
A Appendix

A.1 Additional Empirical Results

A.1.1 Estimates of Covariances

Parameter Estimates

Parameter Estimate Std Error
σxm× 102 −5.76 2.93
σXm× 107 1.02 0.68
σΛm× 107 −0.47 0.30
σξm× 102 −5.23 2.38
σξπ× 102 −4.40 16.80
σψm× 103 2.62 1.33
σmπ× 102 −0.30 11.10



A.1.2 Additional Figures
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Figure A.1: Decomposing predicted TIPS variance and predicted stock-TIPS covariance.
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Figure A.2: Time series of CP fitted and model-implied 3-year nominal bond excess returns. The excess returns are over the 3-month
Treasury bill rate.
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Figure A.3: Coeffi cients from simulated Cochrane-Piazzesi regressions of yearly excess returns on forward rates (excess return
is over 1-year rate). In the left figure, the reported coeffi cients are the averages of coeffi cients from repeated regressions using 5000 simulated data
series. The figure on the left is based on regressing yearly excess return (over 1-yr yield) on a bond on 1-year yield, 3-year forward rate, and 5-year
forward rate. The reported R2 is the average R2 from the simulated regressions of excess returns on a 3-year bond on the single simulated CP factor.
In the right figure, the reported coeffi cients are coeffi cients from the Cochrane-Piazzesi regressions using actual data. The figure on the left is based
on regressing yearly excess return (over 1-yr yield) on a bond on 1-year yield, 3-year forward rate, and 5-year forward rate. The reported R2 is the
R2 from the actual regression of excess return on a 3-year bond on the single CP factor.
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Figure A.4: Estimated time series of expected excess returns for 10-year nominal bonds in annualized percentage points. The
excess return is over 3-month Treasury bill rate. The Sharpe ratio is computed as the conditional expected excess return over conditional standard
deviation..



A.2 Derivations for the Full Model

This section of the appendix reports the solution for a more general version of the model where we allow the volatility of the stochastic discount
factor (SDF) to vary over time. The volatility of the SDF is controlled by the state variable zt, which we model as following an AR(1) process. The
solutions to the simplified model presented in the main text of the paper obtain when we set zt = 1 and constant.

A.2.1 State Variable Processes

The state variables in the model follow the processes:

−mt+1 = xt +
1

2
z2
t σ

2
m + ztεm,t+1

xt+1 = µx (1− φx) + φxxt + ψtεx,t+1 + εX,t+1

zt+1 = µz (1− φz) + φzzt + εz,t+1
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1

2
ψ2
tσ

2
π + ψtεπ,t+1
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ψt+1 = µψ
(
1− φψ

)
+ φψψt + εψ,t+1

A.2.2 Pricing Equations

Real Term Structure The price of a single-period zero-coupon real bond satisfies

P1,t = Et [exp {mt+1}] = −xt −
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2
z2
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The standard pricing equation implies
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where ω′t+1 = (εX,t+1, εm,t+1, εx,t+1, εz,t+1, εψ,t+1) ˜N (0,Σω) ,

d1 =


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Following Campbell, Chan, and Viceira (2003), we complete the square to calculate
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Thus, equating coeffi cients across equation (1) yields
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Nominal Term Structure The price of a single-period zero-coupon nominal bond satisfies

P $
1,t = Et [exp {mt+1 − πt+1}] = exp {−xt − λt − ξt + ztψtσmπ}

since ztεm,t+1 and ψtεπ,t+1 are jointly conditional normal.
We now guess that the price function is exponential linear-quadratic in the state variables with the following form:
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The standard pricing equation then implies
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z,n−1 (µz (1− φz) + φzzt) +B$
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$
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$
ψ,n−1
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µψ
(
1− φψ

)
+ φψψt

)
+C$

z,n−1 (µz (1− φz) + φzzt)
2
+ C$

ψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

)2
+ C$

zψ,n−1 (µz (1− φz) + φzzt)
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µψ
(
1− φψ

