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Who Should Buy Long-Term Bonds?

By Joun Y. CampPBELL AND Luis M. VICEIRA*

According to conventional wisdom, long-term bonds are appropriate for conserva-
tive long-term investors. This paper develops a model of optimal consumption and
portfolio choice for infinite-lived investors with recursive utility who face stochastic
interest rates, solves the model using an approximate analytical method, and
evaluates conventional wisdom. As risk aversion increases, the myopic component
of risky asset demand disappears but the intertemporal hedging component does
not. Conservative investors hold assets to hedge the risk that real interest rates will
decline. Long-term inflation-indexed bonds are most suitable for this purpose, but
nominal bonds may also be used if inflation risk is low. (JEL G12)

Long-term bonds have been issued for cen-
turies, and they remain extremely common fi-
nancial instruments. It is natural to suppose that
bonds have been popular because they meet the
needs of an investor clientele. Investment ad-
visers and financial journalists, for example,
often say that bonds are appropriate for long-
term investors who seek a stable income.

Curiously, modern financial economics has
had little to say about the demand for long-term
bonds. In the early postwar period, John Hicks
(1946), following John M. Keynes (1930) and
Frederick Lutz (1940), argued that investors
would naturally prefer to hold short-term bonds
and would only hold long-term bonds if com-
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pensated by a term premium. Franco Modigliani
and Richard Sutch (1966) countered that some
investors might have a preference for long-term
bonds (a long-term “preferred habitat”), and
such investors would require a premium to go
short, not a premium to go long. However,
Modigliani and Sutch were vague about the
characteristics of investors that would lead to a
long-term preferred habitat. They took it as a
given that some investors would desire stable
wealth at a long, rather than a short, horizon.

Since the 1960’s there has been a vast increase
in the sophistication of bond-pricing models, but
little further progress has been made in under-
standing the demand for long-term bonds. Recent
authors, building on the seminal contributions of
Oldrich Vasicek (1977) and John C. Cox et al.
(1985), have related term premia to the covari-
ances of bond returns with an exogenously spec-

!'They wrote:

Suppose that a person has an n period habitat; that is,
he has funds which he will not need for n periods
and which, therefore, he intends to keep invested in
bonds for n periods. If he invests in n period bonds,
he will know exactly the outcome of his investments
as measured by the terminal value of his wealth ... .
If, however, he stays short, his outcome is uncer-
tain ... . Thus, if he has risk aversion, he will prefer
to stay long

unless compensated by a term premium (pp. 183-84). See
also Joseph E. Stiglitz (1970) and Mark Rubinstein (1976).
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100 THE AMERICAN ECONOMIC REVIEW

ified stochastic discount factor, but have not asked
what bond portfolios are optimal for different
types of investors.?

One reason for this gap in the literature may
be that it is extremely hard to characterize op-
timal portfolio strategies for long-term inves-
tors. Robert C. Merton (1969, 1971) and Paul A.
Samuelson (1969) obtained some explicit re-
sults under the assumption that real asset returns
are independently and identically distributed
over time; but this assumption implies that real
interest rates are constant, so in the absence of
inflation uncertainty—or with full indexation of
bond payments to inflation—bond returns are
nonrandom and all bonds are perfect substitutes
for cash. Stanley Fischer (1975), Zvi Bodie et
al. (1985), and Alan D. Viard (1993) have none-
theless used this assumption to study bond de-
mand. In Fischer’s model there is one nominal
bond with a fixed nominal interest rate, and one
inflation-indexed bond with a fixed real interest
rate. The maturity of these bonds need not be
specified, since bonds of all maturities are
perfect substitutes for each other.® Bodie et al.
use historical data to estimate the variance-
covariance matrix of real returns on nominal
bonds, assuming that this matrix and mean real
bond returns are constant over time. In their
model, random inflation allows imperfect sub-
stitutability among nominal bonds of different
maturities, but constant real interest rates imply
that long-term and short-term indexed bonds are
perfect substitutes. Viard uses the same frame-
work as Bodie et al. and derives some further
analytical results.

