq wkh vwdwh
yduldeoh/

Ydu| E�|n�� ' j2�c+7,

Fry|
�
�|n�c #|n�

�
' j�#�+8,

+D7, Wkh lqyhvwru*v suhihuhqfhv duh ghvfulehg e| wkh uhfxuvlyh xwlolw| sursrvhg e| Hsvwhlq
dqg ]lq ^4<;<` dqg Zhlo ^4<;<`=

L E�|cH|L|n�� '
q
E�� B��

E�3��*w
| n B

�
H|L

�3�
|n�

��*wrw*E�3��

c+9,

zkhuh B 	 � lv wkh glvfrxqw idfwru/ � : f lv wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq/
� : f lv wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq dqg wkh sdudphwhu w lv gh�qhg
dv w ' E�� ��!

�
�� �3�

�
1 Lw lv hdv| wr vhh wkdw +9, uhgxfhv wr wkh vwdqgdug wlph0

vhsdudeoh/ srzhu xwlolw| ixqfwlrq zlwk uhodwlyh ulvn dyhuvlrq � zkhq � ' �3�> lq wklv
fdvh w ' � dqg wkh qrqolqhdu uhfxuvlrq +9, ehfrphv olqhdu1

+D8, Wkh lqyhvwru lv lq�qlwho|0olyhg1

Dvvxpswlrqv +D4, dqg +D5, rq wkh qxpehu ri ulvn| dvvhwv dqg vwdwh yduldeohv duh vlp0
soli|lqj dvvxpswlrqv/ zklfk zh dgrsw iru h{srvlwlrqdo sxusrvhv1 Wkh dssurdfk ri wklv sdshu

9



fdq eh dssolhg wr d pruh jhqhudo vhwwlqj zlwk pxowlsoh ulvn| dvvhwv dqg vwdwh yduldeohv/ dw
wkh frvw ri juhdwhu frpsoh{lw| lq wkh dqdo|wlfdo vroxwlrqv wr wkh sureohp1 Dvvxpswlrq +D6,
lv dovr d vlpsol�fdwlrq wkdw fdq eh uhod{hg lq rughu wr vwxg| wkh h�hfwv ri frqglwlrqdo khw0
hurvnhgdvwlflw| rq sruwirolr fkrlfh1 Dvvxpswlrq +D7, rq suhihuhqfhv doorzv xv wr vhsdudwh wkh
h�hfwv rq rswlpdo frqvxpswlrq dqg sruwirolr ghflvlrqv ri wkh lqyhvwru*v dwwlwxgh wrzdugv ulvn
iurp wkh lqyhvwru*v dwwlwxgh wrzdugv frqvxpswlrq vprrwklqj ryhu wlph1 Ilqdoo|/ dvvxpswlrq
+D8, doorzv xv wr ljqruh wkh h�hfwv ri d �qlwh krul}rq rq sruwirolr fkrlfh/ exw wklv dvvxpswlrq
wrr fdq eh uhod{hg lq ixwxuh zrun1

LL15 Hxohu Htxdwlrqv dqg wkh Ydoxh Ixqfwlrq

Wkh lqglylgxdo fkrrvhv frqvxpswlrq dqg sruwirolr srolflhv wkdw pd{lpl}h +9, vxemhfw wr wkh
exgjhw frqvwudlqw

`|n� ' -Rc|n� E`| � �|� c+:,

zkhuh `| lv wrwdo zhdowk dw wkh ehjlqqlqj ri wlph w dqg -Rc|n� lv wkh uhwxuq rq zhdowk +4,1

Hsvwhlq dqg ]lq ^4<;</ 4<<4` kdyh vkrzq wkdw zlwk wklv irup iru wkh exgjhw frqvwudlqw/
wkh rswlpdo sruwirolr dqg frqvxpswlrq srolflhv pxvw vdwlvi| wkh iroorzlqj Hxohu htxdwlrq iru
dq| dvvhw �=

� ' H|

57+B��|n�

�|

�
3�*�

,w

-
3E�3w�
Rc|n� -�c|n�

68 �+;,

Htxdwlrq +;, krogv uhjdugohvv ri krzpdq| wudgdeoh dvvhwv duh dydlodeoh1 Lq rxu vlpsoh prgho/
� ghqrwhv wkh ulvnohvv dvvhw/ wkh vlqjoh ulvn| dvvhw/ ru wkh lqyhvwru*v sruwirolr R1 Zkhq � ' R/
+;, uhgxfhv wr=

� ' H|

57+B��|n�

�|

�
3�*�

-Rc|n�

,w
68 �+<,

Glylglqj +9, e| `| dqg xvlqj wkh exgjhw frqvwudlqw zh rewdlq wkh iroorzlqj h{suhvvlrq
iru xwlolw| shu xqlw ri zhdowk=

T| '

+
E�� B�

�
�|

`|

��3�*�

n B

�
�� �|

`|

��3�*� �
,|

�
T �3�
|n� -

�3�
Rc|n�

�� �
w

,�*E�3��

c+43,

:



zkhuh T| � L|*`|1 Hsvwhlq dqg ]lq ^4<;</ 4<<4` vkrz wkdw wkh ydoxh ixqfwlrq shu xqlw ri
zhdowk fdq eh zulwwhq dv d srzhu ixqfwlrq ri E�� B� dqg wkh frqvxpswlrq0zhdowk udwlr=

T| ' E�� B�3�*E�3��
�
�|

`|

��*E�3��

�+44,

Wzr vshfldo fdvhv duh zruwk qrwlqj1 Iluvw/ dv � dssurdfkhv rqh/ wkh h{srqhqwv lq +44,
lqfuhdvh zlwkrxw olplw1 Wkh ydoxh ixqfwlrq kdv d �qlwh olplw/ krzhyhu/ ehfdxvh wkh udwlr
�|*`| dssurdfkhv E�� B� +Jlrydqqlql dqg Zhlo ^4<;<`,1 Zh frqvlghu wklv fdvh lq pruh
ghwdlo lq vhfwlrq LLL181 Vhfrqg/ dv � dssurdfkhv }hur/ T| dssurdfkhv �|*`|1 D frqvxphu zkr
lv h{wuhpho| uhoxfwdqw wr vxevwlwxwh lqwhuwhpsrudoo| frqvxphv wkh dqqxlw| ydoxh ri zhdowk
hdfk shulrg/ dqg wklv frqvxphu*v xwlolw| shu groodu lv wkh dqqxlw| ydoxh ri wkh groodu1

LLL Dssur{lpdwh Vroxwlrq Phwkrg

Rxu sursrvhg vroxwlrq phwkrg exlogv rq wkh orj0olqhdu dssur{lpdwlrqv wr wkh Hxohu htxdwlrq
dqg wkh lqwhuwhpsrudo exgjhw frqvwudlqw sursrvhg e| Fdpsehoo ^4<<6`1 E| frpelqlqj wkh
dssur{lpdwlrqv wr wkhvh htxdwlrqv zh fdq fkdudfwhul}h wkh surshuwlhv ri k|/ wkh rswlpdo
doorfdwlrq wr wkh ulvn| dvvhw1 Zh wkhq jxhvv d irup iru wkh rswlpdo frqvxpswlrq dqg sruwirolr
srolflhv/ zh vkrz wkdw srolflhv ri wklv irup vdwlvi| wkh dssur{lpdwh Hxohu htxdwlrq dqg exgjhw
frqvwudlqw/ dqg �qdoo| zh vkrz wkdw wkh sdudphwhuv ri wkh srolflhv fdq eh lghqwl�hg iurp wkh
sulplwlyh sdudphwhuv ri wkh prgho1

LLL14 Orj Hxohu Htxdwlrqv

Wkh �uvw vwhs lq rxu sursrvhg vroxwlrq phwkrg lv wr orj0olqhdul}h wkh Hxohu htxdwlrq +<, wr
rewdlq

f ' w *L} B � w

�
H|{S|n� n wH|oRc|n� n

�

2
Ydu|

�
w

�
{S|n� � woRc|n�

�
c

zkhuh orzhufdvh ohwwhuv ghqrwh yduldeohv lq orjv dqg { lv wkh �uvw0gl�huhqfh rshudwru1 Wklv
h{suhvvlrq krogv h{dfwo| li frqvxpswlrq jurzwk dqg wkh uhwxuq rq zhdowk kdyh d mrlqw frqgl0
wlrqdo orjqrupdo glvwulexwlrq1 Lq rxu prgho wkh uhwxuq rq zhdowk lv frqglwlrqdoo| orjqrupdo/
ehfdxvh wkh sruwirolr zhljkw lv nqrzq lq dgydqfh dqg vr wkh uhwxuq rq zhdowk lqkhulwv wkh

;



dvvxphg orjqrupdolw| ri wkh uhwxuq rq wkh ulvn| dvvhw1 Frqvxpswlrq jurzwk/ krzhyhu/ lv
hqgrjhqrxv lq rxu prgho dqg vr zh fdqqrw dvvxph dw wkh rxwvhw wkdw lw lv frqglwlrqdoo|
orjqrupdoo| glvwulexwhg1 Lq idfw/ rxu dssur{lpdwh vroxwlrq lpsolhv wkdw frqvxpswlrq jurzwk
lv qrw frqglwlrqdoo| orjqrupdo xqohvv wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq/ �/ lv rqh
ru wkh h{shfwhg uhwxuq rq wkh ulvn| dvvhw lv frqvwdqw1 Zkhq wkhvh frqglwlrqv gr qrw krog zh
pxvw ghulyh wkh orj Hxohu htxdwlrq xvlqj erwk d vhfrqg0rughu Wd|oru dssur{lpdwlrq durxqg
wkh frqglwlrqdo phdq ri ioRc|n�c{S|n�j dqg wkh dssur{lpdwlrq *L}E� n %� � % iru vpdoo %1

Uhrughulqj whupv zh rewdlq wkh zhoo0nqrzq htxloleulxp olqhdu uhodwlrqvkls ehwzhhq h{0
shfwhg orj frqvxpswlrq jurzwk dqg wkh h{shfwhg orj uhwxuq rq zhdowk=

H|{S|n� ' � *L} B n �Rc| n �H|oRc|n�c+45,

zkhuh wkh whup �Rc| lv d wlph0ydu|lqj lqwhufhsw sursruwlrqdo wr wkh frqglwlrqdo yduldqfh ri
orj frqvxpswlrq jurzwk lq uhodwlrq wr orj sruwirolr uhwxuqv=

�Rc| '
�

2

�
w

�

�
Ydu| E{S|n� � �oRc|n�� �+46,

Lq d vlplodu idvklrq zh fdq orjolqhdul}h wkh Hxohu htxdwlrq iru d jhqhudo dvvhw/ +;,1 Li zh
vxewudfw wkh uhvxowlqj orjolqhdu Hxohu htxdwlrq iru wkh ulvnohvv dvvhw iurp wkh orjolqhdu Hxohu
htxdwlrq iru wkh ulvn| dvvhw zh �qg=

H|o�c|n� � os n
�

2
j�c�c| '

w

�
j�cSc| n E�� w� j�cRc|+47,

zkhuh j%c5c| ' Fry| E%|n� � H|%|n�c 5|n� � H|5|n��1 Xqghu dvvxpswlrq +D6, wkh frqglwlrqdo
yduldqfh ri wkh ulvn| dvvhw uhwxuq/ j�c�c| ' j2�/ exw zh dyrlg pdnlqj wklv vxevwlwxwlrq xqwlo
zh xvh +D6, wr vroyh wkh prgho lq vhfwlrq LLL171 Htxdwlrq +47, lv wkh vwduwlqj0srlqw iru rxu
dqdo|vlv ri rswlpdo sruwirolr fkrlfh1

LLL15 Orj0olqhdu Exgjhw Frqvwudlqw

Iroorzlqj Fdpsehoo ^4<<6/ 4<<9`/ zh dovr orj0olqhdul}h wkh exgjhw frqvwudlqw +:, durxqg wkh
phdq frqvxpswlrq0zhdowk udwlr/ dqg zh rewdlq=

{�|n� � oRc|n� n

�
�� �

4

�
ES| � �|� n &c+48,

<



zkhuh & ' *L} E4�n E�� 4� *L} E�� 4� *4/ dqg 4 ' �� i T iH ES| � �|�j lv d orj0olqhdul}dwlrq
sdudphwhu1 Qrwh wkdw 4 lv hqgrjhqrxv lq wkdw lw ghshqgv rq wkh dyhudjh orj frqvxpswlrq0
zhdowk udwlr zklfk lv xqnqrzq xqwlo wkh prgho kdv ehhq vroyhg1

Fdpsehoo ^4<<6` dqg Fdpsehoo dqg Nrr ^4<<:` kdyh vkrzq wkdw wkh dssur{lpdwlrq +48, lv
h{dfw zkhq wkh frqvxpswlrq0zhdowk udwlr lv frqvwdqw ryhu wlph/ dqg ehfrphv ohvv dffxudwh dv
wkh yduldelolw| ri wkh udwlr lqfuhdvhv1 Lq rxu prgho wkh frqvxpswlrq0zhdowk udwlr lv frqvwdqw
zkhq wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq lv rqh ru wkh h{shfwhg ulvn| dvvhw uhwxuq
lv frqvwdqw> zkhq wkhvh frqglwlrqv gr qrw krog/ wkh frqvxpswlrq0zhdowk udwlr ydulhv dqg
zh fdq rqo| vroyh iru lw e| xvlqj wkh dssur{lpdwlrq +48,1 Khqfh wr fkhfn wkh dffxudf| ri
wkh dssur{lpdwlrq zh pxvw frpsduh rxu vroxwlrq zlwk d glvfuhwh0vwdwh qxphulfdo vroxwlrq1
Zh xqghuwdnh wklv h{huflvh lq Fdpsehoo/ Frffr/ Jrphv/ Pdhqkrxw/ dqg Ylfhlud ^4<<;` dqg
glvfxvv wkh uhvxowv eulh | lq vhfwlrq LY19 ehorz1

Wkh orj0olqhdul}dwlrq +48, wdnhv wkh uhwxuq rq wkh zhdowk sruwirolr dv jlyhq/ dqg grhv qrw
uhodwh lw wr wkh uhwxuqv rq lqglylgxdo dvvhwv1 Zh fdq sxvk wkh dssurdfk ixuwkhu e| xvlqj dq
dssur{lpdwlrq wr wkh orj uhwxuq rq zhdowk=

oRc|n� ' k| Eo�c|n� � os� n os n
�

2
k| E�� k|� j�c�c|�+49,

Wklv dssur{lpdwlrq krogv h{dfwo| lq d frqwlqxrxv0wlph prgho zlwk dq lq�qlwhvlpdoo| vpdoo
wudglqj lqwhuydo/ zkhuh Lwr*v Ohppd fdq eh dssolhg wr htxdwlrq +4,1 Lw kdv wkh h�hfw ri uxolqj
rxw edqnuxswf| hyhq zkhq wkh lqyhvwru krogv d vkruw srvlwlrq zlwk k| 	 f ru d ohyhudjhg
sruwirolr zlwk k| : �1 Wkxv rxu sruwirolr vroxwlrqv/ olnh wkrvh lq wkh frqwlqxrxv0wlph prghov
ri Phuwrq ^4<9</ 4<:4`/ doorz k| wr ydu| rxwvlgh wkh udqjh iurp }hur wr rqh19

Frpelqlqj +48, dqg +49, zh jhw

{�|n� � k| Eo�c|n� � os � n os n

�
�� �

4

�
ES| � �|� n & n

�

2
k| E�� k|�j�c�c|c+4:,

zklfk lv olqhdu lq orj uhwxuqv dqg orj frqvxpswlrq/ dqg txdgudwlf lq wkh sruwirolr zhljkw k|1

9Lq wkh uhfhqw olwhudwxuh rq orqj0krul}rq sruwirolr fkrlfh Edogx}}l dqg O|qfk ^4<<:d/ 4<<:e`/ Eduehulv
^4<<9`/ dqg Euhqqdq/ Vfkzduw}/ dqg Odjqdgr ^4<<:` uhvwulfw vkruw vdohv dqg eruurzlqj/ exw Eudqgw ^4<<;`
dqg Nlp dqg Rpehuj ^4<<9` gr qrw1
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LLL16 Fkdudfwhul}lqj wkh Rswlpdo Sruwirolr Uxoh

Wkh qh{w vwhs lq rxu vroxwlrq phwkrg lv wr fkdudfwhul}h wkh rswlpdo sruwirolr uxoh e| uhodwlqj
wkh fxuuhqw rswlpdo sruwirolr fkrlfh wr ixwxuh rswlpdo sruwirolr fkrlfhv1 Wklv zloo wkhq doorz
xv wr jxhvv d ixqfwlrqdo irup iru wkh rswlpdo sruwirolr srolf| dqg wr lghqwli| lwv sdudphwhuv1

Rxu vwudwhj| lv wr fkdudfwhul}h wkh fryduldqfh whupv j�cSc| dqg j�cRc| wkdw dsshdu lq wkh
orjolqhdu sruwirolr0fkrlfh Hxohu htxdwlrq +47,1 Vlqfh wkh ulvn| dvvhw uhwxuq lv h{rjhqrxv dqg
wkh frqvxpswlrq0zhdowk udwlr lv vwdwlrqdu| lq rxu prgho/ lw lv frqyhqlhqw wr uhzulwh wkhvh
prphqwv lq whupv ri wkh yduldqfh ri wkh ulvn| dvvhw uhwxuq dqg lwv fryduldqfh zlwk wkh
frqvxpswlrq0zhdowk udwlr1 Zh �uvw qrwh wkdw/ xvlqj wkh wulyldo htxdolw|

{S|n� ' ES|n� � �|n��� ES| � �|� n {�|n�+4;,

dqg wkh exgjhw frqvwudlqw +4:,/ zh fdq zulwh j�cSc| dv

j�cSc| ' Fry| Eo�c|n�c{S|n��

' Fry| Eo�c|n�c S|n� � �|n�� n k|Ydu| Eo�c|n��

' j�cS3�c| n k|j�c�c|c

zkhuh wr rewdlq wkh vhfrqg htxdolw| zh xvh wkh idfw wkdw Fry|E%|n�c 5|� ' f1

Vlploduo|/ htxdwlrq +49, lpsolhv wkdw

j�cRc| ' Fry|

�
o�c|n�c k|o�c|n� n E�� k|� os n

�

2
k| E�� k|�j�c�c|

�
' k|j�c�c|�

Wkhvh h{suhvvlrqv fdq eh vxevwlwxwhg lqwr +47, wr jhw

H|o�c|n� � os n
�

2
j�c�c| '

w

�
Ej�cS3�c| n k|j�c�c|� n E�� w�k|j�c�c|c

zklfk fdq eh uhduudqjhg/ xvlqj wkh idfw wkdw w ' E�� ��!
�
�� �3�

�
/ wr jhw

k| '
�

�

H|o�c|n� � os n
�
2
j�c�c|

j�c�c|
�
�

�

�� �

��
� � �

�

�
j�cS3�c|
j�c�c|

�+4<,
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Wklv htxdwlrq zdv �uvw ghulyhg e| Uhvwr| ^4<<5`1 Lw kdv wzr whupv/ hdfk rqh fdswxulqj
d gl�huhqw dvshfw ri dvvhw ghpdqg1 Wkh �uvw whup fdswxuhv wkdw sduw ri dvvhw ghpdqg
lqgxfhg h{foxvlyho| e| wkh fxuuhqw ulvn suhplxp/ khqfh wkh dgmhfwlyh �p|rslf� riwhq xvhg
wr ghvfuleh lw lq wkh �qdqfh olwhudwxuh1 Wkh p|rslf frpsrqhqw ri dvvhw ghpdqg lv gluhfwo|
sursruwlrqdo wr wkh dvvhw ulvn suhplxp dqg lqyhuvho| sursruwlrqdo wr wkh lqglylgxdo*v uhodwlyh
ulvn dyhuvlrq1 Wkh vhfrqg whup lv wkh �lqwhuwhpsrudo khgjlqj ghpdqg� ri Phuwrq ^4<9</
4<:4/ 4<:6`1 Lw uh hfwv wkh vwudwhjlf ehkdylru ri wkh lqyhvwru zkr zlvkhv wr khgjh djdlqvw
ixwxuh dgyhuvh fkdqjhv lq lqyhvwphqw rssruwxqlwlhv/ dv vxppdul}hg e| wkh frqvxpswlrq0
zhdowk udwlr1 Lqwhuwhpsrudo khgjlqj ghpdqg lv }hur zkhq uhwxuqv duh xqsuhglfwdeoh/ vr
j�cS3�c| ' f/ ru ulvn dyhuvlrq � ' �1: Lw lv zhoo0nqrzq wkdw dvvhw ghpdqg lv p|rslf lq wkhvh
vshfldo fdvhv/ exw pxfk ohvv lv nqrzq derxw dvvhw ghpdqg lq wkh jhqhudo fdvh1

Dowkrxjk htxdwlrq +4<, jlyhv xv phdqlqjixo lqirupdwlrq derxw wkh qdwxuh ri wkh lqyhvwru*v
ghpdqg iru wkh ulvn| dvvhw/ lw lv qrw d frpsohwh vroxwlrq ri wkh prgho/ ehfdxvh wkh fxuuhqw rs0
wlpdo sruwirolr doorfdwlrq lq +4<, lv d ixqfwlrq ri ixwxuh sruwirolr dqg frqvxpswlrq ghflvlrqv/
zklfk duh hqgrjhqrxv wr wkh sureohp1

Wkh ghshqghqfh ri wrgd|*v sruwirolr doorfdwlrq rq ixwxuh sruwirolr dqg frqvxpswlrq
fkrlfhv rshudwhv wkurxjk wkh frqglwlrqdo fryduldqfh j�cS3�c|1 Wr vhh wklv/ qrwh wkdw wkh ds0
sur{lpdwlrq wr wkh lqwhuwhpsrudo exgjhw frqvwudlqw fdq eh xvhg wr zulwh wkh orj frqvxpswlrq0
zhdowk udwlr dv d frqvwdqw soxv wkh glvfrxqwhg suhvhqw ydoxh ri wkh gl�huhqfh ehwzhhq h{0
shfwhg ixwxuh orj uhwxuqv rq zhdowk dqg frqvxpswlrq jurzwk udwhv +Fdpsehoo ^4<<6`,=

S|n� � �|n� ' H|n�

"[
�'�

4� EoRc|n�n� �{S|n�n�� n
4&

�� 4
�

Wklv htxdwlrq iroorzv iurp frpelqlqj wkh orj0olqhdu exgjhw frqvwudlqw +48, zlwk +4;,/ vroylqj
iruzdug wkh uhvxowlqj gl�huhqfh htxdwlrq/ dqg wdnlqj h{shfwdwlrqv1 Li zh vxevwlwxwh wkh
h{suhvvlrq iru h{shfwhg frqvxpswlrq jurzwk +45, lqwr wklv htxdwlrq zh rewdlq=

S|n� � �|n� ' E�� ��H|n�

"[
�'�

4�oRc|n�n� � H|n�

"[
�'�

4��Rc|n� n
4

�� 4
E& � � *L} B� �+53,

:Orj xwlolw| lv wkh vshfldo fdvh lq zklfk # @ 4 dv zhoo dv � @ 41 Exw � @ 4 gholyhuv }hur lqwhuwhpsrudo
khgjlqj ghpdqg uhjdugohvv ri wkh ydoxh ri # +Jlrydqqlql dqg Zhlo ^4<;<`,1
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Khqfh/ j�cS3�c| ghshqgv rq wkh lqglylgxdo*v ixwxuh sruwirolr dqg frqvxpswlrq ghflvlrqv/ dqg
+4<, idoov vkruw ri d frpsohwh vroxwlrq wr wkh prgho1

LLL17 Vroylqj iru wkh Rswlpdo Srolflhv

Wkh �qdo vwhs lq vroylqj wkh g|qdplf rswlpl}dwlrq sureohp lv wr jxhvv d ixqfwlrqdo irup
iru wkh rswlpdo frqvxpswlrq dqg sruwirolr srolflhv dqg wr lghqwli| wkh sdudphwhuv ri wkhvh
srolflhv xvlqj wkh phwkrg ri xqghwhuplqhg frh!flhqwv1 Zh jxhvv wkdw wkh rswlpdo sruwirolr
zhljkw rq wkh ulvn| dvvhw lv olqhdu lq wkh vwdwh yduldeoh/ dqg wkdw wkh rswlpdo orj frqvxpswlrq0
zhdowk udwlr lv txdgudwlf lq wkh vwdwh yduldeoh1 Khqfh/ zh jxhvv wkdw=

+ l , k| ' @f n @�%|c

+ ll , S| � �| ' Kf n K�%| n K2%
2
| c

zkhuh i@fc @�c Kfc K�c K2j duh �{hg sdudphwhuv wr eh ghwhuplqhg1

Xqghu dvvxpswlrqv +D4,0+D8, zh fdq vkrz wkdw jxhvvhv +l,0+ll, duh lqghhg d vroxwlrq wr
wkh lqwhuwhpsrudo rswlpl}dwlrq sureohp ri wkh uhfxuvlyh0xwlolw|0pd{lpl}lqj lqyhvwru/ dqg zh
fdq vroyh iru wkh xqnqrzq sdudphwhuv i@fc @�c Kfc K�c K2j1 Ghwdlov duh surylghg lq Dsshqglfhv
4 dqg 5> khuh zh jlyh d eulhi lqwxlwlyh h{sodqdwlrq ri wkh vroxwlrq1