)
+ φψψt

)
−xt − 1

2z
2
t σ

2
m − λt − ξt − 1

2ψ
2
tσ

2
π − 1

2 log
∣∣Σ$

ω

∣∣+ 1
2 log
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$
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x,n−1 +

1
2g

$
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$2
λ,n−1 +

1
2g

$
33B

$2
λ,n−1ψ

2
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1
2g

$
44z

2
t

+ 1
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$
55ψ

2
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1
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$
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$2
x,n−1ψ
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1
2g

$
77B
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ξ,n−1ψ
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1
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$
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(
B$
z,n−1 + 2C

$
z,n−1 (µz (1− φz) + φzzt) + C$

zψ,n−1
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µψ
(
1− φψ

)
+ φψψt

))2

+ 1
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$
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(
B$
ψ,n−1 + 2C

$
ψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

)
+ C$

zψ,n−1 (µz (1− φz) + φzzt)
)2

+ g12B
$
x,n−1B

$
λ,n−1 + g13B

$
x,n−1B

$
λ,n−1ψt

−g14B
$
x,n−1zt − g15B
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x,n−1ψt + g16B
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(
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)
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$
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+g$
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$
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$
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(
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)
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29B
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)
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)
+ g$

45ztψt − g$
46B

$
x,n−1ztψt

−g$
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2
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(
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$
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(
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(
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)
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(
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µψ
(
1− φψ

)
+ φψψt
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78

(
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(
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(
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)
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Thus, the coeffi cients of the pricing equation satisfy



A$
n =


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1
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$
22B
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λ,n−1 + g12B

$
x,n−1B

$
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$
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(
B$
z,n−1 + 2C

$
z,n−1µz (1− φz) + C$

zψ,n−1µψ
(
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+g19B
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$
ψ,n−1µψ

(
1− φψ
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+ C$

zψ,n−1µz (1− φz)
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$
88

(
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z,n−1µz (1− φz) + C$

zψ,n−1µψ
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+ 1
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$
99

(
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ψ,n−1µψ

(
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zψ,n−1µz (1− φz)
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(
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z,n−1µz (1− φz) + C$

zψ,n−1µψ
(
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λ,n−1
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(
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ψ,n−1 + 2C
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ψ,n−1µψ

(
1− φψ

)
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zψ,n−1µz (1− φz)
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89

(
B$
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$
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
B$
x,n = B$

x,n−1φx − 1
B$
λ,n = B$

λ,n−1 − 1
B$
ξ,n = B$

ξ,n−1φξ − 1

B$
z,n =



(
B$
z,n−1 + 2C

$
z,n−1µz (1− φz) + C$

zψ,n−1µψ
(
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))
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$
x,n−1+2g18B

$
x,n−1C
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$
λ,n−1
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(
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z,n−1 + 2C

$
z,n−1µz (1− φz) + C$

zψ,n−1µψ
(
1− φψ
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$
99

(
B$
ψ,n−1 + 2C

$
ψ,n−1µψ

(
1− φψ

)
+ C$

zψ,n−1µz (1− φz)
)
C$
zψ,n−1φz

+2g$
28B

$
λ,n−1C
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z,n−1φz + g

$
29B

$
λ,n−1C
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zψ,n−1φz − g$

48

(
B$
z,n−1 + 2C
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z,n−1µz (1− φz) + C$

zψ,n−1µψ
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1− φψ
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(
1− φψ

)
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)
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(
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ψ,n−1µψ

(
1− φψ

)
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(
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zψ,n−1µψ
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where B$
x,1 = −1, B$

λ,1 = −1, B$
ξ,1 = −1, C$

zψ,1 = σmπ and all other coeffi cients are zero at n = 1.