Merton (1969, 1971, 1973) studied the inter-
temporal portfolio choice problem with time-
varying investment opportunities, introducing the

2 Robert J. Shiller (1990), Campbell et al. (1997), and
Qiang Dai and Kenneth J. Singleton (2000) review the
recent bond-pricing literature.

3 Fischer also considers multiple goods whose relative
prices may change; this allows him to introduce multiple
indexed bonds, but the bonds are distinguished by the prices
to which they are indexed, and not by maturity. Fischer
recognizes that his assumptions may be problematic, con-
cluding: “It is possible that too little uncertainty about the
returns from holding nominal bonds and equity over long
periods is reflected in the basic model of the paper and that
such uncertainty would result in portfolio holders being
willing to pay a substantial premium for a long-term in-
dexed bond” (p. 528). This paper explores Fischer’s con-
jecture.
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important concept of intertemporal hedging de-
mand for financial assets, but he did not obtain
explicit solutions for portfolio weights. Recently a
number of authors such as Michael J. Brennan et
al. (1997), Pierluigi Balduzzi and Anthony W.
Lynch (1999), Michael W. Brandt (1999), and
Nicholas C. Barberis (2000) have used numerical
methods to solve particular long-run portfolio
choice problems, while Tong Suk Kim and Ed-
ward Omberg (1996) and Campbell and Viceira
(1999) have derived some analytical results, but
these papers generally concentrate on the choice
between cash and equities rather than the demand
for long-term bonds.*

A shared assumption of this research is that
investors live exclusively off financial wealth
and do not have any labor income. Bodie et al.
(1992) show that if labor income is riskless, or
if shocks to labor income can be perfectly
hedged with risky assets, then labor income can
be treated as an implicit holding of financial
assets. In this case the results of the literature
apply to the total of explicit and implicit asset
holdings. When labor income has unhedgeable
risk, things become more complicated and nu-
merical or approximate analytical solution
methods are required (John Heaton and Deb-
orah J. Lucas, 1996; Joao Cocco et al., 1998;
Viceira, 2001).

In this paper we study intertemporal portfolio
choice in an environment with random real in-
terest rates. For simplicity we assume that in-
vestors have only financial wealth and no labor
income. We use an approximation technique
developed in our earlier papers (Campbell,
1993; Campbell and Viceira, 1999) to replace
the intractable portfolio choice problem with an
approximate problem that can be solved using
the method of undetermined coefficients. We
use the approximate solution to understand the
demand for long-term bonds.

We calibrate our model to historical data on
the U.S. term structure of interest rates, and
report optimal portfolios for investors with a
wide range of different attitudes towards risk. In

4 Since circulating the first version of this paper we have
become aware of numerical work by Brennan et al. (1996)
exploring long-term investors’ demand for long-term bonds.
More recent analytical work on this topic includes Brennan
and Yihong Xia (1998), Jun Liu (1998), and Jessica A.
Wachter (1998).
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order to study the effects of inflation risk on
optimal bond portfolios and investor utility, we
compare the solutions to our model when only
indexed bonds are available with the solutions
when only nominal bonds, or both nominal and
indexed bonds, are available. We also allow for
borrowing and short-sales constraints, and for
the possibility of investment in equities.

We begin by specifying a simple two-factor
model of the term structure of interest rates, aug-
mented to fit equity as well as bond returns. The
two factors are the log real interest rate and the log
expected rate of inflation. Each factor follows a
normal first-order autoregressive [AR(1)] process
with constant variance. This implies that log bond
yields are linear in the factors and the model is in
the tractable “affine yield” class (Darrell Duffie
and Rui Kan, 1996; Dai and Singleton, 2000). The
model for the real term structure is a discrete-time
version of Vasicek (1977), while the model for the
nominal term structure is a discrete-time version
of Terence Langetieg (1980). Closely related
models are discussed in Campbell et al. (1997
Ch. 11)5

Next we consider the portfolio choice problem
for an infinite-lived investor who has only finan-
cial wealth and must choose consumption and
optimal portfolio weights in each period. Because
the investor is infinite-lived, she does not value
stability of wealth at any unique horizon; rather
she cares about the long-run properties of her
consumption path. We assume that the investor’s
preferences are of the form suggested by Law-
rence Epstein and Stanley Zin (1989, 1991) and
Philippe Weil (1989); the investor has constant
relative risk aversion and constant intertemporal
elasticity of substitution in consumption, but these
parameters need not be related to one another.
Epstein-Zin preferences nest the traditional power-
utility specification in which relative risk aversion
is the reciprocal of the intertemporal elasticity of
substitution.