Wkh olqhdu sruwirolr uxoh +l, kdv wkh vlpsohvw irup frqvlvwhqw zlwk wlph0yduldwlrq lq wkh
lqyhvwru*v sruwirolr ghflvlrqv1 Wklv sruwirolr uxoh lpsolhv wkdw wkh h{shfwhg uhwxuq rq wkh
sruwirolr lv txdgudwlf lq wkh vwdwh yduldeoh %|/ ehfdxvh dq lqfuhdvh lq %| d�hfwv wkh h{shfwhg
sruwirolr uhwxuq erwk gluhfwo| e| lqfuhdvlqj wkh h{shfwhg uhwxuq rq h{lvwlqj ulvn|0dvvhw krog0
lqjv dqg lqgluhfwo| e| fkdqjlqj wkh lqyhvwru*v rswlpdo doorfdwlrq wr wkh ulvn| dvvhw1 Htxdwlrq
+53, vkrzv wkdw wkh orj frqvxpswlrq0zhdowk udwlr lv olqhduo| uhodwhg wr wkh h{shfwhg sruwirolr
uhwxuq/ vr lw lv qdwxudo wr jxhvv wkdw wkh orj frqvxpswlrq0zhdowk udwlr lv txdgudwlf lq wkh
vwdwh yduldeoh %|1

Ri frxuvh/ yduldqfhv dqg fryduldqfhv ri frqvxpswlrq jurzwk dqg dvvhw uhwxuqv dovr d�hfw
wkh rswlpdo frqvxpswlrq dqg sruwirolr ghflvlrqv1 Exw wkh krprvnhgdvwlf olqhdu DU+4, sur0
fhvv iru %| lpsolhv wkdw doo uhohydqw yduldqfhv dqg fryduldqfhv duh hlwkhu olqhdu ru txdgudwlf lq
wkh fxuuhqw vwdwh yduldeoh/ dqg wkxv vhfrqg0prphqw h�hfwv gr qrw fkdqjh wkh olqhdu0txdgudwlf
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irup ri wkh vroxwlrq1 Dsshqgl{ 4 vwdwhv qlqh ohppdv wkdw h{suhvv lpsruwdqw h{shfwdwlrqv/
yduldqfhv/ dqg fryduldqfhv dv olqhdu ru txdgudwlf ixqfwlrqv ri wkh vwdwh yduldeoh1

Zh qrz vwdwh wzr sursrvlwlrqv wkdw hqdeoh xv wr vroyh iru wkh xqnqrzq frh!flhqwv ri wkh
prgho1 Wkh sursrvlwlrqv duh suryhg lq Dsshqgl{ 5/ xvlqj wkh ohppdv iurp Dsshqgl{ 41

Sursrvlwlrq 41 Wkh sdudphwhuv gh�qlqj wkh olqhdu sruwirolr srolf| +l, vdwlvi| wkh iroorzlqj
wzr0htxdwlrq v|vwhp=

@f '
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j2�
2��

Surri ri Sursrvlwlrq 41 Vhh Dsshqgl{ 51

Wkh �uvw whup lq hdfk ri wkhvh htxdwlrqv lv wkh p|rslf frpsrqhqw ri dvvhw ghpdqg lq
htxdwlrq +4<,1 Wkhuhiruh/ wkh uhpdlqlqj whupv uhsuhvhqw lqwhuwhpsrudo khgjlqj ghpdqg1
Wkh| ghshqg rq wkh frqvxpswlrq frh!flhqwv K� dqg K2/ glylghg e| rqh plqxv wkh lqwhuwhp0
srudo hodvwlflw| ri vxevwlwxwlrq E� � ��/ dv zhoo dv rq wkh vfdohg ghyldwlrq ri ulvn dyhuvlrq
iurp rqh/ E� � �� *�/ dqg wkh vfdohg fryduldqfh ri wkh ulvn| dvvhw uhwxuq zlwk uhylvlrqv lq
wkh h{shfwhg ixwxuh uhwxuq j#�*j

2
�1 Wkhuh lv qr khgjlqj ghpdqg li wklv fryduldqfh lv }hur/

iru wkhq wkh ulvn| dvvhw fdqqrw eh xvhg wr khgjh fkdqjhv lq lqyhvwphqw rssruwxqlwlhv1 Zh
glvfxvv wkh h�hfwv ri wkhvh sdudphwhuv rq sruwirolr vhohfwlrq lq pruh ghwdlo lq rxu fdoleudwlrq
h{huflvh lq Vhfwlrq LY1

Sursrvlwlrq 4 h{suhvvhv wkh frh!flhqwv ri wkh rswlpdo sruwirolr srolf| dv olqhdu ixqfwlrqv
ri wkh sdudphwhuv ri wkh rswlpdo frqvxpswlrq uxoh1 Sursrvlwlrq 5 vkrzv wkdw wkhvh sdudph0
whuv vroyh d uhfxuvlyh/ qrq0olqhdu htxdwlrq v|vwhp zkrvh frh!flhqwv duh nqrzq frqvwdqwv=

Sursrvlwlrq 51 Wkh sdudphwhuv gh�qlqj wkh frqvxpswlrq srolf| +ll,/ iKfc K�c K2j/ duh jlyhq
e| wkh vroxwlrq wr wkh iroorzlqj uhfxuvlyh qrq0olqhdu htxdwlrq v|vwhp=

f ' \�f n \��Kf n \�2K� n \��K
2
� n \�eK2 n \�DK

2
2 n \�SK�K2c+54,
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f ' \2f n \2�K� n \22K2 n \2�K
2
2 n \2eK�K2c+55,

f ' \�f n \��K2 n \�2K
2
2c+56,

zkhuh i\�c� ( � ' �c 2c �c � ' �c ���c Sj duh frqvwdqwv jlyhq lq Dsshqgl{ 51 Wkhvh frqvwdqwv
ghshqg rq wkh h{rjhqrxv sdudphwhuv ri wkh prgho dqg rq wkh orjolqhdul}dwlrq sdudp0
hwhu 41

Surri ri Sursrvlwlrq 51 Vhh Dsshqgl{ 51

Wkh htxdwlrq v|vwhp jlyhq lq Sursrvlwlrq 5 fdq eh vroyhg uhfxuvlyho|/ vwduwlqj zlwk
wkh txdgudwlf htxdwlrq +56, zkrvh rqo| xqnqrzq lv K21 Wklv htxdwlrq kdv wzr srvvleoh
urrwv/ zklfk duh dozd|v uhdo zkhq � � �/ dqg duh uhdo zkhq � 	 � li �

�
�2 � E�*4�

�2
j2� n

E�� ��
�
�2 � E�*4�

�
e�j#��E�� �� e�2j2# � f1 Wkh h{lvwhqfh ri uhdo urrwv lv qhfhvvdu| +exw

qrw vx!flhqw, iru wkh ydoxh ixqfwlrq ri wkh sureohp/ jlyhq lq Surshuw| 4 ehorz/ wr eh �qlwh1
Zh dujxh lq wkh qh{w vhfwlrq wkdw rqh ri wkh wzr urrwv/ wkh srvlwlyh urrw ri wkh htxdwlrq
glvfulplqdqw/ gholyhuv wkh fruuhfw vroxwlrq wr wkh prgho1

Rqfh zh kdyh vroyhg iru K2/ wkh vhfrqg htxdwlrq lq wkh v|vwhp ehfrphv d olqhdu htxdwlrq
lq K�1 Ilqdoo|/ jlyhq iK�c K2j/ wkh �uvw htxdwlrq ri wkh v|vwhp lv dovr olqhdu lq Kf1 Xvlqj wkh
nqrzq ydoxhv ri iKfc K�c K2j lq Sursrvlwlrq 4/ zh fdq �qg i@fc @�j1

Doo ri wkhvh fdofxodwlrqv duh frqglwlrqdo rq d ydoxh iru 4/ vlqfh 4 khosv wr ghwhuplqh
wkh frqvwdqwv \�c� lq +54,/ +55,/ dqg +56,1 Rqh fdq zulwh wkh sdudphwhuv dv ixqfwlrqv
ri 4/ iru h{dpsoh KfE4�/ K�E4�/ dqg K2E4�/ wr h{suhvv wklv ghshqghqfh1 Exw 4 lwvhoi gh0
shqgv rq wkh rswlpdo h{shfwhg orj frqvxpswlrq0zhdowk udwlr dqg khqfh rq wkh sdudphwhuv=
4 ' � � i T iH ES| ��|�j ' � � i T iKfE4� n K�E4�>n K2E4�E>

2 n j2%�j1 Wkh vroxwlrq ri wkh
prgho lv frpsohwh rqo| zkhq d ydoxh ri 4 kdv ehhq irxqg wr vdwlvi| wklv qrqolqhdu htxdwlrq1
Xqiruwxqdwho| dq dqdo|wlfdo vroxwlrq lv dydlodeoh rqo| lq wkh fdvh � ' �/ zkhuh wkh rswlpdo
frqvxpswlrq srolf| lv p|rslf dqg 4 ' B1 Lq doo rwkhu fdvhv/ zh uhvruw wr d qxphulfdo phwkrg1
Zh �uvw vhw 4 ' B dqg wkhq �qg wkh rswlpdo ydoxhv ri i@fc @�c Kfc K�c K2j jlyhq wklv ydoxh ri 41
Iru wkhvh rswlpdo ydoxhv zh wkhq frpsxwh HES| � �|� dqg d qhz ydoxh ri 4/ iru zklfk d qhz
vhw ri rswlpdo srolflhv lv frpsxwhg1 Zh surfhhg zlwk wklv uhfxuvlrq xqwlo wkh devroxwh ydoxh
ri wkh gl�huhqfh ehwzhhq wzr frqvhfxwlyh ydoxhv ri 4 lv ohvv wkdq �f3e1
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Wklv surfhgxuh frqyhujhv h{wuhpho| udslgo| zkhqhyhu wkhuh h{lvwv d vroxwlrq iru 4 eh0
wzhhq }hur dqg rqh1 Iru vrph sdudphwhu ydoxhv/ krzhyhu/ 4 frqyhujhv wr rqh dqg wkh lpsolhg
ydoxh ixqfwlrq ri rxu prgho lv lq�qlwh1 Lw lv zhoo nqrzq wkdw wklv fdq rffxu lq lq�qlwh0krul}rq
rswlpl}dwlrq sureohpv> Phuwrq ^4<:4` dqg Vyhqvvrq ^4<;<`/ iru h{dpsoh/ ghulyh sdudphwhu
uhvwulfwlrqv wkdw duh uhtxluhg iru �qlwh ydoxh ixqfwlrqv lq frqwlqxrxv0wlph prghov zlwk frq0
vwdqw h{shfwhg uhwxuqv1 Xqiruwxqdwho| wkh qrqolqhdulw| ri wkh htxdwlrq iru 4 suhyhqwv xv
iurp ghulylqj htxlydohqw dqdo|wlfdo uhvwulfwlrqv lq rxu prgho zlwk wlph0ydu|lqj h{shfwhg uh0
wxuqv/ exw wkh sureohp whqgv wr dulvh zkhqhyhu wkh xwlolw| glvfrxqw udwh lv wrr orz ru wkh
h{shfwhg h{fhvv htxlw| uhwxuq lv wrr kljk rq dyhudjh ru wrr yduldeoh uhodwlyh wr wkh ulvn ri
htxlw| lqyhvwphqw1

LLL18 Surshuwlhv ri wkh Vroxwlrq

Sursrvlwlrqv 4 dqg 5 lghqwli| wkh sdudphwhuv ri wkh rswlpdo srolflhv dqg wkh ydoxh ixqfwlrq
shu xqlw ri zhdowk1 Li zh slfn wkh vroxwlrq iru K2 jlyhq e| wkh srvlwlyh urrw ri wkh glvfulplqdqw
lq +56,/ Sursrvlwlrqv 4 dqg 5 dovr lpso| wkh iroorzlqj surshuwlhv ri wkh vroxwlrq1 Khuh zh
phuho| vwdwh wkhvh surshuwlhv> surriv duh jlyhq lq Dsshqgl{ 61

Surshuw| 4 Wkh dssur{lpdwh ydoxh ixqfwlrq shu xqlw ri zhdowk lv jlyhq e|

T| ' i T

�
Kf � � *L} E�� B�

�� �
n

K�
�� �

%| n
K2

�� �
%2|

�
c+57,

dqg K2*E� � �� : f1 Wkhuhiruh/ wkh ydoxh ixqfwlrq shu xqlw ri zhdowk lv d frqyh{
ixqfwlrq ri %|/ wkh h{shfwhg orj h{fhvv uhwxuq rq wkh ulvn| dvvhw1

Surshuw| 5 Wkh vorsh ri wkh rswlpdo sruwirolr uxoh�wkh frh!flhqw @��lv srvlwlyh1 Dovr/
*�4�<" @� ' f dqg *�4�<f @� ' n41

Surshuw| 4 fkdudfwhul}hv wkh dssur{lpdwh ydoxh ixqfwlrq shu xqlw ri zhdowk1 Htxdwlrq
+57, vkrzv wkdw wkh orj ydoxh ixqfwlrq shu xqlw ri zhdowk lv d txdgudwlf ixqfwlrq ri wkh vwdwh
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yduldeoh zkrvh frh!flhqwv duh wkh frh!flhqwv ri wkh orj frqvxpswlrq0zhdowk ixqfwlrq glylghg
e| rqh plqxv wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq1;

Surshuw| 4 whoov xv wkdw wkh ydoxh ixqfwlrq shu xqlw ri zhdowk lv frqyh{ lq %|/ vr lw lqfuhdvhv
zlwk %| zkhq %| lv odujh hqrxjk dqg ghfuhdvhv zlwk %| zkhq %| lv vpdoo hqrxjk1 Wkh lqwxlwlrq
iru wklv uhvxow lv dv iroorzv1 Wkh lqyhvwru fdq sur�w iurp suhglfwdeoh h{fhvv uhwxuqv rq wkh
ulvn| dvvhw/ zkhwkhu wkhvh duh srvlwlyh ru qhjdwlyh1 Surshuw| 5 lpsolhv wkdw wkh lqyhvwru
lqfuhdvhv wkh doorfdwlrq wr wkh ulvn| dvvhw dv lwv h{shfwhg h{fhvv uhwxuq lqfuhdvhv1 Li h{fhvv
uhwxuqv duh h{shfwhg wr eh vx!flhqwo| srvlwlyh/ wkh lqyhvwru zloo sur�w e| jrlqj orqj/ zkhuhdv
li wkh| duh h{shfwhg wr eh vx!flhqwo| qhjdwlyh wkh lqyhvwru zloo sur�w e| jrlqj vkruw1 Wkxv
pryhphqwv lq %| wr h{wuhph srvlwlyh ru qhjdwlyh ydoxhv lqfuhdvh wkh lqyhvwru*v zhoiduh1

Surshuw| 5 jhqhudol}hv d nqrzq frpsdudwlyh0vwdwlfv uhvxow iru dq lqyhvwru zlwk srzhu
xwlolw| idflqj frqvwdqw h{shfwhg uhwxuqv lq d frqwlqxrxv0wlph prgho1 Lq wkdw vhwwlqj wkh
doorfdwlrq wr wkh ulvn| dvvhw lv frqvwdqw ryhu wlph dqg lw lqfuhdvhv zlwk wkh h{shfwhg h{fhvv
uhwxuq rq wkh ulvn| dvvhw1 Lq vwdwlf prghov zlwk pruh jhqhudo xwlolw| ixqfwlrqv/ krzhyhu/ lw lv
srvvleoh iru wkh doorfdwlrq wr wkh ulvn| dvvhw wr ghfolqh zlwk wkh h{shfwhg h{fhvv uhwxuq rq wkh
ulvn| dvvhw/ ehfdxvh wkh lqfrph h�hfw ri dq lqfuhdvh lq wkh ulvn suhplxp fdq ryhufrph wkh
vxevwlwxwlrq h�hfw +Lqjhuvroo ^4<;:`/ Fkdswhu 6,1 Surshuw| 5 vkrzv wkdw wklv grhv qrw kdsshq
lq rxu g|qdplf prgho zlwk Hsvwhlq0]lq0Zhlo xwlolw|1 Wkh frh!flhqw @� lv dozd|v srvlwlyh dqg
lqfuhdvhv iurp }hur zkhq � lv lq�qlwho| odujh wr lq�qlwho| odujh ydoxhv dv � dssurdfkhv }hur1

Surshuw| 6 Wkh vroxwlrq jlyhq e| Sursrvlwlrqv 4 dqg 5 dssurdfkhv nqrzq/ h{dfw vroxwlrqv
dv wkh sdudphwhuv ri xwlolw| dssurdfk wkh iroorzlqj vshfldo fdvhv=

d,Zkhq � 9' � dqg � $ �/ htxdwlrq +56, ehfrphv olqhdu dqg K2*E����$ �*2j2�E�*4��2� :
f1 Lq wklv fdvh/ wkh rswlpdo sruwirolr uxoh lv p|rslf= @f $ �*2� dqg @� $ �*�j2�1 Wklv
sruwirolr uxoh lv wkh nqrzq/ h{dfw vroxwlrq ri Jlrydqqlql dqg Zhlo ^4<;<`/ lq zklfk
sruwirolr fkrlfh lv p|rslf hyhq wkrxjk frqvxpswlrq fkrlfh lv qrw1 Wkh sruwirolr uxoh
pd{lpl}hv wkh frqglwlrqdo h{shfwdwlrq ri wkh orj uhwxuq rq zhdowk1

;Wklv h{suhvvlrq kdv d zhoo gh�qhg olplw dv # $ 41 Wkh vroxwlrqv wr htxdwlrqv +55, dqg +56, lpso| wkdw
e4@+4�#, dqg e5@+4�#, duh ixqfwlrqv rqo| ri � dqg �/ dqg gr qrw ghshqg gluhfwo| rq #1 Surshuw| 6 vkrzv
wkdw � @ � zkhq # $ 41 Ilqdoo|/ htxdwlrq +54, lpsolhv wkdw +e3 � # orj+4 � �,,@+4 � #, grhv qrw ghshqg
gluhfwo| rq # zkhq � @ �1 Wkxv +57, lv zhoo gh�qhg dv #$ 41
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e, Zkhq �$ � dqg � 9' �/ K� $ f/ K2 $ f/ 4$ B/ dqg Kf $ *L}E�� B�1 Wklv frqvxpswlrq
uxoh lv wkh nqrzq/ h{dfw vroxwlrq ri Jlrydqqlql dqg Zhlo ^4<;<`/ lq zklfk frqvxpswlrq
fkrlfh lv p|rslf�lq wkh vhqvh wkdw wkh frqvxpswlrq0zhdowk udwlr lv frqvwdqw�hyhq
wkrxjk wkh rswlpdo sruwirolr uxoh lv qrw1

f, Zkhq � $ � dqg � $ �/ vr wkdw xwlolw| lv orjdulwkplf/ K� $ f/ K2 $ f/ 4 $ B/
Kf $ *L}E� � B�/ @f $ �*2/ dqg @� $ �*j2�1 Wklv lv wkh nqrzq/ h{dfw vroxwlrq iru orj
xwlolw| lq zklfk erwk wkh rswlpdo frqvxpswlrq uxoh dqg wkh rswlpdo sruwirolr uxoh duh
p|rslf1

g, Zkhq j2# $ f/ vr wkdw h{shfwhg uhwxuqv duh frqvwdqw/ erwk wkh rswlpdo frqvxpswlrq
uxoh dqg wkh rswlpdo sruwirolr uxoh frqyhujh wr wkh nqrzq/ h{dfw/ p|rslf vroxwlrq1 Wkh
sruwirolr sdudphwhuv @f $ �*2� dqg @� $ �*�j2�1

Lw lv lpsruwdqw wr qrwh wkdw wkh suhylrxvo| nqrzq uhvxowv phqwlrqhg lq sduwv d, dqg e,
ri Surshuw| 6 duh rqo| sduwldo1 Wkdw lv/ wkh h{dfw sruwirolr uxoh lv nqrzq iru wkh fdvh � ' �/
exw rxu dssur{lpdwh vroxwlrq phwkrg lv vwloo qhhghg wr ghwhuplqh wkh rswlpdo frqvxpswlrq
uxoh1 Wkh h{dfw frqvxpswlrq uxoh lv nqrzq iru wkh fdvh � ' �/ exw rxu vroxwlrq phwkrg lv
vwloo qhhghg wr ghwhuplqh wkh rswlpdo sruwirolr uxoh1 Lq wklv fdvh rxu vroxwlrq lv h{dfw +lq
frqwlqxrxv wlph, vlqfh wkh rswlpdo frqvxpswlrq0zhdowk udwlr lv frqvwdqw vr rxu orj0olqhdu
yhuvlrq ri wkh lqwhuwhpsrudo exgjhw frqvwudlqw krogv h{dfwo|1

Surshuw| 6 krogv rqo| li zh fkrrvh wkh srvlwlyh urrw ri wkh glvfulplqdqw lq wkh txdgudwlf
htxdwlrq iru K2/ +56,1 Li lqvwhdg zh fkrrvh wkh qhjdwlyh urrw ri wkh glvfulplqdqw/ wkh dssur{l0
pdwh vroxwlrqv glyhujh dv wkh suhihuhqfh sdudphwhuv dssurdfk wkh nqrzq vshfldo fdvhv1 Wklv
lv rxu pdlq uhdvrq iru fkrrvlqj wkh srvlwlyh urrw ri wkh glvfulplqdqw1<

<Zh zrxog olnh wr eh deoh wr vkrz dqdo|wlfdoo| wkdw wkh xqfrqglwlrqdo phdq ri wkh ydoxh ixqfwlrq/ d
phdvxuh ri zhoiduh zh vwxg| lq vhfwlrq Y ehorz/ lv dozd|v kljkhu zkhq zh fkrrvh wkh srvlwlyh urrw ri wkh
glvfulplqdqw lq +56,1 Xqiruwxqdwho| zh kdyh ehhq xqdeoh wr gr wklv> exw lq rxu fdoleudwlrq h{huflvh zh kdyh
yhul�hg wkdw wkh srvlwlyh urrw dozd|v jlyhv wkh kljkhu xqfrqglwlrqdo phdq iru hyhu| vhw ri sdudphwhu ydoxhv
zh frqvlghu1 Zh gr kdyh d vwurqjhu dqdo|wlfdo uhvxow zkhq � ? 41 Lq wklv fdvh wkh qhjdwlyh urrw ri wkh
glvfulplqdqw ylrodwhv d qhfhvvdu| dqg vx!flhqw frqglwlrq +ghulyhg e| vwudljkwiruzdug h{whqvlrq ri wkh uhvxowv
ri Frqvwdqwlqlghv ^4<<5`, iru wkh h{lvwhqfh ri wkh xqfrqglwlrqdo phdq ri wkh ydoxh ixqfwlrq1
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Surshuw| 7 Wkh rswlpdo sruwirolr uxoh grhv qrw ghshqg rq � iru jlyhq 41

Wklv surshuw| krogv ehfdxvh rqo| wkh udwlrv K�*E� � �� dqg K2*E� � �� dsshdu lq wkh
sruwirolr uxoh/ dqg wkhvh udwlrv gr qrw ghshqg rq � iru jlyhq 41 Wkh surshuw| vkrzv wkdw
wkh pdlq suhihuhqfh sdudphwhu ghwhuplqlqj sruwirolr fkrlfh lv wkh frh!flhqw ri uhodwlyh ulvn
dyhuvlrq � dqg qrw wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq �1 Frqglwlrqlqj rq 4/ �
kdv qr h�hfw rq sruwirolr fkrlfh1 Krzhyhu/ 4 lwvhoi lv d ixqfwlrq ri ��uhfdoo wkdw 4 '

�� i T i. dS| � �|oj�vr wkh rswlpdo sruwirolr uxoh ghshqgv rq � lqgluhfwo| wkurxjk 41 Rxu
fdoleudwlrq uhvxowv lq vhfwlrq LY vkrz wkdw wklv lqgluhfw h�hfw lv vpdoo1

Surshuw| 8 Wkh sdudphwhuv @� dqg K2/ wkh vorsh ri wkh sruwirolr srolf| dqg wkh fxuydwxuh
ri wkh frqvxpswlrq srolf|/ gr qrw ghshqg rq > iru jlyhq 41

Surshuw| 8 vkrzv wkdw vrph dvshfwv ri wkh rswlpdo srolf|�wkh vhqvlwlylw| ri wkh ulvn|
dvvhw doorfdwlrq wr wkh vwdwh yduldeoh dqg wkh txdgudwlf vhqvlwlylw| ri frqvxpswlrq wr wkh
vwdwh yduldeoh�duh lqghshqghqw ri wkh dyhudjh ohyho ri wkh h{fhvv uhwxuq rq wkh ulvn| dvvhw1
Ri frxuvh/ rwkhu dvshfwv�wkh dyhudjh doorfdwlrq wr wkh ulvn| dvvhw/ wkh dyhudjh frqvxpswlrq0
zhdowk udwlr/ dqg wkh olqhdu vhqvlwlylw| ri frqvxpswlrq wr wkh vwdwh yduldeoh�gr ghshqg rq
wkh dyhudjh ulvn suhplxp1 Zh glvfxvv wklv ghshqghqfh lq juhdwhu ghwdlo lq vhfwlrq LY161

LY Fdoleudwlrq H{huflvh

LY14 Gdwd dqg Hvwlpdwlrq

Dq lpsruwdqw dgydqwdjh ri rxu dssurdfk lv wkdw zh fdq fdoleudwh rxu prgho xvlqj uhdo gdwd
rq dvvhw uhwxuqv1 Wr looxvwudwh wklv/ zh xvh txduwhuo| X1V1 �qdqfldo gdwd iru wkh vdpsoh shulrg
4<7:14 0 4<<817143 Lq rxu fdoleudwlrq h{huflvh/ wkh ulvn| dvvhw lv wkh X1V1 vwrfn pdunhw/ dqg