A.2.3 Expected Excess Returns

Real Bond Premia The log expected gross excess return on an n-period zero-coupon real bond is

logEt
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Pn−1,t+1

Pn,t

]
− Et [r1,t+1] = logEt [exp {pn−1.t+1 − pn,t}]− xt

=
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+ logEt
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


since the shocks are conditionally jointly normal. Note that the coeffi cient recursion implies thatBx,n = Bx,n−1φx−1 so that the terms involving xt drop
out. Following Campbell, Chan, and Viceira (2003), we calculate the expectation by completing the square. Let ν′ = (εX,t+1, εx,t+1, εz,t+1, εψ,t+1) ˜N (0,Σv),

f1 =


Bx,n−1

Bx,n−1ψt(
Bz,n−1 + 2Cz,n−1 (µz (1− φz) + φzzt) + Czψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

))(
Bψ,n−1 + 2Cψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

)
+ Czψ,n−1 (µz (1− φz) + φzzt)

)


F2 =


0 0 0

0 Cz,n−1
1
2Czψ,n−1

0 1
2Czψ,n−1 Cψ,n−1


Then

Et [exp {f ′1ν + ν′F2ν}] = exp
{
−1
2
log |Σν |+

1

2
log |H|+ 1

2
f1Hf ′1

}
where H =

(
Σ−1
ν − 2F2

)−1
.



Let hij be the ij-th element of H. Then expanding and collecting terms gives

logEt

[
Pn−1,t+1

Pn,t

]
− Et [r1,t+1] =



An−1 −An +Bx,n−1µx (1− φx) +Bz,n−1µz (1− φz) +Bψ,n−1µψ
(
1− φψ

)
+Cz,n−1µ

2
z (1− φz)

2
+ Cψ,n−1µ

2
ψ

(
1− φψ

)2
+ Czψ,n−1µz (1− φz)µψ

(
1− φψ

)
+
(
Cz,n−1φ

2
z − Cz,n

)
z2
t +

(
Cψ,n−1φ

2
ψ − Cψ,n

)
ψ2
t +

(
Czψ,n−1φzφψ − Czψ,n

)
ztψt

+
(
Bz,n−1φz −Bz,n + 2Cz,n−1µz (1− φz)φz + Czψ,n−1µψ

(
1− φψ

)
φz
)
zt

+
(
Bψ,n−1φψ −Bψ,n + 2Cψ,n−1µψ

(
1− φψ

)
φψ + Czψ,n−1µz (1− φz)φψ

)
ψt

− 1
2 log |Σν |+ 1

2 log |H|+
1
2h11B

2
x,n−1 +

1
2h22B

2
x,n−1ψ

2
t

+ 1
2h33

(
Bz,n−1 + 2Cz,n−1 (µz (1− φz) + φzzt) + Czψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

))2
+ 1

2h44

(
Bψ,n−1 + 2Cψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

)
+ Czψ,n−1 (µz (1− φz) + φzzt)

)2
+h12B

2
x,n−1ψt + h13Bx,n−1

(
Bz,n−1 + 2Cz,n−1 (µz (1− φz) + φzzt) + Czψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

))
+h14Bx,n−1

(
Bψ,n−1 + 2Cψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

)
+ Czψ,n−1 (µz (1− φz) + φzzt)

)
+h23Bx,n−1ψt

(
Bz,n−1 + 2Cz,n−1 (µz (1− φz) + φzzt) + Czψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

))
+h24Bx,n−1ψt

(
Bψ,n−1 + 2Cψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

)
+ Czψ,n−1 (µz (1− φz) + φzzt)

)
+h34

(
Bz,n−1 + 2Cz,n−1 (µz (1− φz) + φzzt) + Czψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

))
×
(
Bψ,n−1 + 2Cψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

)
+ Czψ,n−1 (µz (1− φz) + φzzt)

)



Thus, we can write

logEt

[
Pn−1,t+1

Pn,t

]
− Et [r1,t+1] = κn + ηz,nzt + ηψ,nψt + βz,nz

2
t + βψ,nψ

2
t + βzψ,nztψt

where the coeffi cients are given by

κn =


An−1 −An +Bx,n−1µx (1− φx) +Bz,n−1µz (1− φz) +Bψ,n−1µψ

(
1− φψ

)
+ Cz,n−1µ

2
z (1− φz)