We show that the investor’s demand for long-
term bonds can be decomposed into a “myopic”
demand and a “hedging” demand. Myopic de-
mand depends positively on the term premium,
and inversely on the variance of long-term bond

5 Brennan and Xia (1998), Liu (1998), and Wachter
(1998) also use affine yield models but do not distinguish
between real and nominal bonds.
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returns and the investor’s risk aversion. As risk
aversion increases, myopic demand shrinks to
zero. Hedging demand, on the other hand, is
proportional to one minus the reciprocal of risk
aversion. It is zero when risk aversion is one
but accounts for all bond demand when risk
aversion is infinitely large. We show that an
infinitely risk-averse investor with zero inter-
temporal elasticity of substitution in consump-
tion will choose an indexed bond portfolio that
is equivalent to an indexed perpetuity, that is, a
portfolio that delivers a riskless stream of real
consumption. In this way we are able to support
the commonsense view that long-term bonds
are appropriate for long-lived investors who
desire stability of income.

Our analysis delivers explicit solutions for
portfolio weights, consumption rules, and in-
vestor welfare. We can compare investor behav-
ior under alternative assumptions about the
available menu of assets. We find that when
indexed bonds are not available, investors fac-
ing a given interest-rate process shorten their
bond portfolios and increase their precautionary
savings. This has serious utility costs for con-
servative investors, who are much better off
when they have the opportunity to buy indexed
bonds. In general equilibrium, of course, such
changes in asset demands are likely to alter the
interest-rate process itself, but we do not ex-
plore this effect.

We also consider optimal portfolios when
equities, as well as bonds, are available. We find
that the ratio of bonds to equities in the optimal
portfolio increases with the coefficient of rela-
tive risk aversion. As Niko Canner et al. (1997)
have pointed out, this is consistent with conven-
tional portfolio advice but inconsistent with
static mean-variance analysis. The static mean-
variance model with a riskless one-period asset
(“cash”) predicts that all investors should hold a
single mutual fund of risky assets; more conser-
vative investors should increase the ratio of cash
to the risky mutual fund, but should not change
their relative holdings of risky assets. Our
model helps to resolve the asset-allocation puz-
zle identified by Canner et al.; more generally it
underscores the dangers of using static portfolio
choice theory to study the dynamic problems
faced by long-term investors.

The organization of the paper is as follows.
Section I presents the two-factor term-structure
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model, and shows how it can be solved for bond
prices at all maturities. Section II sets up the
investor’s intertemporal consumption and portfo-
lio choice problem, explains our approximation to
the problem, and discusses the approximate solu-
tion in the case where only indexed bonds are
available. Section III asks how things change
when only nominal bonds, or both nominal and
indexed bonds, are available. This section also
considers the consumption and portfolio choice
problem in the presence of equities, and shows
how to impose borrowing and short-sales con-
straints. Section IV concludes.

I. A Two-Factor Model of the Term Structure
of Nominal Interest Rates

A. Specification of the Model

Our focus in this paper is the microeconomic
problem of portfolio choice for a long-term inves-
tor facing exogenous bond returns. In order to
generate empirically reasonable and theoretically
well-specified bond returns, however, we start by
writing down a general-equilibrium bond-pricing
model. We consider a discrete-time, two-factor
homoskedastic model that allows for nonzero cor-
relation between innovations in the short-term real
interest rate and innovations in expected inflation.

