A Appendix
A.1 Additional Empirical Results

A.1.1 Estimates of Covariances

Parameter Estimates

Parameter
O wm X 102
O X m X 107
O am x 107
Ogm X 102
O¢gn X 102

O4ypm X 103
T X 102

Estimate
—5.76
1.02
—0.47
—5.23
—4.40
2.62
—0.30

Std Error
2.93
0.68
0.30
2.38
16.80
1.33
11.10




A.1.2 Additional Figures
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Figure A.1: Decomposing predicted TIPS variance and predicted stock-TIPS covariance.
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Figure A.2: Time series of CP fitted and model-implied 3-year nominal bond excess returns. The excess returns are over the 3-month

Treasury bill rate.
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Figure A.3: Coefficients from simulated Cochrane-Piazzesi regressions of yearly excess returns on forward rates (excess return
is over 1-year rate). In the left figure, the reported coefficients are the averages of coefficients from repeated regressions using 5000 simulated data
series. The figure on the left is based on regressing yearly excess return (over 1-yr yield) on a bond on 1-year yield, 3-year forward rate, and 5-year
forward rate. The reported R2 is the average R2 from the simulated regressions of excess returns on a 3-year bond on the single simulated CP factor.
In the right figure, the reported coefficients are coefficients from the Cochrane-Piazzesi regressions using actual data. The figure on the left is based
on regressing yearly excess return (over 1-yr yield) on a bond on 1-year yield, 3-year forward rate, and 5-year forward rate. The reported R2 is the
R2 from the actual regression of excess return on a 3-year bond on the single CP factor.
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Figure A.4: Estimated time series of expected excess returns for 10-year nominal bonds in annualized percentage points. The

excess return is over 3-month Treasury bill rate. The Sharpe ratio is computed as the conditional expected excess return over conditional standard
deviation..



A.2 Derivations for the Full Model

This section of the appendix reports the solution for a more general version of the model where we allow the volatility of the stochastic discount
factor (SDF) to vary over time. The volatility of the SDF is controlled by the state variable z;, which we model as following an AR(1) process. The

solutions to the simplified model presented in the main text of the paper obtain when we set z; = 1 and constant.

A.2.1 State Variable Processes

The state variables in the model follow the processes:
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A.2.2 Pricing Equations

Real Term Structure The price of a single-period zero-coupon real bond satisfies
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We conjecture that the price function is exponential affine in x; and z; with the form
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Following Campbell, Chan, and Viceira (2003), we complete the square to calculate
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where G = (E;l — 2D2)71. Let g;; be the ij-th element of G. Then expanding and collecting terms gives
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Nominal Term Structure The price of a single-period zero-coupon nominal bond satisfies

P}, = Eyfexp{my1 — w1 }] = exp {—2¢ — M — & + 20,0 pmr }

since z¢em t4+1 and Y,ex 141 are jointly conditional normal.
We now guess that the price function is exponential linear-quadratic in the state variables with the following form:
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The standard pricing equation then implies
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Following Campbell, Chan, and Viceira (2003), we complete the square to calculate
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where G% = (Ei‘l — 2D§)71. Let g% be the ij-th element of G. Then expanding and collecting terms gives ¢®
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Thus, the coefficients of the pricing equation satisfy
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=—1, B§,1 =-1, Bgl = -1, qu/;,l = 0mr and all other coefficients are zero at n = 1.



A.2.3 Expected Excess Returns

Real Bond Premia The log expected gross excess return on an n-period zero-coupon real bond is