2
+ Cψ,n−1µ

2
ψ

(
1− φψ

)2
+Czψ,n−1µz (1− φz)µψ

(
1− φψ

)
− 1

2 log |Σν |+ 1
2 log |H|+

1
2h11B

2
x,n−1 +

1
2h33

(
Bz,n−1 + 2Cz,n−1µz (1− φz) + Czψ,n−1µψ

(
1− φψ

))2
+ 1

2h44

(
Bψ,n−1 + 2Cψ,n−1µψ

(
1− φψ

)
+ Czψ,n−1µz (1− φz)

)2
+ h13Bx,n−1

(
Bz,n−1 + 2Cz,n−1µz (1− φz) + Czψ,n−1µψ

(
1− φψ

))
+h14Bx,n−1

(
Bψ,n−1 + 2Cψ,n−1µψ

(
1− φψ

)
+ Czψ,n−1µz (1− φz)

)
+h34

(
Bz,n−1 + 2Cz,n−1µz (1− φz) + Czψ,n−1µψ

(
1− φψ

)) (
Bψ,n−1 + 2Cψ,n−1µψ

(
1− φψ

)
+ Czψ,n−1µz (1− φz)

)



ηz,n =

 Bz,n−1φz −Bz,n + 2Cz,n−1µz (1− φz)φz + Czψ,n−1µψ
(
1− φψ

)
φz + 2h33

(
Bz,n−1 + 2Cz,n−1µz (1− φz) + Czψ,n−1µψ

(
1− φψ

))
Cz,n−1φz

+h44

(
Bψ,n−1 + 2Cψ,n−1µψ

(
1− φψ

)
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)
Czψ,n−1φz + 2h13Bx,n−1Cz,n−1φz + h14Bx,n−1Czψ,n−1φz

+h34

[
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(
Bψ,n−1 + 2Cψ,n−1µψ

(
1− φψ

)
+ Czψ,n−1µz (1− φz)

)
+ Czψ,n−1

(
Bz,n−1 + 2Cz,n−1µz (1− φz) + Czψ,n−1µψ

(
1− φψ

))]
φz



ηψ,n =


Bψ,n−1φψ −Bψ,n + 2Cψ,n−1µψ

(
1− φψ

)
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Czψ,n−1φψ

+2h44

(
Bψ,n−1 + 2Cψ,n−1µψ
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)
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2
x,n−1ψt + h13Bx,n−1Czψ,n−1φψψt + 2h14Bx,n−1Cψ,n−1φψψt

+h23Bx,n−1

(
Bz,n−1 + 2Cz,n−1µz (1− φz) + Czψ,n−1µψ

(
1− φψ
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+ h24Bx,n−1

(
Bψ,n−1 + 2Cψ,n−1µψ

(
1− φψ

)
+ Czψ,n−1µz (1− φz)

)
+h34

[
2Cψ,n−1

(
Bz,n−1 + 2Cz,n−1µz (1− φz) + Czψ,n−1µψ

(
1− φψ
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+ Czψ,n−1

(
Bψ,n−1 + 2Cψ,n−1µψ

(
1− φψ

)
+ Czψ,n−1µz (1− φz)

)]
φψ





βz,n =

[(
Cz,n−1φ

2
z − Cz,n

)
+ 2h33C

2
z,n−1φ

2
z +

1

2
h44C

2
zψ,n−1φ

2
z + 2h34Cz,n−1Czψ,n−1φ

2
z

]
βψ,n =

[(
Cψ,n−1φ

2
ψ − Cψ,n

)
+
1

2
h33C

2
zψ,n−1φ

2
ψ + 2h44C

2
ψ,n−1φ

2
ψ + h23Bx,n−1Czψ,n−1φψ + 2h24Bx,n−1Cψ,n−1φψ + h342Cψ,n−1Czψ,n−1φ

2
ψ

]
βzψ,n =

[ (
Czψ,n−1φzφψ − Czψ,n

)
+ 2h33Cz,n−1Czψ,n−1φzφψ + 2h44Cψ,n−1tCzψ,n−1φzφψ + 2h23Bx,n−1Cz,n−1φz

+h24Bx,n−1Czψ,n−1φz + h34C
2
zψ,n−1φψφz

]
Nominal Bond Premia The log conditional expected real return on a 1-period zero-coupon nominal bond is