This two-factor, homoskedastic model is the
simplest model of the term structure of interest
rates that allows us to distinguish between in-
flation-indexed and nominal bonds. It would be
possible to consider more factors and to allow
for conditional heteroskedasticity—for exam-
ple, using square-root factor processes. How-
ever, while we could fit the data better in this
way, we would add mathematical complexity
without gaining substantial economic insights
into the long-run portfolio choice problem.

The real part of the model is determined by
the stochastic discount factor (SDF) M, , ; that
prices all assets in the economy. In a represen-
tative-agent framework the SDF can be related
to the marginal utility of a representative inves-
tor, but here we simply use it as a device to
generate a complete set of bond prices. We
assume that M, , ; has the following lognormal
structure, a discrete-time version of Vasicek
1977):

(1) _mr+l = xt + vm,t+ly
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X411 = (1 - d)\)l*"“,\ + ¢A’xf + Exi+ls

vm,H— 1 = Bm.\‘e,\‘,t-l— 1 + Sm,r + 1>

where m, ., = log(M,, ;) and x,, the one-
period-ahead conditional expectation of m, |,
follows an AR(1) process.

The nominal part of the model is also char-
acterized by a lognormal, conditionally ho-
moskedastic structure:

2) Teo1 = 2t Uppr s
Z)‘+1 = (1 - d)z)l“'“z + d)zzt + vz,t+l’
Upro1 = Bu€xrr1t T Banusr1 T €401 15

vw,t+l = Bm\‘sx,t+l + ansm,t+l + B‘rrzez,t+l

+ 87T,)‘+17

where , , , is the log inflation rate and z, is the
one-period-ahead conditional expectation of the
inflation rate.

The system is subject to four normally dis-
tributed, white noise shocks €,,,41, €,,41
€.,+1, and g, that determine the innova-
tions to the log SDF, the log inflation rate, and
their conditional means. These shocks are cross-
sectionally uncorrelated, with variances 0'3,,
o2, o2, and O'f. It is important to note that
Z,+ 1. the expected inflation rate, is affected by
both a pure expected-inflation shock ¢, ,, ; and
the shocks to the expected and unexpected log
SDF ¢, ,. and &, ,, . That is, innovations to
expected inflation can be correlated with inno-
vations in the log SDF, and hence with innova-
tions in the short-term real interest rate. These
correlations mean that nominal interest rates
need not move one-for-one with expected infla-
tion—that is, the Fisher hypothesis need not
hold—and nominal bond prices can include an
inflation risk premium as well as a real term
premium.

We have written the model with a self-
contained real sector (1) and a nominal sector
(2) that is affected by shocks to the real
sector. But this is merely a matter of nota-
tional convenience. Our model is a reduced
form rather than a structural model, so it
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captures correlations among shocks to real
and nominal interest rates but does not have
anything to say about the true underlying
sources of these shocks.

Campbell et al. (1997) note that g,,,,, only
affects the average level of the real term structure
and not its average slope or time-series behavior.
Accordingly, we can either drop it or identify its
variance with an additional restriction. We follow
the second approach and introduce equities in the
model. We assume that the unexpected log return
on equities is affected by shocks to both the ex-
pected and unexpected log SDF:

(3) re,r-l—l - Etre,t-l—l = Bzxsx,r+l

+ Bemsm,r +1-

Campbell (1999) shows that this decomposition
of the unexpected log equity return into a linear
combination of the shocks to the expected and
unexpected log SDF is consistent with a repre-
sentative-agent endowment model where ex-
pected aggregate consumption growth follows
an AR(1). From the fundamental pricing equa-
tion 1 = E,[M,,R,,,] and the lognormal
structure of the model it is easy to show that the
risk premium on equities, over a one-period
riskless return ry , 1, is given by

@

1
Elreier = rieil+ Evart(re.t+l — Fieet)

= Covr(re,t+l RANEST) _’nr+l)

= BV’I.\’BE.\'U/% + Belllo-lzﬂ'

The variance term on the left-hand side of (4) is
a Jensen’s Inequality correction that appears
because we are working in logs, and the terms
on the right-hand side relate the risk premium
on equities to the covariance of equity returns
with innovations in the SDF. This specification
implies that the equity premium, like all other
risk premia in the model, is constant over time.
Thus it ignores the time variation in the equity
premium that is the subject of our earlier paper
on long-run portfolio choice (Campbell and Vi-
ceira, 1999).
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B. Derivation of the Term Structure