43D vlplodu h{huflvh xvlqj dqqxdo X1V1 gdwd iru wkh shulrg 4;:5 0 4<<6 lv uhsruwhg lq wkh QEHU Zrunlqj
Sdshu yhuvlrq ri wklv duwlfoh +Fdpsehoo dqg Ylfhlud ^4<<9`,1
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wkh ulvniuhh dvvhw lv d vkruw0whup ghew lqvwuxphqw1 Wr phdvxuh vwrfn uhwxuqv dqg glylghqgv
zh xvh txduwhuo| uhwxuqv/ glylghqgv dqg sulfhv rq wkh FUVS ydoxh0zhljkwhg pdunhw sruwirolr
lqfoxvlyh ri wkh Q\VH/ DPH[/ dqg QDVGDT pdunhwv1 Wkh vkruw0whup qrplqdo lqwhuhvw
udwh lv wkh 60prqwk Wuhdvxu| eloo |lhog iurp wkh Ulvniuhh Iloh rq wkh FUVS Erqg wdsh1 Wr
frpsxwh wkh uhdo orj ulvniuhh udwh/ wkh ehjlqqlqj0ri0txduwhu qrplqdo orj |lhog lv gh dwhg e|
wkh hqg0ri0txduwhu orj udwh ri fkdqjh lq wkh Frqvxphu Sulfh Lqgh{ iurp wkh Leerwvrq �ohv rq
wkh FUVS wdsh1 Orj h{fhvv uhwxuqv duh frpsxwhg dv wkh hqg0ri0txduwhu qrplqdo orj vwrfn
uhwxuq plqxv wkh ehjlqqlqj0ri0txduwhu orj |lhog rq wkh ulvniuhh dvvhw1

Wkh vwdwh yduldeoh lv wdnhq wr eh wkh orj glylghqg0sulfh udwlr/ phdvxuhg dv wkh orj ri
wkh wrwdo glylghqg rq wkh pdunhw sruwirolr ryhu wkh odvw irxu txduwhuv glylghg e| wkh hqg0ri0
shulrg vwrfn sulfh1 Fdpsehoo dqg Vkloohu ^4<;;d`/ Idpd dqg Iuhqfk ^4<;;`/ Krgulfn ^4<<5`
dqg rwkhuv kdyh irxqg wklv yduldeoh wr eh d jrrg suhglfwru ri vwrfn uhwxuqv1 Zh hvwlpdwh wkh
iroorzlqj uhvwulfwhg YDU+4, prgho=#
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zkhuh E"�c|n�c "2c|n�� � � Efcl�/ dqg uhsruw wkh pd{lpxp olnholkrrg hvwlpdwlrq uhvxowv lq
Wdeoh L1 Vlqfh +58, lv htxlydohqw wr d pxowlyduldwh uhjuhvvlrq prgho zlwk wkh vdph h{sodqdwru|
yduldeohv lq doo htxdwlrqv/ PO hvwlpdwlrq lv lghqwlfdo wr ROV uhjuhvvlrq htxdwlrq e| htxdwlrq1
Wkh vwdqgdug huuruv iru wkh vorshv/ lqwhufhswv dqg wkh uhvlgxdo yduldqfh0fryduldqfh pdwul{
duh edvhg rq Sursrvlwlrq 4415 lq Kdplowrq ^4<<7`> xvlqj wkhvh vwdqgdug huuruv/ zklfk dvvxph
wkdw wkh yduldeohv lq wkh prgho duh vwdwlrqdu|/ wkh vorshv dqg wkh hohphqwv1ri wkh yduldqfh0
fryduldqfh pdwul{ doo dsshdu wr eh vwdwlvwlfdoo| gl�huhqw iurp }hur144

Wkh sdudphwhuv lq +6,/ +7,/ dqg +8, wkdw gh�qh wkh vwrfkdvwlf vwuxfwxuh ri rxu prgho
fdq eh uhfryhuhg iurp wkh YDU v|vwhp +58, dv iroorzv= > ' wf n w�qf*E� � q��/ � ' q�/
j2# ' w2�l22/ j2� ' l�� dqg j#� ' w�l�21 Wdeoh L uhsruwv wkhvh lpsolhg sdudphwhuv dorqj zlwk
vwdqgdug huuruv frpsxwhg xvlqj wkh ghowd phwkrg1 Doo ri wkh ghulyhg sdudphwhuv h{fhsw

44Qrwh/ krzhyhu/ wkdw e�4 lv forvh wr rqh1 Hoolrww dqg Vwrfn ^4<<5` kdyh vkrzq wkdw wkh w0udwlr iru �4 xqghu
wkh qxoo K3 = �4 @ 3 grhv qrw kdyh d vwdqgdug dv|pswrwlf qrupdo glvwulexwlrq zkhq wkh orj glylghqg0sulfh
udwlr iroorzv d xqlw0urrw ru qhdu0xqlw0urrw surfhvv/ dqg 
45 9@ 31 Zh gr qrw sxuvxh wklv lvvxh ixuwkhu khuh/
dqg surfhhg wr fdofxodwh vwdqgdug huuruv xqghu wkh dvvxpswlrq wkdw wkh hvwlpdwhg v|vwhp lv vwdwlrqdu|/ exw
zh qrwh wkdw vwdqgdug huuruv frpsxwhg xqghu wklv dvvxpswlrq vkrxog eh wuhdwhg zlwk vrph fdxwlrq1
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j2# duh vljql�fdqwo| gl�huhqw iurp }hur dw wkh 8 shufhqw frq�ghqfh ohyho1 Wkh xqfrqglwlrqdo
h{shfwhg orj h{fhvv uhwxuq > lv hvwlpdwhg dw 8 shufhqw shu |hdu +4158 shufhqw shu txduwhu,/
zkloh wkh orj uhdo ulvniuhh udwh os lv d phdjhu 15; shufhqw shu |hdu145

LY15 Vroxwlrq ri wkh Prgho

Xvlqj wkh sdudphwhu hvwlpdwhv lq Wdeoh L/ zh frpsxwh wkh lqglylgxdo*v rswlpdo sruwirolr
doorfdwlrq dqg frqvxpswlrq0zhdowk udwlr iru d udqjh ri ydoxhv ri uhodwlyh ulvn dyhuvlrq dqg
hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq1 Zh vhw B/ wkh wlph glvfrxqw sdudphwhu xqghu wlph0
dgglwlyh xwlolw|/ wr �be lq dqqxdo whupv1 Wklv lv htxlydohqw wr d S�2 shufhqw dqqxdo orj wlph
glvfrxqw udwh1

Zh frqvlghu uhodwlyh ulvn dyhuvlrq frh!flhqwv � ' i�.D/ �/ ��Df/ 2/ e/ �f/ 2f/ efj/ dqg
hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq frh!flhqwv � ' i�*�.D/ �/ �*��Df/ �*2/ �*e/ �*�f/
�*2f/ �*efj1 Wkh olwhudwxuh rq wkh htxlw| suhplxp sx}}oh kdv vkrzq wkdw kljk ohyhov ri
ulvn dyhuvlrq duh qhhghg wr uhfrqfloh djjuhjdwh frqvxpswlrq gdwd zlwk dvvhw pdunhw gdwd lq
wkh vwdqgdug srzhu0xwlolw| iudphzrun> khuh zh duh deoh wr frpsduh wkh sruwirolr doorfdwlrqv
dqg frqvxpswlrq uxohv lpsolhg e| orz dqg kljk ulvn dyhuvlrq frh!flhqwv1 Zh frqvlghu orz
hodvwlflwlhv ri lqwhuwhpsrudo vxevwlwxwlrq/ erwk ehfdxvh zh zdqw wr lqfoxgh wkh srzhu0xwlolw|
fdvhv lq zklfk wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq lv wkh uhflsurfdo ri ulvn dyhuvlrq/
dqg ehfdxvh d orz hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq vhhpv wr eh uhtxluhg wr h{sodlq wkh
lqvhqvlwlylw| ri frqvxpswlrq jurzwk wr uhdo lqwhuhvw udwhv lq srvwzdu X1V1 gdwd +Kdoo ^4<;;`/
Fdpsehoo dqg Pdqnlz ^4<;<`,1

Wdeohv LL/ LLL/ dqg LY dqg Iljxuhv L dqg LL uhsruw wkh uhvxowv ri wklv h{huflvh1 Wr pdnh
lw hdvlhu wr lqwhusuhw rxu uhvxowv/ zh qrupdol}h wkh sdudphwhuv gh�qlqj wkh rswlpdo sruwirolr
dqg frqvxpswlrq srolflhv +l, dqg +ll,/ vr wkdw wkh lqwhufhswv ri wkh rswlpdo srolf| ixqfwlrqv
duh wkh rswlpdo doorfdwlrq wr vwrfnv dqg wkh rswlpdo frqvxpswlrq0zhdowk udwlr zkhq wkh
h{shfwhg vlpsoh h{fhvv uhwxuq/ H| d-�c|n�o�-s / lv }hur1 Dw wklv srlqw lq wkh vwdwh vsdfh wkh

45Wkhvh sdudphwhu hvwlpdwhv gl�hu voljkwo| iurp wkrvh uhsruwhg lq wkh QEHU Zrunlqj Sdshu yhuvlrq ri
wklv duwlfoh1 Wkh uhdvrq lv wkdw wkhuh/ ehfdxvh ri d frpsxwdwlrqdo huuru/ zh xvhg wkh glylghqg0sulfh udwlr
lqvwhdg ri lwv orj zkhq hvwlpdwlqj +58,1
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ulvn| dvvhw lv d �idlu jdpeoh� r�hulqj qr ulvn suhplxp> wkxv d p|rslf ulvn0dyhuvh lqyhvwru
zrxog doorfdwh qr zhdowk wr lw/ dqg doo wkh ghpdqg iru wkh ulvn| dvvhw lv lqwhuwhpsrudo khgjlqj
ghpdqg1 Wkh h{shfwhg vlpsoh h{fhvv uhwxuq lv }hur zkhq wkh h{shfwhg orj h{fhvv uhwxuq %|
lv htxdo wr �j2�*21 Wkhuhiruh/ wkh sdudphwhuv uhsruwhg lq wkh wdeohv duh @Wf/ @�/ K
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qrw vwduuhg ehfdxvh wkh| frlqflgh zlwk wkh ruljlqdo sdudphwhuv1

Wkh pdlq gldjrqdo ri hdfk sdqho lq wkh wdeohv fruuhvsrqgv wr vwdqgdug srzhu0xwlolw|
suhihuhqfhv/ vlqfh wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq lv wkh uhflsurfdo ri ulvn dyhu0
vlrq dorqj wkh pdlq gldjrqdo1 Wkh qxpehuv uhsruwhg lq wkh wdeohv vxppdul}h wkh rswlpdo
ghflvlrqv ri d uhfxuvlyh0xwlolw| lqglylgxdo zkr revhuyhv wkh wuxh surfhvv iru uhwxuqv1 Vlqfh
zh gr qrw revhuyh wkh wuxh surfhvv exw pxvw hvwlpdwh lw/ zh kdyh dovr frpsxwhg�exw zh
gr qrw uhsruw khuh wr vdyh vsdfh�wkh vwdqgdug huuruv iru wkhvh sdudphwhuv/ xvlqj wkh ghowd
phwkrg146 Wkhvh vwdqgdug huuruv vkrz wkdw wkh lqwhufhswv ri wkh rswlpdo srolflhv duh hvwl0
pdwhg zlwk ohvv suhflvlrq wkdq wkh sdudphwhuv ghwhuplqlqj wkh vorsh dqg fxuydwxuh ri wkh
rswlpdo srolf|1

LY16 Wkh Rswlpdo Sruwirolr Uxoh

Wdeohv LL dqg LLL dqg Iljxuh L vxppdul}h wkh rswlpdo sruwirolr ghflvlrq1 Sdqho D lq Wdeoh
LL uhsruwv @Wf/ wkh rswlpdo doorfdwlrq wr vwrfnv zkhq wkh h{shfwhg jurvv h{fhvv uhwxuq lv }hur/
zkloh Sdqho E lq wkh vdph wdeoh uhsruwv @�/ wkh vorsh ri wkh rswlpdo sruwirolr srolf|1 Sdqho D
lq Wdeoh LLL uhsruwv wkh dyhudjh wrwdo ghpdqg iru vwrfnv dv d iudfwlrq ri zhdowk/ zkloh Sdqho

46Wkh ghowd phwkrg uhtxluhv wkh frpsxwdwlrq ri ghulydwlyhv ri wkh sdudphwhuv ri lqwhuhvw +iru h{dpsoh/
d4, zlwk uhvshfw wr i�3> �4> �3> �4>
j1 Vlqfh qr dqdo|wlfdo irupxodh duh dydlodeoh/ zh xvh wzr0vlghg qxphulfdo
ghulydwlyhv edvhg rq d sursruwlrqdo shuwxuedwlrq sdudphwhu htxdo wr 43�71 Wkh vwdqgdug huuruv duh uhsruwhg
lq wkh QEHU Zrunlqj Sdshu yhuvlrq ri wklv duwlfoh1
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E uhsruwv wkh vkduh ri wklv dyhudjh wrwdo ghpdqg wkdw lv dwwulexwdeoh wr wkh dyhudjh khgjlqj
ghpdqg iru vwrfnv1

Iljxuh L/ zklfk lv glylghg lqwr irxu sdqhov/ looxvwudwhv wkh sruwirolr uxoh k|1 Iljxuh Ld �{hv
� dw �*f�.D dqg sorwv kW| iru d zlgh udqjh ri � ydoxhv> Iljxuh Le uhshdwv wklv h{huflvh �{lqj
� dw �*e1 Iljxuhv Lf dqg Lg/ rq wkh rwkhu kdqg/ �{ � dw f�.D dqg e/ uhvshfwlyho|/ dqg sorw
k| iru d zlgh udqjh ri � ydoxhv1 Lq doo wkhvh �jxuhv zh frqvlghu ydoxhv ri %| lq wkh lqwhuydo
E>� 2j%c >n 2j%�/ dqg wkh krul}rqwdo d{lv lv wkh orj ri wkh h{shfwhg jurvv h{fhvv uhwxuq/
l1h1/ *L} H| d-�c|n�*-s o ' %| n j2�*21 Wkh uljkw yhuwlfdo olqh lqwhuvhfwv wkh krul}rqwdo d{lv dw
wkh orj ri wkh xqfrqglwlrqdo phdq jurvv h{fhvv uhwxuq/ *L} Hd-�c|n�*-s o ' >n j2%*2 n j2�*21

Wkh prvw vwulnlqj ohvvrq iurp wkh wdeohv/ dqg iurp Iljxuh L/ lv wkdw uhodwlyh ulvn dyhuvlrq
lv idu pruh lpsruwdqw wkdq wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq lq ghwhuplqlqj wkh
rswlpdo sruwirolr doorfdwlrq wr vwrfnv1 Wkh yduldwlrq lq sdudphwhuv dfurvv urzv ri wkh wdeohv/
dv � fkdqjhv/ lv idu juhdwhu wkdq wkh yduldwlrq dfurvv froxpqv/ dv � fkdqjhv1 Vlploduo|/ wkh
k| olqhv lq Iljxuhv Lf dqg Lg duh doo forvh wrjhwkhu/ zkhuhdv wkrvh lq Iljxuhv Ld dqg Le ydu|
zlgho| lq erwk vorsh dqg lqwhufhsw1 Wklv uhvxow fdq eh xqghuvwrrg e| uhfdoolqj Surshuw| 7
ri rxu vroxwlrq/ l1h1/ wkdw k| ghshqgv rq � rqo| wkurxjk wkh ghshqghqfh ri 4 rq �1 Rxu
fdoleudwlrq uhvxowv vkrz wkdw wklv lqgluhfw h�hfw wkurxjk 4 lv yhu| vpdoo1

Sdqho D lq Wdeoh LL vkrzv wkdw wkh lqwhufhsw ri k|/ @Wf/ lv srvlwlyh zkhq � : �1 Lw lv
}hur zkhq � ' �/ dv zh douhdg| nqrz iurp wkh dqdo|vlv ri wkh vshfldo fdvh zlwk xqlw uhodwlyh
ulvn dyhuvlrq/ dqg qhjdwlyh zkhq � 	 �1 Wkhvh uhvxowv krog uhjdugohvv ri wkh ydoxh ri �1 Wr
lqwhusuhw wklv ehkdylru/ uhfdoo wkdw @Wf lv wkh rswlpdo doorfdwlrq wr vwrfnv zkhq wkh h{shfwhg
h{fhvv jurvv uhwxuq lv }hur1 Vlqfh wkh p|rslf ghpdqg iru vwrfnv lv }hur dw wklv ohyho ri wkh
h{shfwhg h{fhvv jurvv uhwxuq/ @Wf lv frpsohwho| ghwhuplqhg e| khgjlqj ghpdqg1 Wkxv dw wkh
srlqw lq wkh vwdwh vsdfh zkhuh wkh ulvn| dvvhw kdv d }hur h{shfwhg h{fhvv uhwxuq/ wkh vljq ri
khgjlqj ghpdqg lv srvlwlyh iru lqyhvwruv zlwk � : �1

Sdqho E lq Wdeoh LL vkrzv wkdw wkh frh!flhqw @�/ wkh vorsh ri wkh k| ixqfwlrq/ lv srvlwlyh
iru doo ohyhov ri � dqg � dv lpsolhg e| Surshuw| 5 ri rxu vroxwlrq1 Olnh wkh lqwhufhsw @Wf/ wkh
vorsh @� ydulhv vxevwdqwldoo| dfurvv � iru d jlyhq ohyho ri �/ exw fkdqjhv yhu| olwwoh dfurvv �
iru d jlyhq ohyho ri �1 Dv � lqfuhdvhv/ @� udslgo| dssurdfkhv }hur/ lqglfdwlqj wkdw wkh rswlpdo
sruwirolr uxoh lv yhu| uhvsrqvlyh wr fkdqjhv lq h{shfwhg h{fhvv uhwxuqv zkhq wkh lqglylgxdo lv
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forvh wr ulvn qhxwudo exw lv doprvw  dw zkhq wkh lqglylgxdo lv kljko| ulvn dyhuvh1 Wklv �qglqj
lv dovr lpsolhg e| Surshuw| 5 ri rxu vroxwlrq147

Sdqho E lq Wdeoh LL dovr vkrzv wkdw zkhqhyhu � : �/ lqwhuwhpsrudo khgjlqj ghpdqg
lqfuhdvhv wkh vorsh ri wkh sruwirolr uxoh> htxlydohqwo|/ khgjlqj ghpdqg lwvhoi kdv d srvlwlyh
vorsh1 Wr vhh wklv/ qrwh wkdw zkhq � ' �/ khgjlqj ghpdqg lv }hur dqg wkh vorsh frh!flhqw
ri 4;;1; lv hqwluho| dwwulexwdeoh wr wkh p|rslf frpsrqhqw ri dvvhw ghpdqg1 Iru kljkhu
ydoxhv ri �/ wkh p|rslf ghpdqg vkulqnv lq sursruwlrq wr �> wkxv lw lv <717 iru � ' 2/ 7:15
iru � ' e/ dqg vr iruwk1 Wkh vorsh frh!flhqwv uhsruwhg lq Sdqho E lq Wdeoh LL vkulqn
pruh vorzo| wkdq wklv/ lpso|lqj d srvlwlyh vorsh frqwulexwlrq iurp khgjlqj ghpdqg1 Wkh
dqdo|wlfdo irxqgdwlrq ri wklv uhvxow lv wkdw iurp Sursrvlwlrq 4 wkh vorsh ri khgjlqj ghpdqg lv
�EK2*E�����EE� � ��*��Ej#�*j

2
��2�/ zklfk lv srvlwlyh zkhq � : � xqghu rxu dvvxpswlrq ri

qhjdwlyh j#�1 Wklv lpsolhv wkdw frqvhuydwlyh orqj0krul}rq lqyhvwruv zkr duh iuhh wr uhedodqfh
hyhu| shulrg duh dfwxdoo| pruh djjuhvvlyh pdunhw wlphuv wkdq frqvhuydwlyh vkruw0krul}rq
lqyhvwruv148

Wkh uhvxowv lq Wdeoh LL fdq eh h{sodlqhg lq lqwxlwlyh whupv dv iroorzv1 Zh kdyh hvwlpdwhg
d uhwxuq0jhqhudwlqj surfhvv zklfk kdv d qhjdwlyh vljq iru j#�/ wkh fryduldqfh ehwzhhq xqh{0
shfwhg vwrfn uhwxuqv dqg uhylvlrqv lq h{shfwhg ixwxuh vwrfn uhwxuqv1 Wklv lpsolhv wkdw vwrfnv
whqg wr kdyh kljk uhwxuqv zkhq wkhlu h{shfwhg ixwxuh uhwxuqv idoo1 Vlqfh wkh lqyhvwru lv qru0
pdoo| orqj lq vwrfnv/ d ghfolqh lq h{shfwhg ixwxuh vwrfn uhwxuqv lv qrupdoo| d ghwhulrudwlrq
lq wkh lqyhvwphqw rssruwxqlw| vhw1 Wkhuh duh r�vhwwlqj frqvlghudwlrqv wkdw ghwhuplqh dq
lqyhvwru*v dwwlwxghv wrzdugv dvvhwv wkdw sd| r� zkhq wkh lqyhvwphqw rssruwxqlw| vhw ghwhul0
rudwhv1 Rq wkh rqh kdqg dq lqyhvwru zlwk orz ulvn dyhuvlrq +� 	 �, zdqwv wr krog dvvhwv wkdw
gholyhu zhdowk zkhq zhdowk lv prvw surgxfwlyh/ wkdw lv/ zkhq lqyhvwphqw rssruwxqlwlhv duh
jrrg1 Wklv lqyhvwru kdv d qhjdwlyh khgjlqj ghpdqg1 Rq wkh rwkhu kdqg dq lqyhvwru zlwk
kljk ulvn dyhuvlrq +� : �, zdqwv wr krog dvvhwv wkdw gholyhu zhdowk lq xqidyrudeoh vwdwhv ri wkh
zruog/ wkdw lv/ zkhq lqyhvwphqw rssruwxqlwlhv duh srru1 Wklv lqyhvwru kdv d srvlwlyh khgjlqj

47Wkh vwdqgdug huuruv qrw uhsruwhg khuh vkrz wkdw wkh vorsh frh!flhqw d4 lv pxfk pruh suhflvho| hvwlpdwhg
wkdq wkh lqwhufhsw ri wkh rswlpdo sruwirolr uxoh1 Rqh uhdvrq iru wklv juhdwhu suhflvlrq lv wkdw/ dv zh vkrzhg
lq Surshuw| 8/ wkh vorsh ri wkh sruwirolr uxoh lv qrw vhqvlwlyh wr wkh phdq h{fhvv vwrfn uhwxuq � zkhuhdv wkh
lqwhufhsw grhv ghshqg rq �1

48Eduehulv ^4<<;` �qgv wkdw frqvhuydwlyh ex|0dqg0krog lqyhvwruv zkr nqrz wkh sdudphwhuv ri wkh vwrfn
uhwxuq surfhvv duh derxw htxdoo| djjuhvvlyh pdunhw wlphuv zkhwkhu wkh| kdyh d vkruw ru d orqj krul}rq1
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ghpdqg1 Lqwhuhvwlqjo|/ wkh khgjlqj ghpdqg lv qrw prqrwrqlf lq ulvn dyhuvlrq ehfdxvh dq
h{wuhpho| ulvn0dyhuvh lqyhvwru olplwv khu h{srvxuh wr wkh ulvn| dvvhw lq doo vwdwhv ri wkh zruog>
wkxv wkh pdjqlwxgh ri khgjlqj ghpdqg �uvw ulvhv dqg wkhq idoov zlwk wkh frh!flhqw ri ulvn
dyhuvlrq1

Dowkrxjk wkh lqyhvwru lv qrupdoo| orqj lq vwrfnv/ li wkh h{shfwhg h{fhvv uhwxuq ehfrphv
vljql�fdqwo| qhjdwlyh/ d ghfolqh lq h{shfwhg ixwxuh vwrfn uhwxuqv fdq uhsuhvhqw dq lpsuryh0
phqw lq wkh lqyhvwphqw rssruwxqlw| vhw ehfdxvh lw fuhdwhv d sur�wdeoh rssruwxqlw| wr vkruw
vwrfnv1 Dw wklv srlqw lq wkh vwdwh vsdfh wkh vljq ri khgjlqj ghpdqg iru vwrfnv uhyhuvhv1 Wklv
h{sodlqv zk| khgjlqj ghpdqg kdv erwk d srvlwlyh lqwhufhsw dqg d srvlwlyh vorsh/ doorzlqj d
vljq uhyhuvdo ri khgjlqj ghpdqg iru vx!flhqwo| qhjdwlyh %|149