Et

[
r$
1,t+1 − πt+1

]
= −σm,πztψt

The log conditional expected gross excess return on an n-period zero-coupon nominal bond is

logEt

[
P $
n−1,t+1

P $
n,t

]
− Et

[
r$
1,t+1

]
= logEt

[
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p$
n−1.t+1 − p$

n,t

}]
− xt − λt − ξt + σm,πztψt

=



A$
n−1 −A$

n +B
$
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(
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2
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)
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(
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zψ,n

)
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+
(
B$
z,n−1φz −B$
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φz

)
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$
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)
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$
zψ,n−1µz (1− φz)φψ

)
ψt



+ logEt

exp

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$
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$
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2
ψ,t+1 + C

$
zψ,n−1εz,t+1εψ,t+1

+
(
B$
z,n−1 + 2C

$
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(
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+ φψψt
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+
(
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ψ,n−1 + 2C
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(
1− φψ

)
+ φψψt

)
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zψ,n−1 (µz (1− φz) + φzzt)
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


Note that the coeffi cient recursions imply that B$

x,n = B$
x,n−1φx − 1, B$

λ,n = B$
λ,n−1 − 1,and B$

ξ,n = B$
ξ,n−1φξ − 1, so that the terms in-

volving xt, λt, and ξt drop out. Following Campbell, Chan, and Viceira (2003), we calculate the expectation by completing the square. Let



ν$′ = (εX,t+1,εΛ,t+1, εx,t+1, ελ,t+1, εξ,t+1, εz,t+1, εψ,t+1) ˜N
(
0,Σ$

v

)
,
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1 =


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x,n−1ψt
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λ,n−1ψt
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
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. . .
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0 1
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
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2
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ν
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2
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1

}
where H$ =

(
Σ$−1
ν − 2F$

2

)−1
.

Let h$
ij be the ij-th element of H$. Then expanding and collecting terms gives
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

Thus, we can write

logEt

[
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where the coeffi cients are given by
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
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A.2.4 Observation Equations

Stock Returns We model the unexpected stock return as

re,t+1 − Etre,t+1 = βexεx,t+1 + βeXεX,t+1 + βemεm,t+1

We impose that the only non-zero covariance of εX,t+1 is σX,m. The standard pricing equation then implies that the expected equity return satisfies

1 = Et [exp (re,t+1 +mt+1)]

= exp
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Etre,t+1 − xt −
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2
z2
t σ

2
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)
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(
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2
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2
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2
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2
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2
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2
t σ

2
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2
m

)
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and
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1

2
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(
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2
m

)
zt

Stock-Real Bond Return Covariance As we saw above, the holding period return on an n-period real bond is

rn,t+1 − r1,t+1 = pn−1,t+1 − pn,t − r1,t+1

=


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(
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2
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
+
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
We assume that the unexpected stock return is assumed to be

re,t+1 − Etre,t+1 = βexεx,t+1 + βeXεX,t+1 + βemεm,t+1

Since the ε’s are conditionally jointly normal and mean zero we have Covt
(
εa,t+1, ε

2
b,t+1

)
= 0 and Covt (εa,t+1, εb,t+1εc,t+1) = 0 for all a, b, c.

Furthermore, we impose that the only non-zero covariance of εX,t+1 is σX,m.Thus, the expression for the conditional covariance of stock returns with



returns on a long-term real bond is

Covt (re,t+1, rn,t+1) = βex
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Stock-Nominal Bond Return Covariance As we saw above, the holding period return on an n-period nominal bond is
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
We assume that the unexpected stock return is assumed to be

re,t+1 − Etre,t+1 = βexεx,t+1 + βeXεX,t+1 + βemεm,t+1

Thus, the conditional covariance with the real return on short term nominal bond is

Covt
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)
= Cov (βexεx,t+1 + βeXεX,t+1 + βemεm,t+1,−ψtεπ,t+1) = −ψt (βexσxπ + βemσmπ)

since we impose the condition that the only non-zero covariance of εX,t+1 is σX,m.