We now show how our model can price de-
fault-free zero-coupon bonds that are either
inflation-indexed (paying one unit of consump-
tion at maturity) or nominal (paying one dollar
at maturity). There is a direct link between the
stochastic discount factor and the log return, or
equivalently the log yield, on a one-period in-
dexed bond: r;,,, = —log E[M,, ]. Be-
cause M, , is lognormal, we have that

S) rye = Er[_mr+l] - %Varr[mwl]

1 2 2 2
X — E(Bmxo-,\' + Um)'

Our assumptions on 7, | imply that the short-
term real interest rate is stochastic, though risk-
less one period in advance. It inherits the
stochastic properties of x,,;, and follows an
AR(1) process with mean p — (B2.0° +
02)/2 and persistence ¢,.

Campbell et al. (1997), following Singleton
(1990), Tong-sheng Sun (1992), and David
Backus (1993), show that a lognormal, condi-
tionally homoskedastic stochastic discount fac-
tor implies a pricing structure for log indexed
bond yields which is affine in x,, ;. The log
yield on an n-period indexed zero-coupon bond,
Y,.p» times bond maturity n, which equals minus
the log price of the bond, p,,,, is given by

(6) n: y)lf = _pllf = All + Blle’

where A, and B,, are functions of bond maturity
n but not of time ¢, and satisfy the following
recursive equations:

1 — ¢}
l_qu,

An - Au—l = (1 - d)x)"’“.\‘Bn—l

(7) Bn = 1 + ¢.\‘Bn—l =

- %[(Bmx + Bn—l)zo-.% + 0%1 ’

and Ay, = B, = 0. An implication of (6) is that
yields on indexed bonds of different maturities
are perfectly correlated with each other.
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The one-period log return on an n-period
indexed zero-coupon bond is by definition
(Pn—1.4+1 — DPn.)- Combining this expression
with (6) and (7), the excess return over the
one-period log interest rate is

— 1 p2 2
(8) Fop+1 — Fipe+1 = _EBn—lo-x

- BmxBn - 10-5
- Bn— 1€x 141>
so the n-period bond is risky, with a sensitivity

B, _, to real interest rate shocks and a risk
premium given by

®
1
Elry = rsd + 2 Var, (7,1 = Fie1)

= COVr("n,z+1 T+, —M; )

I

2
—BmxBn —10%-

The variance term on the left-hand side of (9) is
a Jensen’s Inequality correction that appears
because we are working in logs. The conditional
covariance of the excess bond return with the
log SDF determines the risk premium. In our
homoskedastic model the conditional covari-
ance is constant through time but dependent on
the bond maturity; thus the expectations hy-
pothesis of the term structure holds for indexed
bonds. It is important to realize that constant
risk premia do not imply constant investment
opportunities because real interest rates are sto-
chastic in our model.

Since B,,_; > 0, the risk premium has the
opposite sign to B,,.. With a positive B,,,,
long-term indexed bonds pay off when the mar-
ginal utility of consumption for a representative
investor is high, that is, when wealth is most
desirable. In equilibrium, these bonds have a
negative risk premium. With a negative f3,,,, on
the other hand, long-term indexed bonds pay off
when the marginal utility of consumption for a
representative investor is low, and so in equi-
librium they have a positive risk premium.

Equations (8) and (9) imply that the Sharpe
ratio for indexed bonds is —f3,,,0,, which is

MARCH 2001

independent of bond maturity. The invariance
of the Sharpe ratio to bond maturity follows
from the one-factor structure of the real sector
of the model. The ratio of the risk premium to
the variance of the excess return, which deter-
mines a myopic investor’s allocation to long-
term bonds, is —f3,,,/B, _ ;. This does depend
on bond maturity but not on the volatility of the
real interest rate.