Wkh dyhudjh ohyho ri h{fhvv vlpsoh vwrfn uhwxuqv/ >nj2�*2/ sod|v dq lpsruwdqw uroh lq wklv
dujxphqw1 Zh kdyh hvwlpdwhg >nj2�*2 wr eh srvlwlyh dqg txlwh odujh> wklv ohdgv wkh lqyhvwru
qrupdoo| wr pdlqwdlq d orqj srvlwlrq lq vwrfnv iru zklfk d ghfuhdvh lq wkh h{shfwhg vwrfn
uhwxuq uhsuhvhqwv d ghwhulrudwlrq lq lqyhvwphqw rssruwxqlwlhv1 Li > n j2�*2 zhuh qhjdwlyh/
krzhyhu/ wkh lqyhvwru zrxog qrupdoo| kdyh d vkruw srvlwlrq lq vwrfnv iru zklfk d ghfuhdvh lq
wkh h{shfwhg vwrfn uhwxuq uhsuhvhqwv dq lpsuryhphqw lq lqyhvwphqw rssruwxqlwlhv1 Lq wklv
fdvh wkh qrupdo vljq ri khgjlqj ghpdqg zrxog eh qhjdwlyh iru dq lqyhvwru zlwk � : �1 Wkh
vorsh ri khgjlqj ghpdqg lv xqd�hfwhg e| wkh dyhudjh ohyho ri h{fhvv uhwxuqv/ krzhyhu/ dv
vkrzq lq Surshuw| 8/ vr lq wklv fdvh d vljq uhyhuvdo ri wkh qrupdo khgjlqj ghpdqg rffxuv iru
vx!flhqwo| srvlwlyh %|1

Wklv lqwxlwlyh glvfxvvlrq vxjjhvwv wkdw zh vkrxog eh deoh wr ghulyh dqdo|wlfdo uhvxowv derxw
wkh vljqv ri wkh frh!flhqwv @Wf dqg K

W

� lq rxu prgho1 Lqghhg/ lw lv vwudljkwiruzdug wr vkrz wkdw
zkhq >n j2�*2 ' f/ @Wf ' KW� ' f1 Lq wklv fdvh wkh prgho lv v|pphwulfdo> srvlwlyh ghyldwlrqv
ri %| iurp lwv phdq kdyh h{dfwo| wkh vdph h�hfw +lq devroxwh ydoxh, dv qhjdwlyh ghyldwlrqv/
dqg erwk p|rslf dqg khgjlqj ghpdqg iru wkh ulvn| dvvhw duh }hur zkhq %| lv dw lwv phdq1
Xqiruwxqdwho| zh kdyh ehhq xqdeoh wr ghulyh frpsdudeoh dqdo|wlfdo uhvxowv derxw wkh vljqv
ri @Wf dqg K

W

� zkhq >nj2�*2 9' f1 Krzhyhu lq qxphulfdo h{sorudwlrqv zh kdyh irxqg wkdw zlwk
� : � dqg j#� 	 f/ @Wf dqg KW�*E�� �� dozd|v kdyh wkh vdph vljq dv > n j2�*2 zkhqhyhu wkh
ydoxh ixqfwlrq lv �qlwh/ frqvlvwhqw zlwk rxu lqwxlwlyh glvfxvvlrq ri khgjlqj ghpdqg14:

49Nlp dqg Rpehuj ^4<<9` jlyh d fohdu dffrxqw ri wklv h�hfw +Iljxuh 7 dqg ss1 486�487,1
4:Nlp dqg Rpehuj ^4<<9` rewdlq pruh jhqhudo dqdo|wlfdo uhvxowv iru wkhlu vlpsohu prgho zlwk xwlolw| gh�qhg
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Sdqho D lq Wdeoh LLL uhsruwv wkh phdq rswlpdo doorfdwlrq wr vwrfnv dv d shufhqwdjh ri wrwdo
zhdowk1 Wkh phdq doorfdwlrq lv srvlwlyh dw doo ohyhov ri � dqg �1 Rq dyhudjh/ d uhfxuvlyh0
xwlolw| lqglylgxdo zlwk orz ru prghudwh ohyhov ri ulvn dyhuvlrq zloo vkruw wkh ulvnohvv dvvhw
lq rughu wr krog pruh wkdq 433 shufhqw ri khu zhdowk lq wkh ulvn| dvvhw1 Odujh ohyhov ri
uhodwlyh ulvn dyhuvlrq duh qhhghg wr nhhs phdq vwrfn ghpdqg ehorz 433 shufhqw> wklv lv d
pdqlihvwdwlrq ri wkh htxlw| suhplxp sx}}oh lq rxu prgho zlwk h{rjhqrxv dvvhw uhwxuqv dqg
hqgrjhqrxv sruwirolrv1

Sdqho E lq Wdeoh LLL vkrzv wkdw dyhudjh khgjlqj ghpdqg lv d yhu| lpsruwdqw sduw ri
wrwdo vwrfn ghpdqg iru lqyhvwruv zkrvh uhodwlyh ulvn dyhuvlrq frh!flhqwv duh qrw forvh wr rqh1
Dyhudjh khgjlqj ghpdqg lv fdofxodwhg xvlqj +4<,/ e| vhwwlqj %| ' > dqg vxewudfwlqj iurp
wkh wrwdo ulvn|0dvvhw doorfdwlrq wkh wrwdo doorfdwlrq zkhq � ' � glylghg e| wkh ohyho ri uhodwlyh
ulvn dyhuvlrq=

k|c�e_}�?} E>( �c �� ' k| E>( �c ��� k|c6+JR�S E>( �c ��

' k| E>( �c ��� �

�
k| E>( �c �� �

Dyhudjh khgjlqj ghpdqg lv qhjdwlyh/ dqg riwhq odujh/ iru lqyhvwruv zlwk ulvn dyhuvlrq fr0
h!flhqwv ri f�.D> iru wkh looxvwudwhg ulvn dyhuvlrq frh!flhqwv deryh rqh lw lv srvlwlyh dqg
dffrxqwv iru dw ohdvw 2f shufhqw ri vwrfn ghpdqg dqg riwhq deryh Df shufhqw1 Wkxv lqwhuwhp0
srudo khgjlqj prwlyhv fdq hdvlo| grxeoh wkh htxlw| ghpdqg ri ulvn0dyhuvh lqyhvwruv1Wklv
pdnhv lw kdughu wr h{sodlq wkh htxlw| suhplxp sx}}oh zlwk prghudwh ohyhov ri ulvn dyhuvlrq/
d srlqw hpskdvl}hg e| Fdpsehoo ^4<<9`1 Eudqgw ^4<<;` rewdlqv vlplodu uhvxowv iru wkh vshfldo
fdvh ri srzhu xwlolw| zlwk ulvn dyhuvlrq htxdo wr 8/ zkhq kh frqvlghuv krul}rqv ri 53 |hduv ru
pruh1

LY17 Rswlpdo Frqvxpswlrq Ehkdylru

Wdeoh LY dqg Iljxuh LL vxppdul}h wkh rswlpdo frqvxpswlrq srolf|1 Sdqho D lq Wdeoh LY
uhsruwv wkh h{srqhqwldwhg phdq ri wkh rswlpdo orj frqvxpswlrq0zhdowk udwlr1 Iljxuh LL
lv vlplodu wr Iljxuh L/ exw lw sorwv �|*`| ' i T iS| � �|j lqvwhdg ri k|1 Erwk wdeoh dqg

ryhu whuplqdo zhdowk1
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�jxuh uhyhdo dq lpsruwdqw gl�huhqfh ehwzhhq wkh rswlpdo frqvxpswlrq uxoh dqg wkh rswlpdo
sruwirolr uxoh= Wkh rswlpdo frqvxpswlrq0zhdowk udwlr lv yhu| vhqvlwlyh wr erwk wkh ohyho ri wkh
hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq dqg wkh ohyho ri ulvn dyhuvlrq/ zkloh zh kdyh douhdg|
qrwhg wkdw wkh rswlpdo sruwirolr uxoh pryhv qrwlfhdeo| rqo| zlwk wkh ohyho ri ulvn dyhuvlrq1
Wkh sdwwhuq ri yduldwlrq dfurvv wkh sdqho kdv lqwhuhvwlqj ihdwxuhv1 Dw orz ohyhov ri ulvn
dyhuvlrq �/ wkh rswlpdo frqvxpswlrq0zhdowk udwlr ghfuhdvhv dv wkh hodvwlflw| ri vxevwlwxwlrq
� ulvhv +d pryhphqw dorqj d urz iurp uljkw wr ohiw,1 Dw kljk ohyhov ri ulvn dyhuvlrq/ rq
wkh rwkhu kdqg/ wkh rswlpdo frqvxpswlrq0zhdowk udwlr lqfuhdvhv zlwk �1 Vlploduo|/ dw orz
ohyhov ri wkh hodvwlflw| ri vxevwlwxwlrq ��vshfl�fdoo|/ � 	 ��wkh rswlpdo udwlr ulvhv zlwk
ulvn dyhuvlrq �/ zkloh dw kljk ohyhov ri �/ lw ghfolqhv zlwk �1 Wkh rswlpdo udwlr lv lqghshqghqw
ri � zkhq � ' �/ dv zh douhdg| nqrz iurp Surshuw| 6 ri wkh vroxwlrq1

Wklv sdwwhuq ri yduldwlrq lv dovr looxvwudwhg lq Iljxuhv LLd wkurxjk LLg/ zkhuh wkh yhuwlfdo
vruwlqj ri wkh �|*`| fxuyhv lv uhyhuvhg dv zh pryh iurp � ' �*f�.D lq Iljxuh LLd wr � ' �*e

lq Iljxuh LLe/ dqg iurp � ' f�.D lq Iljxuh LLf wr � ' e lq Iljxuh LLg1 Iljxuh LL dovr
vkrzv wkdw wkh vhqvlwlylw| ri wkh rswlpdo orj frqvxpswlrq0zhdowk udwlr wr wkh vwdwh yduldeoh
lv prghvw iru prvw sdudphwhu ydoxhv> wkh fxuyhv iru wkh rswlpdo frqvxpswlrq srolflhv whqg
wr eh udwkhu  dw1 Eudqgw ^4<<;` uhsruwv d vlplodu uhvxow lq d �qlwh0krul}rq prgho iru wkh
fdvh ri srzhu xwlolw| zlwk ulvn dyhuvlrq ri 81 Htxdwlrq +53, h{sodlqv wklv= Lw vkrzv wkdw wkh
frqvxpswlrq0zhdowk udwlr lv ghwhuplqhg rqo| e| orqj0uxq frqvlghudwlrqv1 Wkh whupv wkdw
dsshdu rq wkh uljkw0kdqg vlgh ri wkh htxdwlrq duh h{shfwhg glvfrxqwhg ydoxhv ri doo ixwxuh
h{shfwhg uhwxuqv dqg yduldqfhv/ qrw fxuuhqw h{shfwhg uhwxuqv dqg yduldqfhv1

Wr lqwhusuhw wkh sdwwhuqv lq Sdqho D ri Wdeoh LY/ frqvlghu �uvw wkh uljkw0kdqg froxpq ri
wkh sdqho1 Wklv jlyhv wkh h{srqhqwldwhg phdq rswlpdo orj frqvxpswlrq0zhdowk udwlr iru dq
lqglylgxdo zkr lv h{wuhpho| uhoxfwdqw wr vxevwlwxwh frqvxpswlrq lqwhuwhpsrudoo| +� ' �*ef/
forvh wr }hur,1 Vxfk dq lqglylgxdo zlvkhv wr pdlqwdlq d frqvwdqw h{shfwhg frqvxpswlrq
jurzwk udwh uhjdugohvv ri fxuuhqw lqyhvwphqw rssruwxqlwlhv1 Vkh fdq gr wklv e| frqvxplqj
wkh orqj0uxq dyhudjh uhwxuq rq khu sruwirolr/ zlwk d suhfdxwlrqdu|0vdylqjv dgmxvwphqw iru
ulvn1 Exw lq rxu prgho erwk wkh ulvn dqg wkh dyhudjh uhwxuq duh hqgrjhqrxv1 Li wkh lqyhvwru lv
kljko| ulvn0dyhuvh/ dv vkh lv dw wkh erwwrp ri wkh froxpq +� ' ef,/ wkhq vkh krogv doprvw doo
khu zhdowk lq wkh ulvnohvv dvvhw dqg hduqv d orz uhwxuq zlwk olwwoh ulvn> li vkh lv forvh wr ulvn0
qhxwudo/ dv vkh lv dw wkh wrs ri wkh froxpq +� ' f�.D,/ vkh eruurzv dw wkh ulvnohvv lqwhuhvw udwh
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wr hduq d kljk exw ulvn| ohyhudjhg uhwxuq1 Wklv h{sodlqv zk| wkh phdq frqvxpswlrq0zhdowk
udwlr lv vr pxfk kljkhu dw wkh wrs ri wkh froxpq wkdq dw wkh erwwrp1

Wr foduli| wklv lqwhusuhwdwlrq/ Sdqho E lq Wdeoh LY uhsruwv wkh xqfrqglwlrqdo phdq orj
sruwirolr uhwxuq/ HdoRc|n�o14; Wkh phdq orj uhwxuqv lq wkh uljkw0kdqg froxpq duh forvh wr wkh
rswlpdo frqvxpswlrq0zhdowk udwlrv jlyhq lq wkh uljkw0kdqg froxpq ri wkh xsshu sdqho +Sdqho
D,1 Wkh| duh sduwlfxoduo| forvh dw kljk ohyhov ri ulvn dyhuvlrq/ vkrzq dw wkh erwwrp ri wkh
wdeohv> dw wkh wrs ri wkh sdqhov wkh wzr yduldeohv glyhujh ehfdxvh wkh phdq orj uhwxuq uhdfkhv
d pd{lpxp zkhq wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq � ' �/ dqg vwduwv wr idoo zkhq ulvn
dyhuvlrq ghfolqhv iurp wklv ohyho/ zkhuhdv wkh rswlpdo frqvxpswlrq0zhdowk udwlr nhhsv rq
ulvlqj dv � idoov ehorz rqh1 Wkh lqyhvwru zlwk xqlw ulvn dyhuvlrq pd{lpl}hv wkh frqglwlrqdo
h{shfwdwlrq ri wkh orj sruwirolr uhwxuq> khqfh wklv lqyhvwru pxvw dovr kdyh wkh kljkhvw xq0
frqglwlrqdo h{shfwhg orj sruwirolr uhwxuq1 Wkh lqfuhdvh lq wkh dyhudjh frqvxpswlrq0zhdowk
udwlr dv � idoov ehorz rqh lv fdxvhg e| wkh suhfdxwlrqdu| vdylqjv h�hfw/ zklfk wxuqv qhjdwlyh
zkhq � dqg � duh rq wkh vdph vlgh ri xqlw| dv vkrzq lq htxdwlrq +46,1

Qrz frqvlghu zkdw kdsshqv dv wkh lqglylgxdo ehfrphv pruh zloolqj wr vxevwlwxwh lq0
whuwhpsrudoo|/ wkdw lv/ dv � lqfuhdvhv dqg zh pryh wr wkh ohiw lq Sdqho D ri wkh wdeoh1
Htxdwlrq +53, khosv xv xqghuvwdqg wklv1 Li zh krog �{hg wkh yduldqfh whupv lq +53,/ wkh
ghulydwlyh ri S| � �| zlwk uhvshfw wr � lv �d4*E� � 4�oEH|dE� � 4�*4o

S
"

�'� 4
�oRc|n� n *L} B�/

zklfk lv qhjdwlyh li wkh orqj0uxq h{shfwhg sruwirolr uhwxuq h{fhhgv wkh udwh ri wlph suhihuhqfh
dqg srvlwlyh rwkhuzlvh1 Ljqrulqj suhfdxwlrqdu| vdylqjv h�hfwv/ dq lqglylgxdo zkr lv zloolqj
wr vxevwlwxwh lqwhuwhpsrudoo| zloo kdyh kljkhu vdylqj dqg orzhu fxuuhqw frqvxpswlrq wkdq dq
lqglylgxdo zkr lv xqzloolqj wr vxevwlwxwh lqwhuwhpsrudoo| li wkh wlph0suhihuhqfh0dgmxvwhg udwh
ri uhwxuq rq vdylqj lv srvlwlyh/ exw zloo kdyh orzhu vdylqj dqg kljkhu fxuuhqw frqvxpswlrq
li wkh dgmxvwhg uhwxuq rq vdylqj lv qhjdwlyh1 Sdqho D lq Wdeoh LY looxvwudwhv wklv sdwwhuq1
Lqyhvwruv zlwk orz ulvn dyhuvlrq � dw wkh wrs ri wkh wdeoh fkrrvh sruwirolrv zlwk kljk dyhudjh

4; Zh fdq frpsxwh wkh orqj0whup ru xqfrqglwlrqdo h{shfwhg orj uhwxuq rq zhdowk e| wdnlqj xqfrqglwlrqdo
h{shfwdwlrqv lq Ohppd 7 ri Dsshqgl{ D/ l1h1/ e| fdofxodwlqj H^Hw+us>w.4,`/ zklfk jlyhv=

H ^us>w.4` @ ui . s3 . s4H{w . s5H{5w

@ ui . s3 . s4�. s5
�
�5{ . �5

�
zkhuh s3/ s4/ dqg s5 duh ixqfwlrqv ri d3 dqg d4 gh�qhg lq Ohppd 71 Zh fdq uhzulwh s3/ s4/ dqg s5 dv
ixqfwlrqv ri wkh qrupdol}hg sdudphwhuv d�3 dqg d4 e| qrwlflqj wkdw d�3 @ d3 � d4

�
�5x@5

�
1
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uhwxuqv/ vr d kljkhu hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq � fruuhvsrqgv wr d orzhu dyhudjh
frqvxpswlrq0zhdowk udwlr1 Kljko| ulvn0dyhuvh lqyhvwruv dw wkh erwwrp ri wkh wdeoh fkrrvh
vdih sruwirolrv zlwk orz dyhudjh uhwxuqv/ vr iru wkhvh lqyhvwruv d kljkhu � fruuhvsrqgv wr d
kljkhu dyhudjh frqvxpswlrq0zhdowk udwlr1

Rxu glvfxvvlrq vr idu kdv frqfhqwudwhg rq wkh dyhudjh ohyho ri frqvxpswlrq lq uhodwlrq wr
zhdowk1 Zh qrz jlyh vrph lqwxlwlrq derxw wkh vhqvlwlylw| ri wkh rswlpdo udwlr wr wkh vwdwh
yduldeoh %|1 Dowkrxjk zh kdyh qrwhg wkdw wkh vorsh ri wkh rswlpdo frqvxpswlrq srolf| lv
dozd|v vpdoo lq devroxwh ydoxh uhodwlyh wr wkh lqwhufhsw/ Iljxuh LL vkrzv wkdw durxqg wkh
phdq ri wkh vwdwh vsdfh lw lv qhjdwlyh zkhq � : �/ dqg srvlwlyh zkhq � 	 �1 Pruhryhu/
lw lqfuhdvhv lq devroxwh ydoxh dv � ghfuhdvhv1 Wkh lqwhuwhpsrudo vxevwlwxwlrq h�hfw dqg wkh
sruwirolr frpsrvlwlrq h�hfw h{sodlq wklv sdwwhuq1 Dv %| lqfuhdvhv lq wkh qhljkerukrrg ri lwv
srvlwlyh phdq/ vr grhv wkh h{shfwhg uhwxuq rq zhdowk/ fdxvlqj lqfrph dqg vxevwlwxwlrq h�hfwv
rq frqvxpswlrq1 Zkhq � : � wkh vxevwlwxwlrq h�hfw grplqdwhv dqg wkh lqyhvwru zloo fxw
frqvxpswlrq wr h{sorlw idyrudeoh lqyhvwphqw rssruwxqlwlhv1 Zkhq � 	 � wkh lqfrph h�hfw
grplqdwhv dqg wkh lqyhvwru zloo lqfuhdvh frqvxpswlrq ehfdxvh d jlyhq txdqwlw| ri zhdowk fdq
vxvwdlq d juhdwhu  rz ri frqvxpswlrq1 Wkh h�hfw ri ulvn dyhuvlrq dsshduv ehfdxvh wkh vwdwh
yduldeoh %| lqfuhdvhv rqo| wkh h{shfwhg uhwxuq rq wkh ulvn| dvvhw/ qrw wkh h{shfwhg uhwxuq rq
wkh ulvnohvv dvvhw1 Dq lqyhvwru zlwk d orz ulvn dyhuvlrq frh!flhqw lv pruh khdylo| lqyhvwhg lq
wkh ulvn| dvvhw dqg wkxv khu h{shfwhg sruwirolr uhwxuq lv pruh vhqvlwlyh wr fkdqjhv lq %|1

Ilqdoo|/ zh frqvlghu wkh lpsolfdwlrqv ri wkh frqvxpswlrq uxoh iru wkh yrodwlolw| ri frq0
vxpswlrq uhodwlyh wr sdvw h{shfwdwlrqv dqg uhodwlyh wr zhdowk1 Sdqho D lq Wdeoh Y uhsruwv
wkh xqfrqglwlrqdo vwdqgdug ghyldwlrq ri frqvxpswlrq lqqrydwlrqv iru hdfk vhw ri suhihuhqfhv
zh kdyh frqvlghuhg/ dqg Sdqho E uhsruwv wkh xqfrqglwlrqdo vwdqgdug ghyldwlrq ri lqqrydwlrqv
lq wkh orj frqvxpswlrq0zhdowk udwlr1

Sdqho D lq Wdeoh Y vkrzv wkdw lqyhvwruv zlwk orz ulvn dyhuvlrq kdyh h{wuhpho| yrodwloh
frqvxpswlrq jurzwk/ iru wkhlu frqvxpswlrq lqkhulwv wkh yrodwlolw| ri wkhlu sruwirolrv1 Lq0
yhvwruv zlwk xqlw hodvwlflw| ri vxevwlwxwlrq lq frqvxpswlrq kdyh frqvwdqw frqvxpswlrq0zhdowk
udwlrv dqg vr wkhlu frqvxpswlrq yrodwlolw| htxdov wkhlu sruwirolr yrodwlolw|1 Lqyhvwruv zlwk orz
hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq kdyh vrphzkdw ohvv yrodwloh frqvxpswlrq/ ehfdxvh
wkh| uhdfw wr phdq0uhyhuvlrq lq vwrfn uhwxuqv e| fxwwlqj wkhlu frqvxpswlrq0zhdowk udwlrv
zkhq wkh vwrfn pdunhw ulvhv1 D 4 shufhqw lqqrydwlrq lq zhdowk fdxvhv wkhvh lqyhvwruv wr
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lqfuhdvh frqvxpswlrq e| ohvv wkdq 4 shufhqw> wkh| nqrz wkdw d 4 shufhqw lqfuhdvh lq frq0
vxpswlrq frxog qrw eh vxvwdlqhg/ hyhq zlwk 4 shufhqw juhdwhu zhdowk/ ehfdxvh wkh lqfuhdvh lq
zhdowk lv dffrpsdqlhg e| d ghfuhdvh lq h{shfwhg sruwirolr uhwxuqv1 Lqyhvwruv zlwk kljk hodv0
wlflw| ri lqwhuwhpsrudo vxevwlwxwlrq uhvsrqg wr wkh ghfuhdvh lq h{shfwhg uhwxuqv e| fxwwlqj
vdylqj/ vr wkhlu frqvxpswlrq lv pruh yrodwloh wkdq wkhlu sruwirolr uhwxuqv1 Vlplodu uhvxowv duh
uhsruwhg e| Fdpsehoo ^4<<9` iru d prgho zlwk dq h{rjhqrxv sruwirolr uhwxuq surfhvv1

Sdqho E lq Wdeoh Y vkrzv wkdw lqyhvwruv zlwk hodvwlflwlhv ri lqwhuwhpsrudo vxevwlwxwlrq
gl�huhqw iurp rqh kdyh yrodwloh frqvxpswlrq0zhdowk udwlrv/ ehfdxvh wkh| gr qrw frqvxph
d �{hg iudfwlrq ri wkhlu zhdowk hdfk shulrg/ exw d ydu|lqj iudfwlrq wkdw fkdqjhv zlwk wkh
h{shfwhg h{fhvv uhwxuq rq wkh ulvn| dvvhw1 Wkh yrodwlolw| ri wkh frqvxpswlrq0zhdowk udwlr
lv lqfuhdvlqj lq wkh glvwdqfh ri wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq iurp rqh/ dqg
lv ghfuhdvlqj lq ulvn dyhuvlrq vlqfh ohvv ulvn0dyhuvh lqyhvwruv kdyh ulvnlhu sruwirolrv zkrvh
h{shfwhg uhwxuqv duh pruh vhqvlwlyh wr fkdqjhv lq lqyhvwphqw rssruwxqlwlhv1

LY18 Sruwirolr Doorfdwlrq dqg Frqvxpswlrq Ryhu Wlph

Rxu uhvxowv fdq dovr eh vxppdul}hg e| sorwwlqj wkh rswlpdo htxlw| doorfdwlrqv dqg frqvxpswlrq0
zhdowk udwlrv ryhu wlph1 Iljxuh LLL grhv wklv iru suhihuhqfh sdudphwhuv i� ' �*ec � ' ej/
fruuhvsrqglqj wr srzhu xwlolw| zlwk prghudwh ulvn dyhuvlrq/ dqg i� ' �*ec � ' 2fj/ fruuh0
vsrqglqj wr d kljkhu ohyho ri ulvn dyhuvlrq1 Wkh xsshu sorw ri hdfk �jxuh vkrzv wkh rswlpdo
htxlw| doorfdwlrqv/ zkloh wkh orzhu sorw vkrzv wkh rswlpdo frqvxpswlrq0zhdowk udwlrv1 Wkh
krul}rqwdo olqhv lq wkh htxlw|0doorfdwlrq sorwv uhsuhvhqw f shufhqw dqg �ff shufhqw kroglqjv1