Again, the ε’s are conditionally jointly normal and mean zero we have Covt
(
εa,t+1, ε

2
b,t+1

)
= 0 and Covt (εa,t+1, εb,t+1εc,t+1) = 0 for all a, b, c.

Additionally, note that we impose σx,Λ = 0 and that the only non-zero covariance of εΛ,t+1 is σΛ,m. Thus, the conditional covariance of stock returns
with the returns on a long term nominal bond is
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Volatility of Real Bond Returns We have
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+
(
Bz,n−1 + 2Cz,n−1 (µz (1− φz) + φzzt) + Czψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

))
εz,t+1

+
(
Bψ,n−1 + 2Cψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

)
+ Czψ,n−1 (µz (1− φz) + φzzt)

)
εψ,t+1


so that

V art (rn,t+1) =

 B2
x,n−1σ

2
X + 2C

2
z,n−12σ

4
z + 2C

2
ψ,n−1σ

4
ψ + C

2
zψ,n−1

(
σ2
zσ

2
ψ + σ

2
zψ

)
+
(
Bz,n−1 + 2Cz,n−1µz (1− φz) + Czψ,n−1µψ

(
1− φψ

))2
σ2
z

+
(
Bψ,n−1 + 2Cψ,n−1µψ

(
1− φψ

)
+ Czψ,n−1µz (1− φz)

)2
σ2
ψ

+2
(
Bz,n−1 + 2Cz,n−1µz (1− φz) + Czψ,n−1µψ

(
1− φψ

))
×
(
Bψ,n−1 + 2Cψ,n−1µψ

(
1− φψ

)
+ Czψ,n−1µz (1− φz)

)
σz,ψ



+


4
(
Bz,n−1 + 2Cz,n−1µz (1− φz) + Czψ,n−1µψ

(
1− φψ

))
Cz,n−1φzσ

2
z

+2
(
Bψ,n−1 + 2Cψ,n−1µψ

(
1− φψ

)
+ Czψ,n−1µz (1− φz)

)
Czψ,n−1φzσ

2
ψ

+2

[
2Cz,n−1

(
Bψ,n−1 + 2Cψ,n−1µψ

(
1− φψ

)
+ Czψ,n−1µz (1− φz)

)
+Czψ,n−1

(
Bz,n−1 + 2Cz,n−1µz (1− φz) + Czψ,n−1µψ

(
1− φψ

)) ]φzσz,ψ
 zt

+



2
(
Bz,n−1 + 2Cz,n−1µz (1− φz) + Czψ,n−1µψ

(
1− φψ

))
Czψ,n−1φψσ

2
z

+4
(
Bψ,n−1 + 2Cψ,n−1µψ

(
1− φψ

)
+ Czψ,n−1µz (1− φz)

)
Cψ,n−1φψσ

2
ψ

+2
(
Bz,n−1 + 2Cz,n−1µz (1− φz) + Czψ,n−1µψ

(
1− φψ

))
Bx,n−1σxz

+2
(
Bψ,n−1 + 2Cψ,n−1µψ

(
1− φψ

)
+ Czψ,n−1µz (1− φz)

)
Bx,n−1σxψ

+2

[
2Cψ,n−1

(
Bz,n−1 + 2Cz,n−1µz (1− φz) + Czψ,n−1µψ

(
1− φψ

))
+Czψ,n−1

(
Bψ,n−1 + 2Cψ,n−1µψ

(
1− φψ

)
+ Czψ,n−1µz (1− φz)