Po_1y
log Ey ["“—H} — K [Tl,t+1] = logE, [GXP {pn—l.t+1 - pn,t}] — Tt

Pn,t
Anl_A —I—Bwn 1/.1,1( ¢)+an 1Mz( ¢)+B¢n 1M¢(1_¢¢)
JFCz,n—lle (1- ¢z) + Cw,n—lﬂqp ( - ¢w) + Czw n—1th, (1 —¢,) Ho (1 - ¢¢)
+ (Bx,nfl(bw - Bm,n - 1) Ty + ( z,n— 1¢2 ) (Cd) n— 1¢1/1 Cdl n) 1/% ( zp,n— 1¢ ¢¢ - Ozw,n) Zt’(/}t
+(an 10, — zn+20zn 1:“’2( —¢.) 0.+ Coypnrpy (1 —0y) 0.) 2
(Bd)n 10y — By +2Cy n—1f1y, (1*¢¢)¢¢+Czwn 1 (1 ¢)¢¢)¢t
Bz,n—lwtsw,t+l + Bz,n—ng,t—&-l + Cz,n—1527t+1 + Cw,n—lgw’prl + Cz1/),7L—15z,t+151/),t+1
+log E; |exp + (Bz7n71 +2C. -1 (p, (L —0,)+0.20) + Coppn (/% (1 - ¢¢) + ¢¢¢t)) €241
+ (Byn—1+2Cy -1 (g (1= by) + 0y0y) + Copni (1, (1= 6,) + ¢.20)) €041

since the shocks are conditionally jointly normal. Note that the coefficient recursion implies that B ,, = B, n—1¢,—1 so that the terms involving z; drop
out. Following Campbell, Chan, and Viceira (2003), we calculate the expectation by completing the square. Let v' = (ex 141, €x,t4+1, €041, Epe41) N (0, %,),

Ba: n—1

f = Bm,é—lwt
! (Bz,nfl + 2C’z,nfl (:U/z (1 - ¢z) + ¢zzt) + Czd),nfl (Mw (1 - @p) + (bd)’(/}t))

(Bib,nfl + 201/),7171 (Mw (1 - ¢¢) + C%wt) + Czw,nfl (Nz (1-9,)+ ¢z2t))

0 0 0

F =
2 0 Cz,nfl %Czw,nfl

0 %Czw,nfl Cw,nfl
Then ) ) )
Ey [exp {fjv + V'Fav}]| = exp {2 log |2, | + 3 log |H| + 2lefll}

where H = (2,1 — 2F,) "



Let h;; be the ij-th element of H. Then expanding and collecting terms gives

Anfl - An + B:v,nfllu’z (1 - (bz) + Bz,nflﬁ”z (1 - ¢z) + Bl/hn*l/iw (1 - (zzsqp)
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_% log |2V‘ + %log |H| + %hllBJQJ,nfl + %h22B3,n71¢t2
10g Et |:P"_1vt+1:| _ Et [Tl,t+1] — +%h33 (Bz,n—l + 2Cz,n—1 (,UJZ (1 - ¢z) + ¢zzt) + Cz1/),n—1 (,ud; (1 - ¢1/1) + ¢¢1/1t))22
Prt +5has (Byn-1+2Cp -1 (g (1= ) + 0p8;) + Coppn (1, (1 — ¢,) + 0.20))
+h12B2 1ty + h13Beno1 (Ben-1+2Ca 01 (1, (1= 6.) + ¢.20) + Coynn (g (1= by) + by0y))
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+h2aBe 10y (Bym—1+2Cyn-1 (g, (1 — ¢y) + 0y 0s) + Copm1 (p, (1 = 6,) + ¢,21))
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Thus, we can write

Py 1441
log E {HP = By [r1 1] = fn + 10, 020 + 0 0y + /Bz,nZtQ + 51/),”1/1? + By n2tthy
n,t

where the coefficients are given by
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1
62 n — (Cz,nfl(bz - Cz,n) + 2h33cz2,n71¢3 + §h440z21p,n71¢§ + 2h34cz,nflcz¢7nfl¢§

1
Byn = (Cw,n,qu/, —Cyn) + §h3303w,n71¢i + 2h4403,7n71¢>i + h23Ben—1Cepn—10y + 2h24 By n—1Cy n—19, + h3420¢,n710w,n71¢12/,
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+hoaBgpn-1Crypn—10, + h3403¢7n_1¢'¢)¢z

Bzw,n

Nominal Bond Premia The log conditional expected real return on a 1-period zero-coupon nominal bond is

5
Ey [Tl,t+1 - 7Tt+1] = —Omx 2ty

The log conditional expected gross excess return on an n-period zero-coupon nominal bond is