Wkh �jxuhv vkrz wkdw vwrfn kroglqjv duh kljko| yrodwloh zkloh wkh rswlpdo udwlr ri frq0
vxpswlrq wr zhdowk lv pruh vwdeoh/ exw vslnhv xs lq shulrgv zkhuh h{shfwhg uhwxuqv dqg
rswlpdo vwrfn kroglqjv duh xqxvxdoo| kljk1 Wkh lqyhvwru zlwk orzhu ulvn dyhuvlrq krogv rq
dyhudjh d pxfk odujhu sursruwlrq ri khu zhdowk lq vwrfnv/ dqg khu frqvxpswlrq0zhdowk udwlr
lv dovr odujhu rq dyhudjh dqg pruh yrodwloh1 Exw erwk lqyhvwruv duh nhhq vwrfn0pdunhw lq0
yhvwruv1 Lq rxu prgho lqyhvwruv gr qrw idfh uhvwulfwlrqv rq vkruw vdohv/ vr zh doorz wkh rswlpdo
doorfdwlrq wr vwrfnv wr eh hlwkhu odujhu wkdq �ff shufhqw ru qhjdwlyh1 Iljxuh LLL vkrzv wkdw
lq wkh X1V1 srvwzdu shulrg erwk lqyhvwruv duh orqj lq vwrfnv doprvw dozd|v/ dqg wkh ohvv ulvn
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dyhuvh lqyhvwru xvxdoo| zdqwv wr vkruw wkh ulvnohvv dvvhw dqg lqyhvw pruh wkdq �ff shufhqw
ri khu zhdowk lq wkh pdunhw/ h{fhsw lq shulrgv ri xqxvxdoo| orz glylghqg |lhogv vxfk dv wkh
hduo| 4<:3*v dqg wkh plg04<<3*v1

Eduehulv ^4<<;` kdv rewdlqhg vlplodu uhvxowv iru d Ed|hvldq lqyhvwru zkr pd{lpl}hv srzhu
xwlolw| gh�qhg ryhu whuplqdo zhdowk dqg xvhv wkh orj glylghqg0sulfh udwlr dv d vwdwh yduldeoh>
zlwk d 430|hdu lqyhvwphqw krul}rq dqg dffhvv wr klvwrulfdo gdwd ryhu wkh shulrg 4<5:04<<6/
Eduehulv* lqyhvwru/ zkr lv qrw doorzhg wr vkruw dvvhwv/ lv prvwo| �ff shufhqw lqyhvwhg lq vwrfnv1
Euhqqdq/ Vfkzduw}/ dqg Odjqdgr ^4<<:` kdyh vwxglhg d vlplodu sureohp zlwk srzhu xwlolw|
ri whuplqdo zhdowk/ wkuhh vwdwh yduldeohv/ wkuhh dvvhwv/ dqg iuhtxhqw sruwirolr uhedodqflqj1
Wkh| dovr gr qrw doorz vkruw vdohv/ dqg wkhlu rswlpdo vwudwhj| iru wkh shulrg 4<:504<<5 riwhq
vzlwfkhv ehwzhhq �ff shufhqw fdvk dqg �ff shufhqw vwrfnv1 Wkhlu rswlpdo vwudwhj| lv pruh
yrodwloh wkdq Eduehulv* ru rxuv ehfdxvh wkh| doorz iru d odujhu qxpehu ri vwdwh yduldeohv1
Euhqqdq/ Vfkzduw}/ dqg Odjqdgr dovr lqfoxgh orqj0whup erqgv lq wkhlu dqdo|vlv/ exw erqgv
gr qrw sod| d pdmru uroh lq wkh rswlpdo sruwirolr1

LY19 Wkh Dffxudf| ri wkh Vroxwlrq

Wkh dqdo|wlfdo vroxwlrqv zh suhvhqw lq wklv sdshu duh h{dfw rqo| lq wkh olplw zkhuh wlph
lv frqwlqxrxv/ dqg iru sdudphwhu ydoxhv wkdw lpso| d frqvwdqw frqvxpswlrq0zhdowk udwlr
+� ' � ru frqvwdqw h{shfwhg uhwxuqv,1 Iru rwkhu sdudphwhu ydoxhv rxu vroxwlrqv duh rqo|
dssur{lpdwh1 Rqh zd| wr dvvhvv wkhlu dffxudf| lv wr frpsduh wkhp zlwk vroxwlrqv rewdlqhg
xvlqj vwdqgdug qxphulfdo phwkrgv1

Lq Fdpsehoo/ Frffr/ Jrphv/ Pdhqkrxw/ dqg Ylfhlud ^4<<;`/ zh kdyh vroyhg qxphulfdoo|
iru rswlpdo srolf| ixqfwlrqv lq wkh fdoleudwhg prgho ri wklv sdshu1 Wkh qxphulfdo vroxwlrq
glvfuhwl}hv wkh vwdwh vsdfh dqg dssur{lpdwhv wkh glvwulexwlrq iru wkh lqqrydwlrqv lq wkh udq0
grp yduldeohv xvlqj Jdxvvldq txdgudwxuh zlwk < txdgudwxuh srlqwv1 Wkh qxphulfdo phwkrg
dvvxphv wkdw wkh sruwirolr doorfdwlrq uxoh lv d R*wk rughu sro|qrpldo lq wkh vwdwh yduldeoh�lq
sudfwlfh d wklug0rughu sro|qrpldo lv dghtxdwh�dqg xvhv d yduldqw ri wkh Qhzwrq0Udskvrq
dojrulwkp wr rswlpl}h ryhu wkh frh!flhqwv ri wklv sro|qrpldo1

Wkh qxphulfdo vroxwlrqv zh rewdlq duh yhu| vlplodu wr wkh dssur{lpdwh dqdo|wlfdo vrox0
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wlrqv/ h{fhsw dw wkh xsshu h{wuhph ri wkh vwdwh vsdfh zkhuh erwk wkh qxphulfdo frqvxpswlrq
dqg sruwirolr doorfdwlrq uxohv  dwwhq rxw1 Iljxuh 7 looxvwudwhv wklv lq wkh irxu fdvhv zh rewdlq
zkhq zh frpelqh � ' i�*�.Dc �*ej dqg � ' iec 2fj1 Wkh dssur{lpdwh dqdo|wlfdo vroxwlrq
dqg wkh qxphulfdo vroxwlrq duh sduwlfxoduo| forvh ehwzhhq wkh yhuwlfdo olqhv lq wkh sorw wkdw
gholplw wkh lqwhuydo E>� 2j%c >n 2j%�/ exw wkh| gr whqg wr glyhujh dw wkh uljkw vlgh ri wkh
sorw zkhuh wkh vwdwh yduldeoh %| lv pruh wkdq wzr vwdqgdug ghyldwlrqv deryh lwv phdq1 Wkh
glyhujhqfh lv pruh vhulrxv zkhq � ' e wkdq zkhq � ' 2f/ ehfdxvh wkh lqyhvwru zlwk � ' e

krogv d ulvnlhu sruwirolr zlwk d pruh yrodwloh h{shfwhg uhwxuq> wkh h�hfw ri wklv rxwzhljkv wkh
juhdwhu xwlolw| fxuydwxuh iru wkh lqyhvwru zlwk � ' 2f1 Iru wkh vdph uhdvrq wkh glyhujhqfh ri
wkh dssur{lpdwh iurp wkh qxphulfdo vroxwlrq zrxog eh vpdoohu lq d prgho zlwk d pruh vwdeoh
h{shfwhg uhwxuq rq wkh ulvn| dvvhw1 Ixoo ghwdlov duh surylghg lq Fdpsehoo/ Frffr/ Jrphv/
Pdhqkrxw dqg Ylfhlud ^4<<;`1

Y Wkh Zhoiduh Frvwv ri Vxerswlpdo Sruwirolr Fkrlfh

Zh kdyh vkrzq wkdw d orqj0whup lqyhvwru zkr rswlpdoo| uhvsrqgv wr wkh hvwlpdwhg suh0
glfwdelolw| ri vwrfn uhwxuqv zloo erwk wlph wkh vwrfn pdunhw dqg xvh vwrfnv wr khgjh djdlqvw
ghwhulrudwlrqv lq wkh lqyhvwphqw rssruwxqlw| vhw1 Krzhyhu zh kdyh qrw |hw vkrzq wkdw rs0
wlpdo wlplqj dqg khgjlqj surgxfh odujh zhoiduh jdlqv1 Li wkh zhoiduh jdlqv duh vpdoo/ wkh|
pljkw hdvlo| eh rxwzhljkhg e| vpdoo frvwv ri irupxodwlqj dqg h{hfxwlqj wkh rswlpdo srolf|1

Wr dgguhvv wklv lvvxh/ zh xvh rxu dssur{lpdwh dqdo|wlfdo phwkrg wr vroyh wkh lqwhuwhp0
srudo rswlpl}dwlrq sureohp ri dq lqyhvwru zkr iroorzv dq duelwudu| sruwirolr uxoh exw dgmxvwv
khu frqvxpswlrq rswlpdoo|1 Zh wkhq frpsxwh wkh lqyhvwru*v ydoxh ixqfwlrq shu xqlw ri zhdowk
xqghu wkh vxerswlpdo sruwirolr uxoh dqg frpsduh wkh xqfrqglwlrqdo h{shfwdwlrq ri wklv ydoxh
ixqfwlrq wr wkh xqfrqglwlrqdo h{shfwdwlrq ri wkh ydoxh ixqfwlrq lq wkh xquhvwulfwhg sure0
ohp14< Wkurxjkrxw zh dvvxph wkdw wkh lqyhvwru nqrzv wkh vwrfkdvwlf surfhvv gulylqj wkh
uhwxuq rq wkh ulvn| dvvhw> wkdw lv/ zh ljqruh wkh sdudphwhu xqfhuwdlqw| dgguhvvhg e| Ndqgho
dqg Vwdpedxjk ^4<<9` dqg Eduehulv ^4<<;`1

4<Wkh lpsolhg ydoxh ixqfwlrqv duh h{srqhqwldov ri txdgudwlf ru olqhdu ixqfwlrqv ri wkh vwdwh yduldeoh1 Wkh
uhvxowv lq Frqvwdqwlqlghv ^4<<5` doorz xv wr rewdlq h{solflw irupxodh iru wkhlu xqfrqglwlrqdo h{shfwdwlrqv1
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Zh frqvlghu wkuhh uhvwulfwhg sruwirolr uxohv1 Wkh �uvw uxoh ljqruhv wkh wlplqj lpsolhg
e| wkh rswlpdo sruwirolr srolf| dqg vhwv wkh htxlw| doorfdwlrq hdfk shulrg wr wkh dyhudjh
doorfdwlrq xqghu wkh rswlpdo uxoh1 Wklv lv d �{hg sruwirolr uxoh wkdw doorzv iru sduwldo khgjlqj
lq wkh vslulw ri wkh lqyhvwphqw vwudwhj| dgyrfdwhg e| Vlhjho ^4<<7`1 Vlhjho dujxhv wkdw orqj0
uxq lqyhvwruv vkrxog qrw wu| wr wlph wkh vwrfn pdunhw/ exw vkrxog ex| dqg krog odujh htxlw|
srvlwlrqv ehfdxvh wkhvh srvlwlrqv lqyroyh olwwoh ulvn dw orqj krul}rqv1 Vlhjho*v hvwlpdwhv ri
orqj0uxq vwrfn pdunhw ulvn duh orz ehfdxvh ri wkh phdq0uhyhuvlrq lq vwrfn uhwxuqv wkdw zh
kdyh fdswxuhg zlwk rxu YDU v|vwhp1 Wkxv rqh fdq lqwhusuhw Vlhjho*v vwudwhj| dv d khgjlqj
vwudwhj| zlwkrxw pdunhw wlplqj1 Wkh vhfrqg sruwirolr uxoh lv wkh p|rslf uxoh wkdw wlphv wkh
pdunhw exw ljqruhv khgjlqj frqvlghudwlrqv1 Wklv uxoh zrxog eh rswlpdo li wkh fryduldqfh j#�

zhuh }hur1 Wkh wklug uxoh vhwv wkh htxlw| doorfdwlrq hdfk shulrg wr wkh dyhudjh doorfdwlrq
xqghu wkh p|rslf uxoh/ ljqrulqj erwk wlplqj dqg khgjlqj frqvlghudwlrqv1

Wdeoh YL ghvfulehv wkh rswlpdo frqvxpswlrq uxohv lpsolhg e| wkh uhvwulfwhg sruwirolr
uxohv1 Iru frpsdulvrq lw dovr lqfoxghv lq lwv �uvw urz wkh rswlpdo frqvxpswlrq uxoh +5:,
xqghu wkh rswlpdo sruwirolr uxoh +59,1 Wkh sdudphwhuv ri wkhvh uxohv ri frxuvh ghshqg rq wkh
h{rjhqrxv sdudphwhuv ri wkh prgho/ exw wr vdyh vsdfh zh gr qrw jlyh ixuwkhu ghwdlov khuh1

Wkh wrs ohiw sdqho ri Wdeoh YLL uhsruwv wkh xqfrqglwlrqdo phdq ri wkh ydoxh ixqfwlrq shu
xqlw ri zhdowk wkdw lv lpsolhg e| wkh rswlpdo/ xquhvwulfwhg frqvxpswlrq dqg sruwirolr uxohv
lq wkh fdoleudwhg h{dpsoh glvfxvvhg lq wkh suhylrxv vhfwlrq1 Wkh rwkhu wkuhh sdqhov uhsruw
wkh shufhqwdjh fkdqjh lq wkh ydoxh ixqfwlrq zkhq sruwirolr fkrlfh lv uhvwulfwhg wr rqh ri wkh
vxerswlpdo uxohv ghvfulehg deryh1

Wkh wdeoh vkrzv wkdw vxerswlpdo sruwirolr fkrlfh fdq fdxvh odujh orvvhv lq xwlolw|1 Idlolqj
wr khgjh lqwhuwhpsrudoo| lv kdupohvv zkhq ulvn dyhuvlrq � ' �/ vlqfh lq wklv fdvh wkh rswlpdo
sruwirolr lv p|rslf/ exw lw fdq eh d vhulrxv huuru iru lqyhvwruv zlwk � : �1 Wkh orvvhv iurp
idlolqj wr khgjh lqfuhdvh dw �uvw dv ulvn dyhuvlrq lqfuhdvhv deryh rqh/ exw hyhqwxdoo| glplqlvk
dv h{wuhpho| ulvn0dyhuvh lqyhvwruv kdyh rqo| yhu| vpdoo htxlw| srvlwlrqv dqg wkxv kdyh olwwoh
wr khgjh1 Idlolqj wr wlph wkh pdunhw fdxvhv odujh orvvhv iru doo lqyhvwruv h{fhsw wkrvh zkr duh
h{wuhpho| ulvn0dyhuvh exw h{wuhpho| zloolqj wr vxevwlwxwh frqvxpswlrq lqwhuwhpsrudoo|1 Iru
doo sdudphwhu ydoxhv zh frqvlghu/ wkh idloxuh wr wlph wkh pdunhw fdxvhv odujhu xwlolw| orvvhv
wkdq wkh idloxuh wr khgjh lqwhuwhpsrudoo|1 Wkhvh uhvxowv frq�up/ iru d ydulhw| ri lqyhvwruv
zlwk gl�huhqw ohyhov ri ulvn dyhuvlrq dqg hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq/ wkh �qglqjv
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ri Edogx}}l dqg O|qfk ^4<<:e` iru �qlwh0krul}rq lqyhvwruv zlwk lvrhodvwlf suhihuhqfhv gh�qhg
ryhu zhdowk dqg uhodwlyh ulvn dyhuvlrq frh!flhqwv ri 5/ 9/ dqg 43153 Wkh uhvxowv duh dovr
frpsdwleoh zlwk wkh �qglqjv ri Ndqgho dqg Vwdpedxjk ^4<<9` dqg Eduehulv ^4<<;` wkdw
Ed|hvldq lqyhvwruv h{shulhqfh odujh jdlqv lq fhuwdlqw|0htxlydohqw uhwxuq zkhq wkh| rswlpdoo|
uhvsrqg wr hylghqfh ri suhglfwdelolw| lq vwrfn uhwxuqv1

YL Frqfoxvlrq

Rqh ri wkh pdmru remhfwlyhv ri prghuq �qdqfldo hfrqrplfv kdv ehhq wr sxw lqyhvwphqw
dgylfh rq d vflhqwl�f edvlv1 Wklv wdvn kdv ehhq dffrpsolvkhg iru lqyhvwruv zkr kdyh vkruw
krul}rqv ru frqvwdqw lqyhvwphqw rssruwxqlwlhv1 Xqiruwxqdwho| prvw lqyhvwruv kdyh orqj krul0
}rqv/ dqg wkhuh lv frqvlghudeoh hylghqfh wkdw wkh| idfh wlph0ydu|lqj h{shfwhg uhwxuqv rq
ulvn| dvvhwv1 Xqwlo yhu| uhfhqwo| �qdqfldo hfrqrplvwv kdyh qrw hyhq dwwhpswhg wr jlyh vxfk
lqyhvwruv suhflvh txdqwlwdwlyh dgylfh derxw wkhlu sruwirolr vwudwhjlhv1

Uhfhqw zrun rq orqj0krul}rq sruwirolr fkrlfh kdv jhqhudoo| ljqruhg wkh frqvxpswlrq gh0
flvlrq dqg kdv frqvlghuhg sruwirolr fkrlfh iru lqyhvwruv zkr frqvxph qrwklqj xqwlo d �{hg
whuplqdo gdwh154 Rxu remhfwlyh kdv ehhq wr dqdo|}h d prgho lq zklfk lqyhvwruv rswlpl}h
ryhu erwk frqvxpswlrq dqg sruwirolr doorfdwlrq1 Ehfdxvh wkh lqwhuwhpsrudo frqvxpswlrq
dqg sruwirolr fkrlfh sureohp lv kljko| lqwudfwdeoh zkhq h{shfwhg uhwxuqv duh wlph ydu|lqj/
zh kdyh uhvruwhg wr dq dqdo|wlfdo dssur{lpdwlrq1 Zh kdyh uhsodfhg wkh Hxohu htxdwlrqv dqg
exgjhw frqvwudlqw ri wkh h{dfw sureohp zlwk dssur{lpdwh htxdwlrqv wkdw duh pxfk hdvlhu wr
vroyh/ dqg zh kdyh h{soruhg lq ghwdlo wkh dqdo|wlfdo vroxwlrq ri wkh dssur{lpdwh sureohp1

Zh kdyh xvhg Hsvwhlq0]lq0Zhlo uhfxuvlyh suhihuhqfhv wr vhsdudwh wkh lq xhqfh ri ulvn dyhu0
vlrq dqg wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq rq sruwirolr fkrlfh dqg frqvxpswlrq1
Zh kdyh vkrzq/ iru h{dpsoh/ wkdw sruwirolr fkrlfh ghshqgv rq wkh hodvwlflw| ri lqwhuwhpsr0

53Edogx}}l dqg O|qfk �qg wkdw zhoiduh orvvhv lqfuhdvh zlwk wkh krul}rq ri wkh lqyhvwru1 Vlqfh zh frqvlghu
dq lq�qlwh krul}rq/ wklv khosv wr h{sodlq zk| zh rewdlq vrphzkdw odujhu xwlolw| frvwv wkdq wkh| gr iru vlplodu
ohyhov ri ulvn dyhuvlrq1 Edogx}}l dqg O|qfk dovr �qg wkdw zhoiduh frvwv uhpdlq vxevwdqwldo lq wkh suhvhqfh ri
�{hg dqg sursruwlrqdo wudqvdfwlrq frvwv1

54Yhu| uhfhqw h{fhswlrqv wr wklv vwdwhphqw lqfoxgh Eudqgw ^4<<;` dqg vrph fdvhv dqdo|}hg lq Edogx}}l dqg
O|qfk ^4<<:d/e`1
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udo vxevwlwxwlrq rqo| lqgluhfwo| wkurxjk wkh h�hfw ri wklv hodvwlflw| rq wkh dyhudjh ohyho ri
frqvxpswlrq uhodwlyh wr zhdowk1

Zh kdyh xvhg rxu prgho wr dvvhvv wkh txdqwlwdwlyh lpsruwdqfh ri lqwhuwhpsrudo khgjlqj
ghpdqg iru ulvn| dvvhwv e| orqj0olyhg lqyhvwruv1 Diwhu fdoleudwlqj wkh prgho wr srvwzdu
txduwhuo| X1V1 vwrfn pdunhw gdwd/ zh �qg wkdw lqwhuwhpsrudo khgjlqj prwlyhv fdq hdvlo|
grxeoh wkh dyhudjh wrwdo ghpdqg iru vwrfnv e| lqyhvwruv zkrvh frh!flhqwv ri uhodwlyh ulvn
dyhuvlrq h{fhhg rqh1 Zh dovr �qg wkdw vxerswlpdo p|rslf sruwirolr uxohv lpso| odujh zhoiduh
orvvhv iru vxfk lqyhvwruv1 Wkhvh uhvxowv vxssruw wkh frqfoxvlrq ri rwkhu uhfhqw sdshuv vxfk
dv Eduehulv ^4<<;`/ Edogx}}l dqg O|qfk ^4<<:d/4<<:e`/ Eudqgw ^4<<;`/ Euhqqdq/ Vfkzduw}/
dqg Odjqdgr ^4<<:`/ dqg Nlp dqg Rpehuj ^4<<9` wkdw vwdwlf prghov ri sruwirolr fkrlfh
fdq eh vhulrxvo| plvohdglqj1 Lqwhuwhpsrudo sruwirolr fkrlfh vkrxog qrw uhpdlq dq devwuxvh
wkhruhwlfdo wrslf/ exw vkrxog eh lqwhjudwhg lqwr hpslulfdo uhvhdufk dqg lqyhvwphqw sudfwlfh1

Dq lpsruwdqw fdyhdw lv wkdw rxu dqdo|vlv lv sduwldo htxloleulxp lq qdwxuh1 Zh vroyh wkh
plfurhfrqrplf sureohp ri d jlyhq lqyhvwru idflqj h{rjhqrxv dvvhw uhwxuqv/ exw zh gr qrw
vkrz krz wkhvh dvvhw uhwxuqv frxog eh frqvlvwhqw zlwk jhqhudo htxloleulxp1 Rqh srvvlelolw| lv
wkdw wkh uhsuhvhqwdwlyh lqyhvwru kdv gl�huhqw suhihuhqfhv iurp wkrvh dvvxphg khuh/ shukdsv
wkh kdelw0irupdwlrq suhihuhqfhv ri Fdpsehoo dqg Frfkudqh ^4<<;` wkdw fdq jhqhudwh vkliwv lq
ulvn dyhuvlrq dqg khqfh fkdqjlqj ulvn suhpld zlwk d frqvwdqw ulvnohvv lqwhuhvw udwh1 Lq wklv
vhwwlqj wkh prgho kdv rqo| olplwhg dssolfdelolw|/ vlqfh lw ghvfulehv wkh ehkdylru ri lqyhvwruv
zkrvh ulvn dyhuvlrq lv dw|slfdoo| frqvwdqw ryhu wlph1 Dowhuqdwlyho|/ li doo lqyhvwruv kdyh wkh
suhihuhqfhv dvvxphg khuh/ wkhlu sruwirolr vkliwv frxog eh vxssruwhg lq jhqhudo htxloleulxp
e| vkliwlqj dvvhw vxssolhv1 Vxssolhv ri vwrfn zrxog kdyh wr idoo zlwk wkh ulvn suhplxp wr
dffrpprgdwh lqyhvwruv* ghvluh wr uhgxfh wkhlu vwrfnkroglqjv1 Exw vxfk vkliwv lq vxssolhv duh
xqolnho| wr eh frqvlvwhqw zlwk pdfurhfrqrplf gdwd rq djjuhjdwh sruwirolr vkduhv1

Dqrwkhu fdyhdw kdv wr gr zlwk dssur{lpdwlrq huuru1 Rxu dssur{lpdwh vroxwlrq lv h{dfw
zkhq wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq lv rqh dqg wkh wlph lqwhuydo ehwzhhq frq0
vxpswlrq dqg sruwirolr ghflvlrqv lv lq�qlwhvlpdoo| vpdoo1 Lq d frpsdqlrq sdshu/ Fdpsehoo/
Frffr/ Jrphv/ Pdhqkrxw/ dqg Ylfhlud ^4<<;`/ zh kdyh fkhfnhg wkh dffxudf| ri wkh dqdo|wlfdo
dssur{lpdwh vroxwlrq lq rwkhu fdvhv e| frpsdulqj lw zlwk d glvfuhwh0vwdwh qxphulfdo vroxwlrq
lq rxu fdoleudwhg h{dpsoh1 Zh kdyh irxqg wkdw rxu vroxwlrq lv jhqhudoo| d jrrg dssur{lpd0
wlrq wr wkh wuxh vroxwlrq/ exw wkh dssur{lpdwlrq huuru grhv lqfuhdvh zkhq wkh vwdwh yduldeoh
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lv pruh wkdq wzr vwdqgdug ghyldwlrqv deryh lwv phdq1 Zh kdyh dovr irxqg wkdw wkh qxphulfdo
vroxwlrq dojrulwkp frqyhujhv pxfk pruh udslgo| dqg uholdeo| zkhq zh duh deoh wr surylgh
vwduwlqj ydoxhv iurp wkh dssur{lpdwh vroxwlrq1