) ]φψσz,ψ

ψt
+
[
4C2

z,n−1φ
2
zσ

2
z + C

2
zψ,n−1φ

2
zσ

2
ψ + 4Cz,n−1Czψ,n−1φ

2
zσz,ψ

]
z2
t

+
[
B2
x,n−1σ

2
x + C

2
zψ,n−1φ

2
ψσ

2
z + 4C

2
ψ,n−1φ

2
ψσ

2
ψ + 2Czψ,n−1φψBx,n−1σxz + 4Cψ,n−1φψBx,n−1σxψ + 4Cψ,n−1Czψ,n−1φ

2
ψσz,ψ

]
ψ2
t

+

[
4Cz,n−1Czψ,n−1φzφψσ

2
z + 4Cψ,n−1φψCzψ,n−1φzφψσ

2
ψ + 4Cz,n−1φzBx,n−1σxz

+2Czψ,n−1φzBx,n−1σxψ + 2
(
4Cz,n−1Cψ,n−1 + C

2
zψ,n−1

)
σzψφψφz

]
ztψt



Volatility of Nominal Bond Returns We have

r$
n,t+1 − Etr$

n,t+1 =


B$
x,n−1ψtεx,t+1 +B

$
x,n−1εX,t+1 +B

$
λ,n−1ψtελ,t+1 +B

$
λ,n−1εΛ,t+1 +B

$
ξ,n−1ψtεξ,t+1

+C$
z,n−1ε

2
z,t+1 + C

$
ψ,n−1ε

2
ψ,t+1 + C

$
zψ,n−1εz,t+1εψ,t+1

+
(
B$
z,n−1 + 2C

$
z,n−1 (µz (1− φz) + φzzt) + C$

zψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

))
εz,t+1

+
(
B$
ψ,n−1 + 2C

$
ψ,n−1

(
µψ
(
1− φψ

)
+ φψψt

)
+ C$

zψ,n−1 (µz (1− φz) + φzzt)
)
εψ,t+1





so that

V art

(
r$
n,t+1

)
=



B$2
x,n−1σ

2
X +B

$2
λ,n−1σ

2
Λ + 2C

$2
z,n−1σ

4
z + 2C

$2
ψ,n−1σ

4
ψ + C

$2
zψ,n−1

(
σ2
zσ

2
ψ + σ

2
zψ

)
+
(
B$
z,n−1 + 2C

$
z,n−1µz (1− φz) + C$

zψ,n−1µψ
(
1− φψ

))2

σ2
z

+
(
B$
ψ,n−1 + 2C

$
ψ,n−1µψ

(
1− φψ

)
+ C$

zψ,n−1µz (1− φz)
)2

σ2
ψ

+2
(
B$
ψ,n−1 + 2C

$
ψ,n−1µψ

(
1− φψ

)
+ C$

zψ,n−1µz (1− φz)
)
B$
λ,n−1σψ,Λ

+2
(
B$
z,n−1 + 2C

$
z,n−1µz (1− φz) + C$

zψ,n−1µψ
(
1− φψ

))(
B$
ψ,n−1 + 2C

$
ψ,n−1µψ

(
1− φψ

)
+ C$

zψ,n−1µz (1− φz)
)
σz,ψ



+



4
(
B$
z,n−1 + 2C

$
z,n−1µz (1− φz) + C$

zψ,n−1µψ
(
1− φψ

))
C$
z,n−1σ

2
zφz

+2
(
B$
ψ,n−1 + 2C

$
ψ,n−1µψ

(
1− φψ

)
+ C$

zψ,n−1µz (1− φz)
)
C$
zψ,n−1σ

2
ψφz

+2C$
zψ,n−1B

$
λ,n−1σψ,Λφz

+2

 2C$
z,n−1

(
B$
ψ,n−1 + 2C

$
ψ,n−1µψ

(
1− φψ

)
+ C$

zψ,n−1µz (1− φz)
)