PS_
log By P;tﬂ — B {Tit+1} = logE; {GXP {pifl.tJrl - pi,tH =Ty = AN — &+ Om 2ty
n,t
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Note that the coefficient recursions imply that Bf,,n = B‘fﬂ%ﬁb 1, Bf n = Bf n_1 — Land B$ = B$ ¢ 19¢ — 1, so that the terms in-

volving ¢, A+, and &, drop out. Following Campbell, Chan, and Vlcelra (2003) we calculate the expectatlon by completing the square. Let
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Let h%- be the ij-th element of H®. Then expanding and collecting terms gives
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Thus, we can write

log E;

where the coefficients are given by
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A.2.4 Observation Equations

Stock Returns We model the unexpected stock return as

Tettr1 — BiTe 41 = Bez5z,t+1 + ﬁeXSX,tH + ﬁemSm,tH

We impose that the only non-zero covariance of ex ;41 is o x,m. The standard pricing equation then implies that the expected equity return satisfies
1 = Eylexp(re+1 +mut1)]
1

12 2 12 2 12 2 1.2 2
5Per05 + 5 ox + 5 o, + 520
exp <Etre,t+1 — oz — 2zt20’l27l) exp ( QBGI x QﬂeX X 2/66711 m 2°t%m

+Bex6emamm - /Bewztawm + BEXBEmUX,m - B@XZtUXm - Bemzta'?n >

so that
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Ei[ret+1 — T1,041) + ivart Fet1 — T1,041) = (BeaOom + BexOxm + Bem0Oon) 2t

Stock-Real Bond Return Covariance As we saw above, the holding period return on an n-period real bond is
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We assume that the unexpected stock return is assumed to be
Tept1 = EtTe i1 = BegCatt1 + BexEx,t41 T BemEm,t+1

Since the ¢’s are conditionally jointly normal and mean zero we have Covy (sa7t+1,5§ t+1> = 0 and Covy (€q,¢41,€b,t4+16ct+1) = 0 for all a,b, c.

Furthermore, we impose that the only non-zero covariance of €x ;41 is 0 x . Thus, the expression for the conditional covariance of stock returns with



returns on a long-term real bond is
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Stock-Nominal Bond Return Covariance As we saw above, the holding period return on an n-period nominal bond is

Ti,tJrl - 7"%&1 = Pifuﬂ _Pi,t - Titﬂ
(A = A B, (L= 0y) 4 BE i (L= 6) + B iy (1= ) + C5 L in2 (1= 60"+ C32,_ i3 (1-9,)" |

O3y bt (L= 9.) py (1= 0p) + (BE 16, — BS, = V) @i+ (BE, 10— BE, —1) &,
= (3,102 = C8,) 22+ (O3, 108 = L) 0 + (0mm + O3 1020y — O3, ) 20t

+ (B,Sz;,n—l(bz - Bf,n + ch,n—mz (1—-9,)¢, + wa,nqliw (1—¢y) @) 24
+ (Bi,nfld)w - Bi,n + 2033,%1% (1 - %) % + wa,nﬂﬂz (1 - ¢z) Q%) Yy
Bg,n—ﬂt%,tﬂ + Bg,n_1fx7t+1 + Bf,n,lwt&,tﬂ + B§7n715/\7t+1 + Bg,n,ﬂ/}tfgtﬂ
+C§,n—15§,t+1 + Ci,nq@?;},tﬂ + wa,n715z,t+1€w,t+1

T+ (Bf,n—l + 2C§,n—1 (, (1 =0,) +¢,2¢) + szp,nq (g (1= y) + %wt)) €z,t+1

+ (Bi,n—l + 203;,71—1 (lu’d; (1 - (rbw) + ¢1p7/}t) + Cf’(/;,n—l (H’z (1 - ¢z) + ¢zzt)> Et+1

We assume that the unexpected stock return is assumed to be

Tet+1 — EiTe i1 = Beg€a i1 + Bex€x,t41 + BemEm,t+1

Thus, the conditional covariance with the real return on short term nominal bond is
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since we impose the condition that the only non-zero covariance of €x 441 iS 0 x m-



Again, the ¢’s are conditionally jointly normal and mean zero we have Couv; (5a7t+1,5§ t+1> = 0 and Covt (€q,¢41,€bt+1Ec,t41) = 0 for all a, b, c.

Additionally, note that we impose o, o = 0 and that the only non-zero covariance of € ;41 is oA . Thus, the conditional covariance of stock returns
with the returns on a long term nominal bond is
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Volatility of Real Bond Returns We have
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Volatility of Nominal Bond Returns We have
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