Wkh dssurdfk ri wklv sdshu fdq eh dssolhg wr pdq| uhodwhg sureohpv1 Iru vlpsolflw| zh
kdyh frqvlghuhg rqo| d vlqjoh ulvn| dvvhw dqg d vlqjoh vwdwh yduldeoh/ exw lw lv vwudljkwiruzdug
wr frqvlghu pxowlsoh ulvn| dvvhwv dqg vwdwh yduldeohv1 Zh fdq h{soruh krul}rq dqg uhedodqflqj
h�hfwv/ lq wkh pdqqhu ri Eduehulv ^4<<;` dqg Eudqgw ^4<<;`/ e| dvvxplqj wkdw wkh lqyhvwru kdv
d �qlwh udwkhu wkdq lq�qlwh krul}rq dqg uhvwulfwlqj wkh iuhtxhqf| dw zklfk vkh fdq uhedodqfh
khu sruwirolr1 Zh fdq doorz wkh ulvnohvv lqwhuhvw udwh wr ydu| ryhu wlph/ dqg fdq frqvlghu
lqyhvwru fkrlfhv dprqj lqgh{hg ru qrplqdo erqgv ri gl�huhqw pdwxulwlhv +Fdpsehoo dqg
Ylfhlud ^4<<:`,1 Zh fdq doorz iru wlph0yduldwlrq lq wkh yrodwlolw| ri ulvn| dvvhw uhwxuqv/ dqg
hyhq iru wkh suhvhqfh ri h{rjhqrxv oderu lqfrph lq wkh lqyhvwru*v exgjhw frqvwudlqw +Ylfhlud
^4<<:`,1 Zh eholhyh wkdw lq doo wkhvh fdvhv/ wkhuh lv pxfk xqghuvwdqglqj wr eh jdlqhg e|
wdnlqj dq dqdo|wlfdo dssurdfk wr wkh sureohp1

YLL Dsshqgl{ 4= Vrph Xvhixo Ohppdv

Lq wklv dsshqgl{ zh vwdwh dv ohppdv dqg suryh qlqh xvhixo uhvxowv1 Zh xvh vrph ri wkhp wr
suryh/ lq Dsshqgl{ 5/ wkh pdlq sursrvlwlrqv ri wkh sdshu1

Ohppd 41 Wkh frqglwlrqdo h{shfwdwlrq ri ixwxuh ydoxhv ri wkh vwdwh yduldeoh lv d olqhdu
ixqfwlrq ri lwv fxuuhqw ydoxh/ zkloh wkh frqglwlrqdo h{shfwdwlrq ri ixwxuh ydoxhv ri wkh
vtxduhg vwdwh yduldeoh lv d txdgudwlf ixqfwlrq ri wkh fxuuhqw vwdwh yduldeoh=

H|n�%|n� ' >n �� E%| � >� n ��3�#|n� c

H|n�%
2
|n� ' >2

�
�� ��

�2
n

�� �2E�3��

�� �2
j2# n 2>��

�
�� ��

�
%| n �2�%2|

n�2E�3��#2|n� n 2��n2E�3�� E%| � >� #|n� n 2>��3�#|n� �
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Surri ri Ohppd 41 E| vlpsoh iruzdug uhfxuvlrq ri %| dqg %2| lq +6, zh kdyh

%|n� � > ' �� E%| � >� n

�3�[
,'f

�,#|n�3,

dqg

E%|n� � >�2 ' �2� E%| � >�2 n

�3�[
,'f

�2,#2|n�3, n 2�

�3�[
,'f

�2, E%|n�3�3, � >� #|n�3, �+5;,

Wkh uhvxowv vwdwhg lq wkh ohppd iroorz iurp wkh h{suhvvlrqv deryh/ diwhu wdnlqj frqgl0
wlrqdo h{shfwdwlrqv dw wlph E|n ��/ ,|n�/ dqg wkh pduwlqjdoh dvvxpswlrq +D5,/ zklfk lpsolhv

, |n,3�#|n, ' f/ , |n�#|n, ' f/ dqg , |n�

�
%|n,3�3,#|n,

�
' f/ ;, : �1�

Ohppd 51 Wkh lqqrydwlrq lq qh{w shulrg*v vtxduhg vwdwh yduldeoh lv olqhdu lq wkh fxuuhqw
vwdwh yduldeoh=

%2|n� � H|%
2
|n� '

�
#2|n� � j2#

�
n E2> E�� �� n 2�%|� #|n��

Surri ri Ohppd 51 Wkh surri iru wklv ohppd lv vlplodu wr wkdw iru Ohppd 41 Iurp
+5;,/ �qg %2|n� e| vhwwlqj � ' �=

%2|n� ' >2 E�� ��2 n 2>� E�� �� %| n �2%2| n #2|n� n d2� E%| � >� n 2>o #|n� �

Ohppd 5 wkhq iroorzv e| dsso|lqj wkh frqglwlrqdo h{shfwdwlrqv rshudwru ,| wr wklv h{suhvvlrq/
xqghu wkh pduwlqjdoh dvvxpswlrq +D5,1�

Ohppd 61 Wkh xqh{shfwhg uhwxuq rq wkh ulvn| dvvhw dqg wkh frqglwlrqdo yduldqfh ri wkh
ulvn| dvvhw duh jlyhq e|

o�c|n� � H|o�c|n� ' �|n� c

j�c�c| ' j2� �

Surri ri Ohppd 61 Wklv uhvxow iroorzv wulyldoo| iurp +D5, dqg +D6,1 Lw lv vwdwhg khuh
dv d Ohppd iru frpsohwhqhvv1�

6:



Ohppd 71 Wkh h{shfwhg sruwirolr uhwxuq qh{w shulrg lv txdgudwlf lq wkh fxuuhqw vwdwh ydul0
deoh/ dqg wkh xqh{shfwhg sruwirolr uhwxuq lv olqhdu lq wkh fxuuhqw vwdwh yduldeoh=

H|oRc|n� ' os n Rf n R�%| n R2%
2
| c

dqg
oRc|n� � H|oRc|n� ' E@f n @�%|� �|n� c

zkhuh

Rf ' @f E�� @f�
j2�
2

c

R� ' @f n @� E�� 2@f�
j2�
2

c

R2 ' @� � @2�
j2�
2

�

Surri ri Ohppd 71 Iurp +49, dqg rxu jxhvv +l, rq wkh rswlpdo sruwirolr uxoh/ zh
kdyh wkdw

,| oRc|n� ' k|,| do�c|n� � os o n os n
j2�
2
k| E�� k|�

' E@f n @�%|�%| n os n
j2�
2

�
E@f n @�%|�� E@f n @�%|�

2� c

zkhuh wkh odvw olqh iroorzv iurp +5,1 Uhrughulqj whupv zh jhw d txdgudwlf h{suhvvlrq lq %|
zkrvh frh!flhqwv duh wkrvh jlyhq lq wkh vwdwhphqw ri wkh sursrvlwlrq1

Wkh h{suhvvlrq iru oRc|n� � ,| oRc|n� dovr iroorzv iurp +49, dqg jxhvv +l,/ dv zhoo dv +D4,
�frqvwdqw os � dqg +D5,�+5,/

oRc|n� � ,| oRc|n� ' k| EEo�c|n� � os�� ,| do�c|n� � os o�

' E@f n @�%|��|n� �+5<,

�

Ohppd 81 H{shfwhg rswlpdo frqvxpswlrq jurzwk ryhu wkh qh{w shulrg lv txdgudwlf lq wkh
fxuuhqw vwdwh yduldeoh/ dqg xqh{shfwhg frqvxpswlrq jurzwk lv olqhdu lq wkh fxuuhqw
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vwdwh yduldeoh=

H|{S|n� ' H|oRc|n� n H| dS|n� � �|n�o� �

4
ES| � �|� n &

' Sf n S�%| n S2%
2
| c
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�
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Surri ri Ohppd 81 Iurp +4;, dqg +48,/ zh fdq zulwh

{S|n� ' oRc|n� n ES|n� � �|n��� �

4
ES| � �|� n & �+63,

Wkhuhiruh/

,|{S|n� ' ,| oRc|n� n ,| ES|n� � �|n��� �

4
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zkhuh wkh vhfrqg htxdolw| iroorzv iurp Ohppd 7 dqg rxu jxhvv +ll, rq wkh rswlpdo frqvxps0
wlrq srolf|/ dqg wkh odvw htxdolw| iroorzv iurp +6, dqg Ohppdv 4 dqg 51 Uh0rughulqj whupv
zh jhw wkh h{suhvvlrq iru ,|{S|n� lq wkh ohppd dv zhoo dv iSfc S�c S2j1

Wkh h{suhvvlrq iru xqh{shfwhg frqvxpswlrq jurzwk iroorzv iurp +63,/ wkh h{suhvvlrq iru
wkh xqh{shfwhg sruwirolr uhwxuq ghulyhg lq Ohppd 7/ dqg iurp qrwlqj wkdw rxu jxhvv +ll, rq
wkh rswlpdo orj frqvxpswlrq0zhdowk udwlr lpsolhv wkdw

S|n� ��|n� � ,| ES|n� � �|n�� ' K� E%|n� � ,| %|n�� n K2
�
%2|n� � ,| %

2
|n�

�
' K�#|n� n K2

��
#2|n� � j2#

�
n E2> E�� �� n 2�%|� #|n�

�
c+64,

zkhuh wkh vhfrqg olqh iroorzv iurp Ohppd 51�

Ohppd 91 Wkh wlph0ydu|lqj lqwhufhsw lq wkh Hxohu htxdwlrq iru sruwirolr uhwxuqv +46, lv d
txdgudwlf ixqfwlrq ri wkh vwdwh yduldeoh=
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Surri ri Ohppd 91 Iurp +46,/ +48, dqg +4;,/ zh kdyh
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2 �

Li zh vxevwlwxwh lq wkh eudfnhwhg h{suhvvlrq deryh +5<, dqg +64, iru EoRc|n� � ,| oRc|n�� dqg
ES|n� ��|n��� ,| ES|n� � �|n�� dqg frpsxwh ,| xqghu dvvxpswlrqv +D5, dqg +D6,/ zh �qg
wkdw �Rc| lv d txdgudwlf ixqfwlrq ri %|/ zlwk wkh frh!flhqwv jlyhq lq wkh vwdwhphqw ri wkh
ohppd1 �

Ohppd :1 Wkh sdudphwhuv gh�qlqj wkh rswlpdo frqvxpswlrq uxoh +ll, vdwlvi| wkh iroorzlqj
wkuhh0htxdwlrq v|vwhp=
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Surri ri Ohppd :1 Wklv iroorzv iurp wkh orj0olqhdul}hg Hxohu htxdwlrq iru wkh rswl0
pdo sruwirolr jlyhq lq +45,/ dqg Ohppdv 7/ 8 dqg 91 Iurp +45, dqg Ohppdv 7 dqg 9/

H|{S|n� ' � *L} B n �Rc| n �H|oRc|n�

' � *L} B n �os n �f n �@f E�� @f�
j2�
2

+65,

n

�
�� n �

�
@f n @�

j2�
2
� @f@�j

2
�

��
%| n

�
�2 n �@�

�
�� @�

j2�
2

��
%2| c

zklfk lv d txdgudwlf ixqfwlrq ri wkh vwdwh yduldeoh1 Exw iurp Ohppd 8 zh kdyh wkdw H|{S|n�
lv dovr txdgudwlf lq %|=

H|{S|n� ' Sf n S�%| n S2%
2
| c+66,

zkhuh Sf/ S�/ dqg S2 duh jlyhq lq Ohppd 81 Htxdwlqj frh!flhqwv rq wkh uljkw kdqg vlgh ri
+65, dqg +66,/ wkh ohppd iroorzv lpphgldwho|1�
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Ohppd ; Wkh fryduldqfh ehwzhhq xqh{shfwhg vwrfn uhwxuqv dqg fkdqjhv lq h{shfwhg sruw0
irolr uhwxuqv lv olqhdu lq wkh vwdwh yduldeoh=

Fry|

#
o�c|n� � H|o�c|n�c E�� �� EH|n� � H|�

"[
�'�

4�oRc|n�n�

$

' E�� ��

�
ER� n 2R2>�

4

�� 4�
� 2R2>

4�

�� 4�2

�
j#� n E�� ��

�
2R2

4�

�� 4�2
j#�

�
%| c

zkhuh iR�c R2j duh jlyhq lq Ohppd 71

Surri ri Ohppd ;1 Ohppd 7 lpsolhv
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zkhuh wkh vhfrqg htxdolw| iroorzv iurp Ohppd 5 dqg wkh wklug rqh iroorzv diwhu frpsxwlqj
wkh lq�qlwh vxppdwlrqv lq wkh vhfrqg rqh dqg uhrughulqj whupv1

Wkh uhvxow vwdwhg lq wkh ohppd iroorzv lpphgldwho| iurp dvvxpswlrqv +D5, dqg +D6,
derxw wkh glvwulexwlrq ri

�
�|n�c #|n�

�
/ wkh h{suhvvlrq deryh dqg wkh surshuwlhv ri wkh frydul0

dqfh rshudwru1�

Ohppd <1 Wkh fryduldqfh ehwzhhq xqh{shfwhg vwrfn uhwxuqv dqg fkdqjhv lq wkh h{shfwhg
ydoxh ri wkh lqwhufhsw lq wkh Hxohu htxdwlrq +46, lv olqhdu lq wkh vwdwh yduldeoh=

Fry|

#
o�c|n� � H|o�c|n�c EH|n� � H|�

"[
�'�

4��Rc|n�

$
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'

�
E�� n 2�2>�

4

�� 4�
� 2�2>

4�

�� 4�2

�
j#� n

�
2�2

4�

�� 4�2
j#�

�
%| c

zkhuh i�fc ��c �2j duh jlyhq lq Ohppd 91

Surri ri Ohppd <1 Ohppd 9 lpsolhv

EH|n� � H|�
"[
�'�

4��Rc|n� ' ��

"[
�'�

4� EH|n� � H|�%|n� n �2

"[
�'�

4� EH|n� � H|�%
2
|n� c

zklfk lv lghqwlfdo wr wkh h{suhvvlrq jlyhq lq wkh surri ri Ohppd ;/ h{fhsw wkdw zh kdyh ��
dqg �2 lqvwhdg ri R� dqg R21 Wkhuhiruh/ zh pxvw kdyh wkdw=

EH|n� � H|�
"[
�'�

4��Rc|n� '

�
��

4

�� 4�
n 2�2 E%| � >�

4�

�� 4�2
n 2�2>

4

�� 4�

�
#|n�

n�2
4

�� 4�2
#2|n� � �2

4

�� 4�2
j2# c

iurp zklfk wkh ohppd iroorzv/ xqghu wkh glvwulexwlrqdo dvvxpswlrqv +D5, dqg +D6,1�

YLLL Dsshqgl{ 5= Surriv ri Sursrvlwlrqv

Surri ri Sursrvlwlrq 41

Iurp +D5,/ ,| o�c|n� � os ' %| dqg iurp +D6,/ j�c�c| ' j2�1 Dovr/ iurp jxhvv +ll,/

j�cS3�c| ' �L�| Eo�c|n�c S|n� � �|n��

' �L�|
�
o�c|n� � ,| o�c|n�c K� E%|n� � ,| %|n�� n K2

�
%2|n� � ,| %

2
|n�

��
' �L�|

�
�|n�c K�#|n� n K2

�
#2|n� � j2#

�
n K2 E2> E�� �� n 2�%|� #|n�

�
' K�j#� n K2 d2> E�� �� n 2�%|o j#� c

zkhuh wkh vhfrqg olqh iroorzv iurp vxevwlwxwlqj jxhvv +ll, iru S|n���|n�/ wkh wklug olqh iroorzv
iurp +D5, dqg Ohppdv 5 dqg 6/ dqg wkh odvw olqh iroorzv iurp +D6, dqg wkh dvvxpswlrq ri
mrlqw qrupdolw| ri �|n� dqg #|n�1
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Xvlqj wkhvh uhvxowv zh fdq uh0zulwh +4<, dv

kW| '
�

�

%|
j2�

n
�

2�
� �� �

� E� � ��

j#�

j2�
iK� n K2 d2> E�� �� n 2�%|oj c+67,

zklfk lv olqhdu lq %|1 Exw rxu jxhvv +l, rq wkh rswlpdo sruwirolr srolf| lv wkdw kW| lv olqhdu lq
wkh vwdwh yduldeoh/

kW| ' @f n @�%| �

Jurxslqj whupv lq +67, zh rewdlq @f dqg @� dv vwdwhg lq Sursrvlwlrq 41�

Surri ri Sursrvlwlrq 51

Wkh surri iru wklv sursrvlwlrq iroorzv iurp Ohppdv 9 dqg : dqg Sursrvlwlrq 41 Ohppd
9 gh�qhv d qrq0olqhdu htxdwlrq v|vwhp iru i�fc ��c �2j/ i@fc @�j dqg iKfc K�c K2j=

�f ' T��@
2
f n T�2K

2
� n T��K

2
2 n T�e@fK� n T�D@fK2 n T�SK�K2

�� ' T2�K
2
2 n T22@f@� n T2�@fK2 n T2e@�K� n T2D@�K2 n T2SK�K2

�2 ' T��@
2
� n T�2K

2
2 n T��@�K2 c

zkhuh wkh frh!flhqwv T�� duh ixqfwlrqv ri wkh sulplwlyh sdudphwhuv ri wkh prgho +erwk wkrvh
gh�qlqj wkh suhihuhqfh vwuxfwxuh dqg wkrvh gh�qlqj wkh vwrfkdvwlf vwuxfwxuh ri wkh prgho,
dqg duh lpphgldwho| lghqwl�deoh iurp wkh vwdwhphqw ri wkh v|vwhp lq Ohppd 91 Iru h{dpsoh/
T�� ' E�� �� E� � �� j2�*2/ dqg vr rq1

Vlploduo|/ Ohppd : gh�qhv d vhfrqg v|vwhp iru i�fc ��c �2j/ i@fc @�j dqg iKfc K�c K2j=
�f ' ��f n���Kf n��2K� n���K2 n��e@f n��D@

2
f

�� ' �2�@f n�22K� n�2�K2 n�2e@� n�2D@f@�

�2 ' ���@� n��2K2 n���@
2
� c

zkhuh wkh frh!flhqwv ��� duh ixqfwlrqv ri wkh sulplwlyh sdudphwhuv ri wkh prgho1 Iru h{dp0
soh/ ��f ' & � � *L} B n E�� �� os / dqg vr rq1

Ilqdoo|/ Sursrvlwlrq 4 gh�qhv dqrwkhu v|vwhp iru i@fc @�j dqg iKfc K�c K2j=
@f ' ��f n ���K� n ��2K2

@� ' �2f n �2�K2 c
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zkhuh/ djdlq wkh frh!flhqwv ��� duh dovr ixqfwlrqv ri wkh sulplwlyh sdudphwhuv ri wkh prgho
dqg duh lpphgldwho| lghqwl�deoh iurp wkh vwdwhphqw ri wkh v|vwhp lq wkh sursrvlwlrq1 Iru
h{dpsoh/ ��f ' �*2�/ dqg vr rq1

E| htxdwlqj wkh uljkw0kdqg vlghv ri wkh �uvw dqg vhfrqg v|vwhp zh rewdlq dqrwkhu v|v0
whp zkrvh xqnqrzqv duh i@fc @�j dqg iKfc K�c K2j1 Exw wkh wklug v|vwhp gh�qhv i@fc @�j dv
olqhdu frpelqdwlrqv ri iK�c K2j1 Vxevwlwxwlqj wklv v|vwhp lqwr wkh rqh rewdlqhg e| frpelq0
lqj wkh �uvw dqg vhfrqg v|vwhpv/ zh rewdlq wkh htxdwlrq v|vwhp iru iKfc K�c K2j jlyhq lq wkh
sursrvlwlrq1 Wkh frh!flhqwv \�� uhodwh wr wkh frh!flhqwv ���/ ��� dqg T�� dv iroorzv=

f ' ���f n ET�� ���D��
2
�f ���e��f n E����� Kf

n d2 ET�� ���D���f��� ���2 n T�e��f ���e���o K� n
�
ET�� ���D��

2
�� n T�2 n T�e���

�
K2�

n d2 ET�� ���D���f��2 ���� n T�D��f ���e��2o K2 n
�
ET�� ���D��

2
�2 n T�� n T�D��2

�
K22

n d2 ET�� ���D������2 n T�e��2 n T�D��� n T�So K�K2c

f ' ��2���f n ET22 ��2D���f�2f ��2e�2f n d��2���� ��22 n ET22 ��2D�����2f n T2e�2fo K�

n d��2���2 ��2� n ET22 ��2D� E��f�2� n ��2�2f� n T2���f n T2D�2f ��2e�2�o K2

n dT2� n ET22 ��2D���2�2� n T2���2 n T2D�2�o K
2
2

n dET22 ��2D�����2� n T2���� n T2e�2� n T2So K�K2c

f ' ET�� ������
2
2f �����2f n d2 ET�� ������2f�2� �����2� ���2 n T���2fo K2

n
�
ET�� ������

2
2� n T�2 n T���2�

�
K22�

�

L[ Dsshqgl{ 6= Surriv ri Surshuwlhv

Surri ri Surshuw| 41

Wkh dssur{lpdwh ydoxh ixqfwlrq shu xqlw ri zhdowk rewdlqv e| gluhfw vxevwlwxwlrq ri jxhvv
+ll, lqwr +44,1 Zh qrz xvh htxdwlrq +56, wr fkdudfwhul}h K21 Wklv htxdwlrq lv=

f ' \�f n \��K2 n \�2K
2
2 �
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Vxevwlwxwlqj \��*v iru wkhlu ydoxhv zh jhw=

f '
E� � ��

2�j2�
�
�
E�� �� 2�j#�

�j2�
n

�
�2 � �

4

��
K2+68,

n

%
2 E�� ���2

�
j2#� n �

�
j2�j

2
# � j2#�

��
E� � �� �j2�

&
K22 c

Wklv htxdwlrq kdv wzr urrwv/ wkdw zh ghqrwh iK2�c K22j1 D vx!flhqw +exw qrw qhfhvvdu|,
frqglwlrq iru wkhvh urrwv wr eh uhdo lv wkdw

\�2\�f � f c

l1h1/
E�� ���2

�
j2#� n �

�
j2�j

2
# � j2#�

��
�2je�

� f

zklfk lv dozd|v wuxh zkhq � : �/ vlqfh E�� �� 	 f

j2�j
2
# � j2#� ' j2�j

2
#

�
�� Fruu E�c #�2

� � f c+69,

dqg doo rwkhu whupv lq wkh h{suhvvlrq iru \�2\�f duh srvlwlyh1 Vlploduo|/ zkhq � 	 � zh kdyh
\�2\�f : f/ vr wkh urrwv duh uhdo li

\2
�� � e\�2\�f � f�+6:,

Wr dqdo|}h wkh vljq ri wkh urrwv/ uhzulwh htxdwlrq +68, dv

f '
E� � ��2

e E�� ���2
�
j2#� n �

�
j2�j

2
# � j2#�

��+6;,

�
57 E� � �� j#�

�
�
j2#� n �

�
j2�j

2
# � j2#�

�� n E� � �� �j2�

�
�2 � �

4

�
2 E�� ���2

�
j2#� n �

�
j2�j

2
# � j2#�

��
68 K2 n K22

ru
f ' h\�f n h\��K2 n K22 �
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Iurp vwdqgdug wkhru| rq txdgudwlf htxdwlrqv/ wkh surgxfw ri wkh urrwv lv jlyhq e| h\�f/ zklfk
lv qhjdwlyh zkhq � : � dqg srvlwlyh zkhq � 	 �=

K2� � K22 ' h\�f

;A?A=
	 f li � : �

: f li � 	 �

�

Wkhuhiruh/ zkhq � : �/ wkh urrwv duh uhdo dqg kdyh rssrvlwh vljq dqg/ zkhq � 	 �/ wkh urrwv
kdyh wkh vdph vljq�surylghg wkh| duh uhdo1

Vlploduo|/ iurp vwdqgdug wkhru| rq txdgudwlf htxdwlrqv/

K2� n K22 ' �h\�� c

zklfk lv dozd|v srvlwlyh li i� 	 �c � 	 �c �j#� 	 fj ru i� : �c � : �c �j#� : fj/ dqg dozd|v
qhjdwlyh li i� : �c � 	 �c �j#� 	 fj ru i� 	 �c � : �c �j#� : fj/ vlqfh E�2 � 43�� 	 f/
ehfdxvh f 	 4 	 �/ m�m 	 � dqg/ iurp +69,/ wkh whup lq eudfnhwv lq wkh ghqrplqdwru lv
srvlwlyh1

Wkhuhiruh/ zkhq � 	 � dqg �j#� 	 f/ erwk urrwv duh srvlwlyh li � 	 � dqg qhjdwlyh li
� : �/ vr wkdw K2*E� � �� : f1 Zkhq � 	 � dqg �j#� : f/ wkh vdph uhvxow vwloo rewdlqv/
surylghg wkh frqglwlrq iru uhdo urrwv +6:, krogv �wklv frqglwlrq lpsolhv �j2�E�

2 � 43��2 :

�E�� ��2�j#�E�
2 � 43��/ zklfk lv vx!flhqw wr rewdlq wkh uhvxow iru wklv fdvh1

Zkhq � : �/ wkh urrwv ri wkh htxdwlrq dowhuqdwh lq vljq1 Li �j#� : f/ zh fdq zulwh wkh
h{suhvvlrq iru wkh urrwv ri htxdwlrq +68, dv

K2 ' E� � ��
�E�n��	sE�n��2 n �

�( c

zkhuh �/ �/ �/ ( duh srvlwlyh frqvwdqwv�surylghg wkdw � : � dqg �j#� : f�vr fkrrvlqj
wkh srvlwlyh urrw ri wkh glvfulplqdqw gholyhuv K2 	 f li � : � dqg K2 : f li � 	 �/ dqg
K2*E� � �� : f1 Wkh rssrvlwh rewdlqv li zh fkrrvh wkh qhjdwlyh urrw1 Li �j#� 	 f/ zh fdq
zulwh wkh h{suhvvlrq iru wkh urrwv ri wkh htxdwlrq dv