+C$
zψ,n−1

(
B$
z,n−1 + 2C

$
z,n−1µz (1− φz) + C$

zψ,n−1µψ
(
1− φψ

))
σz,ψφz


zt

+



2
(
B$
z,n−1 + 2C

$
z,n−1µz (1− φz) + C$

zψ,n−1µψ
(
1− φψ

))
B$
x,n−1σxz

+2
(
B$
ψ,n−1 + 2C

$
ψ,n−1µψ

(
1− φψ

)
+ C$

zψ,n−1µz (1− φz)
)
B$
x,n−1σxψ

+2
(
B$
z,n−1 + 2C

$
z,n−1µz (1− φz) + C$

zψ,n−1µψ
(
1− φψ

))
C$
zψ,n−1σ

2
zφψ

+4
(
B$
ψ,n−1 + 2C

$
ψ,n−1µψ

(
1− φψ

)
+ C$

zψ,n−1µz (1− φz)
)
C$
ψ,n−1σ

2
ψφψ

+2B$2
λ,n−1σλ,Λ

+2
(
B$
z,n−1 + 2C

$
z,n−1µz (1− φz) + C$

zψ,n−1µψ
(
1− φψ

))
B$
λ,n−1σz,λ

+2
(
B$
ψ,n−1 + 2C

$
ψ,n−1µψ

(
1− φψ

)
+ C$

zψ,n−1µz (1− φz)
)
B$
λ,n−1σψ,λ

+2B$
λ,n−1B

$
ξ,n−1σΛ,ξ + 4C

$
ψ,n−1B

$
λ,n−1σψ,Λφψ

+2
(
B$
z,n−1 + 2C

$
z,n−1µz (1− φz) + C$

zψ,n−1µψ
(
1− φψ

))
B$
ξ,n−1σξ,z

+2
(
B$
ψ,n−1 + 2C

$
ψ,n−1µψ

(
1− φψ

)
+ C$

zψ,n−1µz (1− φz)
)
B$
ξ,n−1σψ,ξ

+2

 2C$
ψ,n−1

(
B$
z,n−1 + 2C

$
z,n−1µz (1− φz) + C$

zψ,n−1µψ
(
1− φψ

))
+C$

zψ,n−1

(
B$
ψ,n−1 + 2C

$
ψ,n−1µψ

(
1− φψ

)
+ C$

zψ,n−1µz (1− φz)
) σz,ψφψ



ψt



+
[
4C$2

z,n−1φ
2
zσ

2
z + C

$2
zψ,n−1φ

2
zσ

2
ψ + 4C

$
z,n−1C

$
zψ,n−1σz,ψφ

2
z

]
z2
t

+

 B$2
x,n−1σ

2
x +B

$2
λ,n−1σ

2
λ +B

$2
ξ,n−1σ

2
ξ + 2B

$
x,n−1B

$
λ,n−1σx,λ + 2B

$
x,n−1B

$
ξ,n−1σx,ξ

+2C$
zψ,n−1B

$
x,n−1σxzφψ + 4C

$
ψ,n−1B

$
x,n−1σxψφψ + C

$2
zψ,n−1φ

2
ψσ

2
z + 4C

$2
ψ,n−1φ

2
ψσ

2
ψ + 2B

$
λ,n−1B

$
ξ,n−1σξλ + 2C

$
zψ,n−1B

$
λ,n−1σz,λφψ

+4C$
ψ,n−1B

$
λ,n−1σψ,λφψ + 2C

$
zψ,n−1B

$
ξ,n−1σξ,zφψ + 4C

$
ψ,n−1B

$
ξ,n−1σψ,ξφψ + 4C

$
ψ,n−1C

$
zψ,n−1σz,ψφ

2
ψ

ψ2
t

+

 4C$
z,n−1B

$
x,n−1σxzφz + 2C

$
zψ,n−1B

$
x,n−1σxψφz + 4C

$
z,n−1C

$
zψ,n−1σ

2
zφzφψ

+4C$
ψ,n−1C

$
zψ,n−1σ

2
ψφzφψ + 4C

$
z,n−1B

$
λ,n−1σz,λφz + 2C

$
zψ,n−1B

$
λ,n−1σψ,λφz

+4C$
z,n−1B

$
ξ,n−1σξ,zφz + 2C

$
zψ,n−1B

$
ξ,n−1σψ,ξφz + 2

(
4C$

z,n−1C
$
ψ,n−1 + C

$2
zψ,n−1

)
σzψφψφz

 ztψt