K2 ' E� � ��
E�� n��	sE��n��2 n �

�( c

7:



dqg wkh vdph uhvxow rewdlqv1�

Surri ri Surshuw| 51

Wr suryh Surshuw| 5 zh qhhg wr frqvlghu wzr fdvhv/ wkh fdvh lq zklfk �j#� 	 f dqg wkh
fdvh lq zklfk �j#� : f1

Fdvh �j#� 	 f

Iurp wkh odvw sduw ri wkh surri ri Surshuw| 4/ zh kdyh wkdw K2*E���� 	 f zkhq zh vhohfw
wkh ydoxh ri K2 dvvrfldwhg zlwk wkh srvlwlyh urrw ri wkh glvfulplqdqw ri htxdwlrq +56,1

Soxjjlqj wklv uhvxow lqwr wkh vhfrqg htxdwlrq ri Sursrvlwlrq 4 zh rewdlq lpphgldwho|
wkdw @� : f zkhq � : �/ dqg �j#� 	 f/ vlqfh doo wkh whupv lq wkh htxdwlrq duh srvlwlyh1
Dovr/ zkhq � ' �/ wkh vhfrqg whup lq wkh htxdwlrq lv }hur/ vr @� ' �*j2� : f1 Zkhq � 	 �

wkh �uvw whup lv srvlwlyh exw wkh vhfrqg lv qhjdwlyh/ vr zh qhhg wr suryh zkhwkhu wkh vxp ri
erwk whupv lv srvlwlyh1 Vroylqj iru wkh srvlwlyh urrw ri wkh glvfulplqdqw lq +68, dqg soxjjlqj
wkh uhvxow lq wkh vhfrqg htxdwlrq lq Sursrvlwlrq 4/ zh �qg=

@� '
e��2j2#j

2
� � 2��j#�j

2
�

�
�2 � �

4

�
n
s
�

e��2j2�
�
j2#� n �

�
j2#j

2
� � j2#�

�� c+6<,

zkhuh

� '

�
2��j#�j

2
�

�
�2 � �

4

��2
n �S� E�� ����j�#�j

2
#

�
�2 � �

4

�
� �S� E�� ���ej2#�j

2
�j

2
#�

Vlqfh wkh ghqrplqdwru lv dozd|v srvlwlyh/ wkh vljq ri wkh vorsh ghshqgv rq wkh vljq ri wkh
qxphudwru1 D vwudljkwiruzdug dqdo|vlv ri wkh qxphudwru vkrzv wkdw d frxsoh ri vx!flhqw
frqglwlrqv iru lw wr eh srvlwlyh duh

j2#
2�2�

�
4
� �2

� � ��j#� c

dqg

j2#
�2�

�
4
� �2

� 	 ��j#� �
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Exw li wkh �uvw vx!flhqw frqglwlrq lv ylrodwhg/ wkh vhfrqg rqh lv lpphgldwho| yhul�hg/ vr
@� : f1

Fdvh �j#� : f

Iurp wkh odvw sduw ri wkh surri ri Surshuw| 4/ zh kdyh wkdw K2*E�� �� : f zkhq � 	 �

�surylghg wkdw wkh frqglwlrq iru uhdo urrwv +6:, lq +68, krogv1 Soxjjlqj wklv uhvxow lqwr
wkh vhfrqg htxdwlrq ri Sursrvlwlrq 4 zh rewdlq lpphgldwho| wkdw @� : f vlqfh � 	 � dqg
�j#� : f1 Wkhuhiruh/ wkh vorsh ri wkh rswlpdo sruwirolr srolf| lv dozd|v srvlwlyh qr pdwwhu
zkdw urrw zh vhohfw iru wkh glvfulplqdqw ri htxdwlrq +56,1

Zkhq � : �/ vroylqj iru wkh qhjdwlyh urrw ri wkh glvfulplqdqw lq +68, dqg soxjjlqj wkh
uhvxow lq wkh vhfrqg htxdwlrq ri Sursrvlwlrq 4/ zh �qg djdlq +6<,/ zklfk lv dozd|v srvlwlyh
zkhq � : �1 Li zh vroyh iru wkh srvlwlyh urrw ri wkh glvfulplqdqw lq +68, dqg zh soxj
wkh uhvxow lqwr wkh vhfrqg htxdwlrq ri Sursrvlwlrq 4/ zh �qg dq h{suhvvlrq vlplodu wr +6<,/
h{fhsw wkdw wkh vhfrqg whup lv vxewudfwhg1 D vx!flhqw frqglwlrq iru wklv h{suhvvlrq wr eh
srvlwlyh lv ��LhhE#|n�c �|n�� : ��LhhE#|n�c �|n��

�/ zklfk lv dozd|v wuxh ehfdxvh t�}?E�j#�� '

t�}?E��LhhE#|n�c �|n��� dqg m�LhhE#|n�c �|n��m � ���

Wkh olplwlqj ehkdylru ri @�

Uhjdugohvv ri wkh vljq ri wkh fryduldqfh dqg �/ @� $ n4 dv dv � $ f dqg @� $ f dv
� $ n41 Wr suryh wkh �uvw uhvxow/ qrwh wkdw K2 $ E� � ��*2�j#� dv � $ f1 Vxevwlwxwlqj
wklv uhvxow lqwr wkh wkh htxdwlrq iru @� lq Sursrvlwlrq 4 dqg wdnlqj olplwv dv � $ f zh �qg =

*�4
�<f

@� '
�

j2�

�
*�4
�<f

�

�
� �� �

�

�
'

�

j2�
*�4
�<f

�

�
' n4 �

Vlploduo|/ iurp +6<, zh kdyh wkdw wkh qxphudwru ri @� lv �E��/ zkloh wkh ghqrplqdwru lv
�E�2�1 Khqfh/ wdnlqj olplwv dv � $4 zh kdyh wkdw @� $ f��

Surri ri Surshuw| 61

7<



Sduw d

Zkhq � ' �/ Ohppd 9 lq Dsshqgl{ 4 lpsolhv wkdw �f ' �� ' �2 ' f vr wkh lqwhufhsw
whup �Rc| lq wkh Hxohu Htxdwlrq +45, lv }hur1 Zh dovr vhh wklv e| qrwlflqj wkdw � ' � lpsolhv
w ' f� Vxevwlwxwlqj � ' � lq Sursrvlwlrq 4 zh rewdlq wkh vdph p|rslf sruwirolr uxoh dv zlwk
orj xwlolw|1 Lw lv vwudljkwiruzdug wr vhh wkdw wklv uxoh pd{lpl}hv wkh frqglwlrqdo h{shfwdwlrq
ri wkh orj sruwirolr uhwxuq1 Krzhyhu/ wkh frqvxpswlrq0zhdowk udwlr lv qr orqjhu frqvwdqw
xqohvv � ' �/ dv zh fdq vhh iurp Ohppd : lq Dsshqgl{ 41 Wkhuhiruh/ xqlw uhodwlyh ulvn
dyhuvlrq lpsolhv d p|rslf rswlpdo sruwirolr srolf| dqg d qrq0p|rslf rswlpdo frqvxpswlrq
srolf|1 Jlrydqqlql dqg Zhlo +4<;<, hpskdvl}h wklv uhvxow1�

Sduw e

Zkhq �$ �/ wkh htxdwlrq v|vwhp lq Sursrvlwlrq 5 gholyhuv K� ' K2 ' f dqg

Kf '
4

�� 4
E& � *L} B� �

Diwhu vxevwlwxwlqj iru wkh ydoxh ri &/ wklv uhvxow vlpsol�hv wr

Kf ' *L} E�� 4� �+73,

Pruhryhu/ zh nqrz iurp vwdqgdug dujxphqwv wkdw 4 ' B1 Wkhuhiruh/ lw lv rswlpdo iru wkh
lqglylgxdo wr frqvxph hdfk shulrg d �{hg iudfwlrq ri khu zhdowk1 Iroorzlqj Jlrydqqlql dqg
Zhlo +4<;<,/ zh fdoo wklv rswlpdoo| frqvwdqw surshqvlw| wr frqvxph rxw ri zhdowk d p|rslf
frqvxpswlrq srolf|1

Krzhyhu/ wkh djhqw*v rswlpdo sruwirolr srolf| lv qrw p|rslf1 Wklv lv ehfdxvh/ iurp htxd0
wlrq +74, lq wkh surri ri Surshuw| 6 ehorz/ zh kdyh wkdw K2* E�� �� dqg K�* E�� �� duh
qrq0}hur frqvwdqwv lqghshqghqw ri � iru jlyhq 41 Wkhuhiruh/ zkhq � ' � wkh whupv lq
iK�c K2j lq wkh v|vwhp gh�qlqj wkh rswlpdo sruwirolr srolf| lq Sursrvlwlrq 4 gr qrw ydqlvk/
dqg d qrq0p|rslf sruwirolr srolf| rewdlqv1 Jlrydqqlql dqg Zhlo +4<;<, dovr hpskdvl}h wklv
uhvxow1

Sduw f

Wkh ydoxhv iru Kf/ K� dqg K2 rewdlq iurp wkh surri iru Sduw e1 Vxevwlwxwlqj iru � ' � lqwr
Sursrvlwlrq 4/ zh rewdlq @f ' �*2 dqg @� ' �*j2�1�
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Sduw g

Zlwk frqvwdqw h{shfwhg uhwxuqv/ j#� ' f1 Iurp Sursrvlwlrq 4 zh rewdlq wkh vdph
sruwirolr srolf| dv lq wkh orj xwlolw| fdvh/ h{fhsw wkdw � 9' �= @f ' �*2� dqg @� ' �*�j2�1
Dovr/ vlqfh %| lv ghwhuplqlvwlf/ +64, lpsolhv wkdw S| � �| lv frqvwdqw1 Wklv lv wkh zhoo0nqrzq
uhvxow iru wkh rswlpdo sruwirolr uxoh zkhq uhwxuqv duh l1l1g1�

Surri ri Surshuw| 71

D vwudljkwiruzdug dqdo|vlv ri wkh vroxwlrqv wr htxdwlrqv +55, dqg +56, lq Sursrvlwlrq 5
vkrzv wkdw zh fdq zulwh K� dqg K2 dv

K� ' E� � �� u� E�c 4� c+74,

K2 ' E� � �� u2 E�c 4� c

zkhuh u� E�c 4� dqg u� E�c 4� duh ixqfwlrqv wkdw gr qrw ghshqg rq �1 Diwhu vxevwlwxwlrq lq wkh
htxdwlrq v|vwhp lq Sursrvlwlrq 4/ zh �qg wkdw wkh sdudphwhuv gh�qlqj wkh rswlpdo sruwirolr
uxoh/ i@fc @�j gr qrw ghshqg rq � iru jlyhq 41 Krzhyhu/ 4 lwvhoi lv d ixqfwlrq ri ��uhfdoo wkdw
4 ' ��i T i. dS| � �|oj�vr wkh rswlpdo sruwirolr uxoh ghshqgv rq � lqgluhfwo| wkurxjk 41�

Surri ri Surshuw| 81

Wr suryh wklv uhvxow/ qrwh wkdw htxdwlrq +56, lq Sursrvlwlrq 5/ wkdw ghwhuplqhv K2/ lv irxqg
e| htxdwlqj wkh uljkw kdqg vlgh ri wkh wklug htxdwlrq lq Ohppdv 9 dqg :/ dqg vxevwlwxwlqj
rxw @� xvlqj wkh vhfrqg htxdwlrq lq Sursrvlwlrq 41 Qrqh ri wkhvh htxdwlrqv ghshqg rq >1�

[ Uhihuhqfhv

Edogx}}l/ Shuoxljl/ dqg Dqwkrq| O|qfk/ �Wkh Lpsdfw ri Suhglfwdelolw| dqg Wudqvdfwlrq
Frvwv rq Sruwirolr Fkrlfh lq d Pxowlshulrg Vhwwlqj/� xqsxeolvkhg sdshu/ Ervwrq Froohjh
dqg Qhz \run Xqlyhuvlw|/ 4<<:d1

Edogx}}l/ Shuoxljl/ dqg Dqwkrq| O|qfk/ �Wudqvdfwlrq Frvwv dqg Suhglfwdelolw|= Vrph Xwlo0
lw| Frvw Fdofxodwlrqv/� xqsxeolvkhg sdshu/ Ervwrq Froohjh dqg Qhz \run Xqlyhuvlw|/
4<<:e1
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Eduehulv/ Qlfkrodv F1/ �Krz Elj Duh Khgjlqj GhpdqgvB Hylghqfh iurp Orqj0Krul}rq
Dvvhw Doorfdwlrq/� iruwkfrplqj Mrxuqdo ri Ilqdqfh OLLL +4<<;,1

Eudqgw/ Plfkdho Z1/ �Hvwlpdwlqj Sruwirolr dqg Frqvxpswlrq Fkrlfh= D Frqglwlrqdo Hxohu
Htxdwlrqv Dssurdfk/� iruwkfrplqj Mrxuqdo ri Ilqdqfh OLLL +4<<;,1

Euhqqdq/ Plfkdho M1/ Hgxdugr V1 Vfkzduw}/ dqg Urqdog Odjqdgr/ �Vwudwhjlf Dvvhw Doorfd0
wlrq/� Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ [[L +4<<:,/ 46::047361

Fdpsehoo/ Mrkq \1/ �Vwrfn Uhwxuqv/ dqg wkh Whup Vwuxfwxuh/� Mrxuqdo ri Ilqdqfldo Hfr0
qrplfv [YLLL +4<;:,/ 6:6�6<<1

�/ �Lqwhuwhpsrudo Dvvhw Sulflqj zlwkrxw Frqvxpswlrq Gdwd/� Dphulfdq Hfrqrplf Uhylhz
O[[[LLL +4<<6,/ 7;:�8451

�/ �Xqghuvwdqglqj Ulvn dqg Uhwxuq/� Mrxuqdo ri Srolwlfdo Hfrqrp| FLY +4<<9,/ 5<;�6781

Fdpsehoo/ Mrkq \1 dqg Mrkq K1 Frfkudqh/ �E| Irufh ri Kdelw= D Frqvxpswlrq0Edvhg
H{sodqdwlrq ri Djjuhjdwh Vwrfn Pdunhw Ehkdylru�/ iruwkfrplqj Mrxuqdo ri Srolwlfdo
Hfrqrp| FYL +4<<;,1

Fdpsehoo/ Mrkq \1/ Mrær Frffr/ Iudqflvfr Jrphv/ Sdvfdo M1 Pdhqkrxw/ dqg Oxlv P1 Ylfhlud/
�Vwrfn Pdunhw Phdq Uhyhuvlrq dqg wkh Rswlpdo Htxlw| Doorfdwlrq ri d Orqj0Olyhg
Lqyhvwru/� xqsxeolvkhg sdshu/ Kduydug Xqlyhuvlw|/ 4<<;1

Fdpsehoo/ Mrkq \1/ dqg K|hqj Nhxq Nrr/ �D Frpsdulvrq ri Qxphulfdo dqg Dqdo|wlfdo
Dssur{lpdwh Vroxwlrqv wr dq Lqwhuwhpsrudo Frqvxpswlrq Fkrlfh Sureohp/� Mrxuqdo
ri Hfrqrplf G|qdplfv dqg Frqwuro [[L +4<<:,/ 5:6�5<81

Fdpsehoo/ Mrkq \1/ Dqguhz Z1 Or/ dqg D1 Fudlj PdfNlqod|/ Wkh Hfrqrphwulfv ri Ilqdq0
fldo Pdunhwv +Sulqfhwrq/ QM= Sulqfhwrq Xqlyhuvlw| Suhvv/ 4<<:, 1

Fdpsehoo/ Mrkq \1/ dqg Q1 Juhjru| Pdqnlz/ �Frqvxpswlrq/ Lqfrph/ dqg Lqwhuhvw Udwhv=
Uhlqwhusuhwlqj wkh Wlph0Vhulhv Hylghqfh/� lq QEHU Pdfurhfrqrplfv Dqqxdo 4<;<
+Fdpeulgjh/ PD= PLW Suhvv/ 4<;<,1
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Fdpsehoo/ Mrkq \1/ dqg Urehuw Vkloohu/ �Wkh Glylghqg0Sulfh Udwlr dqg H{shfwdwlrqv ri
Ixwxuh Glylghqgv dqg Glvfrxqw Idfwruv/� Uhylhz ri Ilqdqfldo Vwxglhv L +4<;;d,/ 4<80
55:1

�/ �Vwrfn Sulfhv/ Hduqlqjv/ dqg H{shfwhg Glylghqgv/� Mrxuqdo ri Ilqdqfh [OLLL +4<;;e,/
99409:91

Fdpsehoo/ Mrkq \1/ dqg Oxlv P1 Ylfhlud/ �Frqvxpswlrq dqg Sruwirolr Ghflvlrqv Zkhq
H{shfwhg Uhwxuqv duh Wlph Ydu|lqj/� QEHU Zrunlqj Sdshu Qr1 8;8:/ 4<<91

�/ �Zkr Vkrxog Ex| Orqj0Whup ErqgvB/� xqsxeolvkhg sdshu/ Kduydug Xqlyhuvlw|/ 4<<:1

Fhffkhwwl/ Vwhyhq/ Srn0vdqj Odp/ dqg Qhovrq F1 Pdun/ �Whvwlqj Yrodwlolw| Uhvwulfwlrqv rq
Lqwhuwhpsrudo Pdujlqdo Udwhv ri Vxevwlwxwlrq Lpsolhg e| Hxohu Htxdwlrqv dqg Dvvhw
Uhwxuqv/� Mrxuqdo ri Ilqdqfh LO +4<<3,/ 45604851

Frfkudqh/ Mrkq/ dqg Oduv S1 Kdqvhq/ �Dvvhw Sulflqj H{sorudwlrqv iru Pdfurhfrqrplfv/� lq
QEHU Pdfurhfrqrplfv Dqqxdo 4<<5 +Fdpeulgjh/ PD= PLW Suhvv/ 4<<5,1

Frqvwdqwlqlghv/ Jhrujh P1/ �D Wkhru| ri wkh Qrplqdo Whup Vwuxfwxuh ri Lqwhuhvw Udwhv/�
Uhylhz ri Ilqdqfldo Vwxglhv Y +4<<5,/ 86408851

Fr{/ Mrkq F1/ dqg Fkl0ix Kxdqj/ �Rswlpdo Frqvxpswlrq dqg Sruwirolr Srolflhv zkhq Dvvhw
Sulfhv Iroorz d Gl�xvlrq Surfhvv/� Mrxuqdo ri Hfrqrplf Wkhru| L[O +4<;<,/ 660;61

Gx!h/ Gduuhoo/ dqg Odzuhqfh Hsvwhlq/ �Vwrfkdvwlf Gl�huhqwldo Xwlolw|/� Hfrqrphwulfd O[
+4<<5,/ 686�6<71

Hoolrww/ Judkdp/ dqg Mdphv K1 Vwrfn/ �Lqihuhqfh lq Wlph Vhulhv Uhjuhvvlrq Zkhq wkh Rughu
ri Lqwhjudwlrq ri d Uhjuhvvru Lv Xqnqrzq/� Hfrqrplf Wkhru| [ +4<<7,/ 9:50:331

Hsvwhlq/ Odzuhqfh/ dqg Vwdqoh| ]lq/ �Vxevwlwxwlrq/ Ulvn Dyhuvlrq/ dqg wkh Whpsrudo Eh0
kdylru ri Frqvxpswlrq dqg Dvvhw Uhwxuqv= D Wkhruhwlfdo Iudphzrun/� Hfrqrphwulfd
OYLL +4<;<,/ <6:�<9<1

�/ �Vxevwlwxwlrq/ Ulvn Dyhuvlrq/ dqg wkh Whpsrudo Ehkdylru ri Frqvxpswlrq dqg Dvvhw
Uhwxuqv= Dq Hpslulfdo Lqyhvwljdwlrq/� Mrxuqdo ri Srolwlfdo Hfrqrp| LF +4<<4,/ 596�
5;91
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Idpd/ Hxjhqh/ dqg Nhqqhwk Iuhqfk/ �Glylghqg \lhogv dqg H{shfwhg Vwrfn Uhwxuqv/� Mrxu0
qdo ri Ilqdqfldo Hfrqrplfv [[LL +4<;;,/ 605:1

�/ �Exvlqhvv Frqglwlrqv dqg H{shfwhg Uhwxuqv rq Vwrfnv dqg Erqgv/� Mrxuqdo ri Ilqdqfldo
Hfrqrplfv [[Y +4<;<,/ 5607<1

Ilvfkhu/ Vwdqoh|/ �Lqyhvwlqj iru wkh Vkruw dqg wkh Orqj Whup/� lq ]yl Erglh dqg Mrkq E1
Vkryhq hgv1/ Ilqdqfldo Dvshfwv ri wkh Xqlwhg Vwdwhv Shqvlrq V|vwhp +Fklfdjr/ LO= Wkh
Xqlyhuvlw| ri Fklfdjr Suhvv/ 4<;6,1

Jlrydqqlql/ Doehuwr/ dqg Sklolssh Zhlo/ �Ulvn Dyhuvlrq dqg Lqwhuwhpsrudo Vxevwlwxwlrq lq
wkh Fdslwdo Dvvhw Sulflqj Prgho/� QEHU Zrunlqj Sdshu Qr1 5;57/ 4<;<1

Jrogpdq/ P1 Eduu|/ �Dqwl0Glyhuvl�fdwlrq ru Rswlpdo Surjudpphv iru Lqiuhtxhqwo| Uhylvhg
Sruwirolrv/� Mrxuqdo ri Ilqdqfh [[[LY +4<:<,/ 83808491

Kdoo/ Urehuw H1/ �Lqwhuwhpsrudo Vxevwlwxwlrq lq Frqvxpswlrq/� Mrxuqdo ri Srolwlfdo Hfrq0
rp| [FYL +4<;;,/ 66<068:1

Kdplowrq/ Mdphv G1/ Wlph Vhulhv Dqdo|vlv +QM= Sulqfhwrq Xqlyhuvlw| Suhvv/ 4<<7,1

Kdqvhq/ Oduv S1/ dqg Udyl Mdjdqqdwkdq/ �Uhvwulfwlrqv rq Lqwhuwhpsrudo Pdujlqdo Udwhv
ri Vxevwlwxwlrq Lpsolhg e| Dvvhw Uhwxuqv/� Mrxuqdo ri Srolwlfdo Hfrqrp| LF +4<<4,/
55805951

Kh/ Kxd dqg Qhlo G1 Shduvrq/ �Frqvxpswlrq dqg Sruwirolr Srolflhv zlwk Lqfrpsohwh Pdunhwv
dqg Vkruw0Vdoh Frqvwudlqwv= Wkh Lq�qlwh0Glphqvlrqdo Fdvh�/ Mrxuqdo ri Hfrqrplf
Wkhru| OLY +4<<4,/ 58<�6371

Krgulfn/ Urehuw M1/ �Glylghqg \lhogv dqg H{shfwhg Vwrfn Uhwxuqv= Dowhuqdwlyh Surfhgxuhv
iru Lqihuhqfh dqg Phdvxuhphqw/� Uhylhz ri Ilqdqfldo Vwxglhv Y +4<<5,/ 68:06;91

Lqjhuvroo/ Mrqdwkdq H1/ Mu1/ Wkhru| ri Ilqdqfldo Ghflvlrq Pdnlqj +QM= Urzpdq dqg Olw0
woh�hog/ 4<;:,1

Ndqgho/ Vkpxho/ dqg Urehuw Vwdpedxjk/ �Rq wkh Suhglfwdelolw| ri Vwrfn Uhwxuqv= Dq
Dvvhw Doorfdwlrq Shuvshfwlyh/� Mrxuqdo ri Ilqdqfh OL +4<<9,/ 6;807571

87



Nlp/ Wrqj Vxn/ dqg Hgzdug Rpehuj/ �G|qdplf Qrqp|rslf Sruwirolr Ehkdylru/� Uhylhz
ri Ilqdqfldo Vwxglhv L[ +4<<9,/ 474�4941

Nrfkhuodnrwd/ Qdud|dqd U1/ �Wkh Htxlw| Suhplxp= Lw*v Vwloo d Sx}}oh/� Mrxuqdo ri Hfr0
qrplf Olwhudwxuh [[[LY +4<<9,/ 750:41

Phkud/ Udmqlvk/ dqg Hgzdug F1 Suhvfrww/ �Wkh Htxlw| Suhplxp= D Sx}}oh/� Mrxuqdo ri
Prqhwdu| Hfrqrplfv [Y +4<;8,/ 47804941

Phuwrq/ Urehuw F1/ �Olihwlph Sruwirolr Vhohfwlrq Xqghu Xqfhuwdlqw|= Wkh Frqwlqxrxv Wlph
Fdvh/� Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv OL +4<9<,/ 57:�58:1

�/ �Rswlpxp Frqvxpswlrq dqg Sruwirolr Uxohv lq d Frqwlqxrxv0Wlph Prgho/� Mrxuqdo ri
Hfrqrplf Wkhru| LLL +4<:4,/ 6:6�7461

�/ �Dq Lqwhuwhpsrudo Fdslwdo Dvvhw Sulflqj Prgho/� Hfrqrphwulfd [OL +4<:4,/ ;9:�;:1

�/ Frqwlqxrxv Wlph Ilqdqfh +Fdpeulgjh/ PD= Edvlo Eodfnzhoo/ 4<<3,1

Uhvwr|/ Ihuqdqgr/ �Rswlpdo Sruwirolr Srolflhv Xqghu Wlph0Ghshqghqw Uhwxuqv/� Edqn ri
Vsdlq Zrunlqj Sdshu <53:/ Edqn ri Vsdlq/ Pdgulg/ Vsdlq/ 4<<51

Vdpxhovrq/ Sdxo D1/ �Olihwlph Sruwirolr Vhohfwlrq e| G|qdplf Vwrfkdvwlf Surjudpplqj/�
Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv OL +4<9<,/ 56<�5791

Vfkurghu/ Pdun/ dqg Frvwlv Vnldgdv/ �Rswlpdo Frqvxpswlrq dqg Sruwirolr Vhohfwlrq zlwk
Vwrfkdvwlf Gl�huhqwldo Xwlolw|/� xqsxeolvkhg sdshu/ VXQ\ dw Ex�dor dqg Qruwkzhvwhuq
Xqlyhuvlw|/ 4<<;1

Vlhjho/ Mhuhp| M1/ Vwrfnv iru wkh Orqj Uxq +Exuu Ulgjh/ LO= Ulfkdug G1 Luzlq/ 4<<7,1

Vyhqvvrq/ Oduv H1R1/ �Sruwirolr Fkrlfh zlwk Qrq0H{shfwhg Xwlolw| lq Frqwlqxrxv Wlph/�
Hfrqrplfv Ohwwhuv [[[ +4<;<,/ 646064:1

Ylfhlud/ Oxlv P1/ �Rswlpdo Sruwirolr Fkrlfh iru Orqj0Krul}rq Lqyhvwruv zlwk Qrqwudgdeoh
Lqfrph/� xqsxeolvkhg sdshu/ Kduydug Xqlyhuvlw|/ 4<<:1
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Zhlo/ Sklolssh/ �Wkh Htxlw| Suhplxp Sx}}oh dqg wkh Ulvn0Iuhh Udwh Sx}}oh/� Mrxuqdo ri
Prqhwdu| Hfrqrplfv [[LY +4<;<,/ 734�7541

KDUYDUG XQLYHUVLW\ DQG QDWLRQDO EXUHDX RI HFRQRPLF UHVHDUFK

KDUYDUG XQLYHUVLW\
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WDEOH L

Hvwlpdwhv ri wkh Vwrfkdvwlf Surfhvv

iru Uhwxuqv +4<7:14 0 4<<817,

+D, Uhvwulfwhg YDU+4,=

�
u4>w.4 � ui
gw.4 � sw.4

�
@

3
EEC

3=4:6
+3=399,
�3=479
+3=3:6,

4
FFD.

3
EEC

3=37:
+3=353,
3=<8:
+3=355,

4
FFD +gw � sw, .

�
�4>w.4
�5>w.4

�


 @

3
EEC

8=5<9H � 6 �7=5<3H � 6
+3=873H � 6, +3=855H � 6,
�7=5<3H � 6 9=6<:H � 6
+3=855H � 6, +3=986H � 6,

4
FFD U5 @

�
3=35;
3=<43

�

+E, Ghulyhg prgho=

u4>w.4 � ui @ {w . xw.4
{w.4 @ 4=583H � 5 . 3=<8: +{w � �, . �w.4

+3=338, +3=355,

�
�5x �x>�
�x>� �5�

�
@

3
EEC

8=5<9H � 6 �3=536H � 6
+3=873H � 6, +3=3<3H � 6,
�3=536H � 6 3=347H � 6
+3=3<3H � 6, +3=345H � 6,

4
FFD

ui @ =3:4H � 5 �5{@�
5
x @ 6=548H � 5 fruu+�> x, @ �3=:6:



WDEOH LL

Rswlpdo Sruwirolr Srolf|

U1U1D1 H1L1V1

+D, H{srqhqwldwhg lqwhufhsw= d�f � �ff

421:8 4133 42418 425 427 4243 4253 4273

31:8 06;188 05<16; 056168 054135 04;148 04919; 049156 049134
4133 3133 3133 3133 3133 3133 3133 3133 3133
4183 5:143 56183 53183 4<14: 4:183 4918; 4915< 49148
5133 661:: 6319: 5:1;< 59195 571;7 561<6 56195 5617:
7133 5<1<7 5<1;4 5<19: 5<193 5<183 5<177 5<175 5<174
4313 49133 4:14< 4;185 4<156 53169 5414; 54177 5418:
5313 ;1:8 <1:4 431:< 4416; 45173 46138 4615: 4616;
7313 718: 8149 81;6 9153 91;7 :158 :174 :17;

+E, Vorsh= d�

421:8 4133 42418 425 427 4243 4253 4273

31:8 55517: 558147 55:166 55;163 55<195 563169 563193 5631:5
4133 4;;1;4 4;;1;4 4;;1;4 4;;1;4 4;;1;4 4;;1;4 4;;1;4 4;;1;4
4183 478178 477168 476166 4751;8 475153 4741;6 4741:4 474198
5133 44;178 44:17< 44918: 449146 44817; 448147 448136 4471<:
7133 9;13< 9;138 9;133 9:1<; 9:1<8 9:1<6 9:1<5 9:1<5
4313 5<1<5 63164 631:5 631<7 6415: 64183 6418; 64194
5313 4817: 481:; 49144 4915< 4918; 491:8 491;4 491;7
7313 :1;: ;139 ;159 ;16: ;188 ;199 ;1:3 ;1:5



WDEOH LLL

Phdq Rswlpdo Shufhqwdjh Doorfdwlrq wr Vwrfnv dqg
Shufhqwdjh Phdq Khgjlqj Ghpdqg Ryhu Phdq Wrwdo Ghpdqg

U1U1D1 H1L1V1

+D, Phdq rswlpdo shufhqwdjh doorfdwlrq wr vwrfnv=

�w ' dd�f n d�E� n �2x @2�o� �ff

421:8 4133 42418 425 427 4243 4253 4273

31:8 5<;16: 64418< 6531<5 6571:6 65<193 66514< 666134 666174
4133 5;81<8 5;81<8 5;81<8 5;81<8 5;81<8 5;81<8 5;81<8 5;81<8
4183 57:16: 575144 56:18: 568184 5651;9 56416: 5631<3 56319:
5133 546149 53;193 537177 53517< 4<<1:6 4<;164 4<:1;6 4<:18<
7133 466139 4651;9 465198 465188 465173 465164 46515; 465159
4313 94165 96143 98138 9913< 9:1:5 9;1;< 9<159 9<178
5313 6514; 66193 68153 69138 6:183 6;175 6;1:6 6;1;<
7313 4917< 4:169 4;168 4;1;; 4<1:< 53169 5318< 5319<

+E, Iudfwlrq gxh wr khgjlqj ghpdqg +shufhqwdjh,=�
�w >khgj lqj E�( �> #�@�w E�( �> #�

�
� �ff

421:8 4133 42418 425 427 4243 4253 4273

31:8 05:1:; 055169 04;1;3 04:174 04819: 0471:: 04717< 047168
4133 3133 3133 3133 3133 3133 3133 3133 3133
4183 551<6 54159 4<1:9 4<138 4;146 4:194 4:177 4:169
5133 651<6 64179 63139 5<16< 5;175 5:1<3 5:1:6 5:197
7133 7915: 7914< 79144 7913: 79134 781<: 781<9 781<8
4313 86169 8719; 89137 891:6 8:1:: 8;17< 8;1:4 8;1;6
5313 8818: 8:178 8<16; 93167 941;: 951:; 9613< 96157
7313 89197 8;1;6 94137 95147 961;; 971;< 9815; 98178



WDEOH LY

Rswlpdo Frqvxpswlrq0Zhdowk Udwlr dqg
Orqj0Whup H{shfwhg Orj Uhwxuq rq Zhdowk

U1U1D1 H1L1V1

+D, Frqvxpswlrq0Zhdowk udwlrv=

Fw@Zw ' i TiHdfw � zw oj � �ff

421:8 4133 42418 425 427 4243 4253 4273

31:8 318; 4186 5179 51<5 6195 7137 714; 7158
4133 31:; 4186 515< 5199 6155 6188 6199 61:5
4183 4136 4186 5137 5163 519: 51<3 51<: 6134
5133 414< 4186 41;; 5138 5164 517: 5185 5187
7133 4185 4186 4188 4189 418: 418; 418; 418;
4313 41:< 4186 415; 4148 31<7 31;5 31:; 31:9
5313 41<3 4186 414: 31<; 31:3 3185 3179 3177
7313 41<9 4186 4144 31<3 318: 316: 3163 315:

+E, Orqj0Whup h{shfwhg orj uhwxuq rq zhdowk=

,
�
us >wn�

�
� �ff

421:8 4133 42418 425 427 4243 4253 4273

31:8 61:< 61:: 61:7 61:6 61:5 61:4 61:4 61:4
4133 61;7 61;7 61;7 61;7 61;7 61;7 61;7 61;7
4183 61:5 61:3 619< 619; 619: 619: 6199 6199
5133 617; 6179 6176 6175 6173 6173 616< 616<
7133 518: 518: 5189 5189 5189 5189 5189 5189
4313 416: 4173 4176 4177 4179 417; 417< 417<
5313 31:; 31;4 31;6 31;8 31;: 31;< 31;< 31;<
7313 3178 3179 317; 317< 3183 3184 3185 3185



WDEOH Y

Yrodwlolw| ri Frqvxpswlrq Jurzwk dqg
Yrodwlolw| ri wkh Orj Frqvxpswlrq0Zhdowk Udwlr

U1U1D1 H1L1V1

+D, Yrodwlolw| ri frqvxpswlrq jurzwk=

j E{S|n� 3.| d{S|n�o�f �ff

421:8 4133 42418 425 427 4243 4253 4273

31:8 6:145 6414: 5:174 59145 571:4 57146 561<: 561<3
4133 66177 5:17: 5617< 5513; 53188 4<1<4 4<1:7 4<199
4183 5:176 55165 4;196 4:15; 481;6 48159 48144 48138
5133 5613: 4;1;7 48195 47174 46145 45198 45187 4517<
7133 461<6 44196 <19< ;1<6 ;149 :1<8 :1<5 :1<5
4313 9164 8175 7194 715< 61<< 61<: 7133 7135
5313 615< 51;: 517: 5164 514: 514< 5154 5155
7313 419; 417; 415; 4153 4147 4148 414: 414;

+E, Yrodwlolw| ri wkh frqvxpswlrq0zhdowk udwlr=

j ES|n� 3�|n� 3.| dS|n� 3 �|n�o�f �ff

421:8 4133 42418 425 427 4243 4253 4273

31:8 ;1<: 3133 91:5 <17< 46145 48135 48194 481<3
4133 :1:: 3133 913: ;198 45136 461;9 47176 471:4
4183 9144 3133 8146 :16; 4317: 45148 4519< 451<8
5133 8137 3133 7178 917; <163 431<3 44174 4419:
7133 51<7 3133 51<5 716; 9188 :1;8 ;15; ;17<
4313 4163 3133 4177 5155 6179 715: 7188 719<
5313 319: 3133 31:; 4155 41<7 5174 518; 5199
7313 3167 3133 3174 3197 4136 415; 416; 4175



WDEOH YL

Rswlpdo Frqvxpswlrq Uxohv Lpsolhg

e| Uhvwulfwhg Sruwirolr Uxohv

Sruwirolr Uxoh Rswlpdo Frqvxpswlrq Uxoh

Jlyhq Sruwirolr Uxoh

Wlplqj �w @ d�3 . d4+{w . �5x@5, fw �zw @ e�3 . e�4+{w . �5x@5, . e5+{w . �5x@5,

Khgjlqj

Qr0Wlplqj �w @ d�3 . d4+�. �5x@5, fw �zw @ ek>qw
3

. ek>qw
4

+{w . �5x@5,

Wlplqj �w @
{w . �5x@5

��5x
fw �zw @ eqk>w

3
. eqk>w

4
+{w . �5x@5, . eqk>w

5
+{w . �5x@5,

Qr0Khgjlqj

Qr0Wlplqj �w @
�. �5x@5

��5x
fw �zw @ eqk>qw

3
. eqk>qw

4
+{w . �5x@5,



WDEOH YLL

Shufhqwdjh Phdq Ydoxh Ixqfwlrq Zkhq wkh Rswlpdo Sruwirolr
Uxoh lv Xquhvwulfwhg/ dqg Shufhqwdjh Orvv lq wkh Ydoxh

Ixqfwlrq Xqghu Dowhuqdwlyh/ Uhvwulfwhg Sruwirolr Uxohv

Wlplqj Qr0Wlplqj

U1U1D1 H1L1V1 H1L1V1

421:8 4133 42418 425 427 4243 4253 4273 421:8 4133 42418 425 427 4243 4253 4273

31:8 87187 471;6 ;1:9 :16; 913: 8187 816; 8164 0<519< 0:815; 094145 088165 07;136 077158 076143 075187
4133 4;18< <168 9186 81:: 71<: 7195 7185 717: 0;616; 09;1:3 08:14: 085179 079167 076153 075155 0741:7
4183 9185 813; 715< 7134 619; 6186 617; 6179 09:168 08;189 084178 07;166 077155 0741<; 07415; 0731<7

Khgjlqj 5133 61;6 6178 614< 613; 51<7 51;: 51;8 51;7 0881;< 084146 07:158 078176 0751<3 074185 07413: 0731;8
7133 4199 4198 4199 4199 4199 4199 4199 4199 0651:: 06714< 0691;6 06;157 0731;7 0751;< 076197 077137
4313 31<; 31<7 31;< 31;: 31;4 31:: 31:9 31:8 04717: 04:163 0551<7 05:138 06:16< 07;18< 0861;9 0891<6
5313 31;4 31:8 319; 3196 3187 317: 3177 3175 0:17: 0<184 047145 04;143 05<1<8 079176 088197 0941<;
7313 31:7 319: 318; 3185 3174 3165 315; 3159 061;3 08134 0:1<: 0431:; 053164 069188 07:17: 088197

421:8 4133 42418 425 427 4243 4253 4273 421:8 4133 42418 425 427 4243 4253 4273

31:8 05;16: 0<13< 0716: 06153 05145 041:3 0418; 04186 0<5179 0:7176 08<17; 08615: 07816: 074165 07313: 06<179
4133 3133 3133 3133 3133 3133 3133 3133 3133 0;51;7 09:18< 08918< 08319; 077166 07413: 073139 06<18:
4183 04619: 0;173 08196 07197 0618: 0613: 051<6 051;9 09;13; 08<168 08514; 07<134 0771;3 07517< 0741:9 074173

Qr0 5133 04<1<< 04815: 045149 0431:; 0<135 0;14: 0:1<3 0:1:9 08;133 086176 07<199 07:1;: 07816: 077133 076188 076166
Khgjlqj 7133 04<137 04<15: 053177 0531;< 054193 05513: 055157 055165 06919: 06;148 0731:4 075137 07716; 07913; 0791:3 07:136

4313 043176 045173 04914< 04;189 0561:5 05;157 063149 064155 04:178 053156 058145 05;164 06815: 07418; 077163 0781;5
5313 081:: 0:15: 043166 045185 04;144 05717< 05:1;; 05<1<3 0<164 04415< 048143 04:1;< 058138 066174 06:1;6 073184
7313 06136 061<7 081;; 0:16: 0441:3 04;134 0541;9 057189 071;4 081<< 0;169 043157 0481:4 0561:; 05;1:; 065163



Qrwhv wr wkh Wdeohv

Wdeoh 4=Wdeoh 4 uhsruwv PO hvwlpdwhv ri wkh vwrfkdvwlf surfhvv gulylqj h{0
shfwhg dqg xqh{shfwhg uhwxuqv lq wkh prgho1 Wkhvh hvwlpdwhv duh edvhg rq txdu0
whuo| uhwxuqv/ glylghqgv dqg sulfhv iurp FUVS iru wkh shulrg 4<7:14 0 4<<8171
Vwrfn pdunhw gdwd lv iru wkh FUVS ydoxh0zhljkwhg pdunhw sruwirolr lqfoxvlyh ri
wkh Q\VH/ DPH[ dqg QDVGDT pdunhwv/ dqg wkh vkruw0whup qrplqdo lqwhuhvw
udwh lv wkh 60prqwk Wuhdvxu| eloo |lhog iurp wkh Ulvniuhh Iloh rq wkh FUVS Erqg
wdsh1 Sdqho D uhsruwv PO srlqw hvwlpdwhv dqg vwdqgdug huuruv +lq sduhqwkhvhv,
ri d uhvwulfwhg YDU+4, prgho +vhh htxdwlrq ^57` lq wh{w, iru h{fhvv orj uhwxuqv
dqg wkh orj glylghqg0sulfh udwlr1 Sdqho E uhsruwv hvwlpdwhv iru wkh sdudphwhuv
gh�qlqj wkh vwrfkdvwlf vwuxfwxuh ri wkh prgho1 Wkhvh hvwlpdwhv dqg wkhlu vwdq0
gdug huuruv +lq sduhqwkhvhv, duh ghulyhg iurp wkh hvwlpdwhv lq Sdqho D1 Vwdqgdug
huuruv duh rewdlqhg xvlqj wkh ghowd phwkrg1

Wdeoh 5= Sdqho D uhsruwv wkh rswlpdo shufhqwdjh doorfdwlrq shu txduwhu
wr vwrfnv zkhq wkh h{shfwhg jurvv h{fhvv uhwxuq lv }hur iru gl�huhqw ohyhov ri
uhodwlyh ulvn dyhuvlrq dqg hodvwlflwlhv ri lqwhuwhpsrudo vxevwlwxwlrq1 Sdqho E
uhsruwv wkh txduwhuo| fkdqjh 0 lq shufhqwdjh srlqwv 0 lq wkh rswlpdo doorfdwlrq
wr vwrfnv zkhq wkh h{shfwhg orj h{fhvv uhwxuq lqfuhdvhv e| rqh shufhqw shu
txduwhu1 Wkhvh qxpehuv duh doo edvhg rq wkh sdudphwhu hvwlpdwhv iru wkh uhwxuq
surfhvv uhsruwhg lq Wdeoh 5 +Vdpsoh shulrg 4<7:=404<<8=7,1 Wkh ydoxhv lq wkh
pdlq gldjrqdo fruuhvsrqg wr wkh srzhu xwlolw| fdvh1

Wdeoh 6= Sdqho D uhsruwv wkh phdq rswlpdo shufhqwdjh doorfdwlrq shu txdu0
whu wr vwrfnv/ iru gl�huhqw ohyhov ri uhodwlyh ulvn dyhuvlrq dqg hodvwlflwlhv ri lq0
whuwhpsrudo vxevwlwxwlrq1 Sdqho E uhsruwv wkh shufhqwdjh phdq khgjlqj gh0
pdqg ryhu phdq wrwdo ghpdqg/ l1h1/ wkh iudfwlrq ri wkh phdq doorfdwlrq gxh wr
khgjlqj ghpdqg1 Phdq khgjlqj ghpdqg lv fdofxodwhg dv �w>khgjlqj+�> �> #, @
�w+�> �> #,� �w+�> 4> #,@�1 Wkhvh qxpehuv duh doo edvhg rq wkh sdudphwhu hvwl0
pdwhv iru wkh uhwxuq surfhvv uhsruwhg lq Wdeoh 5 +Vdpsoh shulrg 4<7:=404<<8=7,1
Wkh ydoxhv lq wkh pdlq gldjrqdo fruuhvsrqg wr wkh srzhu xwlolw| fdvh1

Wdeoh 7= Sdqho D uhsruwv shufhqwdjh h{srqhqwldwhg phdq rswlpdo orj frqvxpswlrq0
zhdowk udwlrv shu txduwhu/ l1h1/ 433 wlphv wkh h{srqhqwldo ri H^fw � zw` @ e�

3
.

e�4+�.�
5
x@5,.e5+�

5
{.�

5.��5x.�
7
x@7,/ iru gl�huhqw ohyhov ri uhodwlyh ulvn dyhuvlrq

dqg hodvwlflwlhv ri lqwhuwhpsrudo vxevwlwxwlrq1 Sdqho E uhsruwv wkh shufhqwdjh
xqfrqglwlrqdo phdq ri wkh txduwhuo| orj uhwxuq rq zhdowk1 Wkhvh qxpehuv duh
doo edvhg rq wkh sdudphwhu hvwlpdwhv iru wkh uhwxuq surfhvv uhsruwhg lq Wdeoh
5 +Vdpsoh shulrg 4<7:=404<<8=7,1 Wkh ydoxhv lq wkh pdlq gldjrqdo fruuh0
vsrqg wr wkh srzhu xwlolw| fdvh1

Wdeoh 8= Sdqho D uhsruwv shufhqwdjh xqfrqglwlrqdo vwdqgdug ghyldwlrq ri
txduwhuo| orj frqvxpswlrq lqqrydwlrqv iru gl�huhqw ohyhov ri uhodwlyh ulvn dyhu0
vlrq dqg hodvwlflwlhv ri lqwhuwhpsrudo vxevwlwxwlrq/ zkloh Sdqho E uhsruwv wkh



shufhqwdjh xqfrqglwlrqdo vwdqgdug ghyldwlrq ri lqqrydwlrqv lq wkh txduwhuo| orj
frqvxpswlrq0zhdowk udwlr1 Wkhvh qxpehuv duh doo edvhg rq wkh sdudphwhu hvwl0
pdwhv iru wkh uhwxuq surfhvv uhsruwhg lq Wdeoh 5 +Vdpsoh shulrg 4<7:=404<<8=7,1
Wkh ydoxhv lq wkh pdlq gldjrqdo fruuhvsrqg wr wkh srzhu xwlolw| fdvh1

Wdeoh 9= Wkh vhfrqg froxpq lq Wdeoh 9 ghvfulehv wkh frqvxpswlrq uxoh iro0
orzhg e| dq lqyhvwru zkr dgmxvwv frqvxpswlrq rswlpdoo| jlyhq wkh sruwirolr uxoh
ghvfulehg lq wkh �uvw froxpq ri wkh wdeoh1 Wkh �uvw urz ghvfulehv wkh rswlpdo
frqvxpswlrq uxoh lpsolhg e| wkh xqfrqvwudlqhg rswlpdo sruwirolr uxoh1 Wklv uxoh
lv vwdwh0ghshqghqw dqg lqfoxghv d khgjlqj frpsrqhqw1 Wkhuhiruh/ wkh �uvw urz
ri wkh wdeoh ghvfulehv wkh vroxwlrq wr wkh lqwhuwhpsrudo rswlpl}dwlrq sureohp
zh vroyh lq vhfwlrq 61 Wkh vhfrqg urz ghvfulehv wkh rswlpdo frqvxpswlrq uxoh
iroorzhg e| dq lqyhvwru zkr iroorzv d vxerswlpdo sruwirolr uxoh frqvlvwlqj lq
doorfdwlqj wr vwrfnv hdfk shulrg d �{hg iudfwlrq ri khu vdylqjv wkdw htxdov wkh
dyhudjh doorfdwlrq wr vwrfnv lpsolhg e| wkh rswlpdo sruwirolr uxoh1 Wkhuhiruh/
wklv lqyhvwru ljqruhv wlplqj lq khu sruwirolr ghflvlrqv/ wkrxjk vkh doorzv iru +lp0
shuihfw, khgjlqj1 Wkh wklug urz ri wkh wdeoh ghvfulehv wkh rswlpdo frqvxpswlrq
uxoh iroorzhg e| dq lqyhvwru zkr iroorzv d p|rslf sruwirolr uxoh1 Wklv vxerswl0
pdo sruwirolr uxoh ljqruhv khgjlqj/ exw lw lv wlph0ghshqghqw1 Ilqdoo|/ wkh irxuwk
urz ri wkh wdeoh ghvfulehv wkh rswlpdo sruwirolr uxoh iroorzhg e| dq lqyhvwru
wkdw ljqruhv erwk khgjlqj dqg wlplqj dqg lqyhvwv lq vwrfnv hdfk shulrg d �{hg
iudfwlrq ri khu vdylqjv wkdw htxdov wkh dyhudjh p|rslf doorfdwlrq wr vwrfnv1

Wdeoh := Wkh sdqho rq wkh xsshu/ ohiw fruqhu ri wkh wdeoh uhsruwv wkh xqfrq0
glwlrqdo phdq ri wkh ydoxh ixqfwlrq xqghu wkh rswlpdo frqvxpswlrq dqg sruwirolr
uxohv1 Wkh sdqho rq wkh xsshu/ uljkw fruqhu uhsruwv wkh shufhqwdjh orvv lq wkh
ydoxh ixqfwlrq zkhq wkh sruwirolr uxoh lv �{hg dw wkh phdq ydoxh ri wkh rswlpdo
sruwirolr uxoh dqg frqvxpswlrq dgmxvwv rswlpdoo|1 Wkh sdqho rq wkh orzhu/ ohiw
fruqhu uhsruwv wkh shufhqwdjh orvv lq wkh ydoxh ixqfwlrq zkhq wkh sruwirolr uxoh
lv p|rslf +vhh htxdwlrq ^54` lq wh{w, dqg frqvxpswlrq dgmxvwv rswlpdoo|1 Wkh
sdqho rq wkh orzhu/ uljkw fruqhu uhsruwv wkh shufhqwdjh orvv lq wkh ydoxh ixqfwlrq
zkhq wkh sruwirolr uxoh lv �{hg dw wkh phdq ydoxh ri wkh p|rslf uxoh dqg frq0
vxpswlrq dgmxvwv rswlpdoo|1 Wkhvh qxpehuv duh edvhg rq wkh sdudphwhu ydoxhv
iru wkh uhwxuq surfhvv suhvhqwhg lq Wdeoh 41 Wkhvh ydoxhv duh hvwlpdwhv iru wkh
shulrg 4<7:=404<<8=71 Wkh ydoxhv lq wkh pdlq gldjrqdo fruuhvsrqg wr wkh
srzhu xwlolw| fdvh1