The pricing of nominal bonds follows the
same steps as the pricing of indexed bonds. The
relevant stochastic discount factor for nominal
bonds is the nominal SDF M’fﬂ, the log of
which is given by:

(10) MY = M~ T

Since both M, ; and I1, . , are jointly lognormal
and homoskedastic, M?, | is also lognormal. The
log nominal return on a one-period nominal bond
is 1},,, = —log E[M?, ], which implies that

1:+1 18 a linear combination of the expected log
real SDF and expected inflation given in an
Appendix available from the authors upon
request.

The log price of an n-period nominal zero-
coupon bond, pi’,, also has an affine structure.
It is a linear combination of x, and z, the coef-
ficients of which are time-invariant, though they
vary with the maturity of the bond:

1 _Pi,t = Ai + B?,nxr + Bg,nzt'

The Appendix gives expressions for the coeffi-
cients A3, Bf,,, and Bgn.

Since nominal bond prices are driven by
shocks to both real interest rates and inflation,
they have a two-factor structure rather than the
single-factor structure of indexed bond prices.
Inflation affects the excess return on an n-period
nominal bond over the one-period nominal in-
terest rate, so risk premia in the nominal term

6 To economize space, throughout the article we omit
some proofs and empirical results of secondary importance.
However, we have included all of them in an Appendix
which is readily available from the authors or from their
personal web pages: http://www.economics.harvard.edu/
faculty/jcampbell/campbell.html and http://www.people.
hbs.edu/lviceira.
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structure include compensation for inflation
risk. Like all other risk premia in the model,
however, the risk premia on nominal bonds are
constant over time; thus the expectations hy-
pothesis of the term structure holds for nominal
as well as for real bonds.

C. The Term Structure of Interest Rates
in the United States

We estimate the two-factor term-structure
model using data on U.S. nominal interest
rates, equities, and inflation. We use nominal
zero-coupon yields at maturities three months,
one year, three years, and ten years from J.
Huston McCulloch and Heon-Chul Kwon
(1993), updated by Frank F. Gong and Eli M.
Remolona (1996a, b). We take data on equities
from the Indices files on the CRSP tapes, using
the value-weighted return, including dividends,
on the NYSE, AMEX, and NASDAQ markets.
For inflation, we use a Consumer Price Index
that retrospectively incorporates the rental-
equivalence methodology, thereby avoiding any
direct effect of nominal interest rates on mea-
sured inflation. The Appendix shows that esti-
mation results are extremely similar if we
instead use the personal consumption expendi-
ture (PCE) deflator to measure inflation. Al-
though the raw data are available monthly, we
construct a quarterly data set in order to reduce
the influence of high-frequency noise in infla-
tion and short-term movements in interest rates.
We begin our sample in 1952, just after the
Fed-Treasury Accord that dramatically altered
the time-series behavior of nominal interest
rates. Our data end in 1996.

To avoid the implication of the model that bond
returns are driven by only two common factors, so
that all bond returns can be perfectly explained by
any two bond returns, we assume that bond yields
are measured with error. The errors in yields are
normally distributed, serially uncorrelated, and
uncorrelated across bonds. Then the term-struc-
ture model becomes a classic state-space model in
which unobserved state variables x, and z, follow a
linear process with normal innovations and we
observe linear combinations of them with normal
errors. The model can be estimated by maximum
likelihood using a Kalman filter to construct the
likelihood function (Andrew C. Harvey, 1989;
George Pennacchi, 1991; Gong and Remolona,
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19964, b; Andrea Berardi, 1997; Silverio Foresi et
al., 1997). This is an attractive alternative to the
Generalized Method of Moments used to estimate
term-structure models by Michael R. Gibbons and
Krishna Ramaswamy (1993) and others.

In Table 1 we report parameter estimates for
the period 1952-1996 and the period 1983-
1996. Interest rates were unusually high and
volatile in the 1979-1982 period, during which
the Federal Reserve Board under Paul Volcker
was attempting to reestablish the credibility of
anti-inflationary monetary policy and was ex-
perimenting with monetarist operating proce-
dures. Many authors have argued that real
interest rates and inflation have behaved differ-
ently in the monetary-policy regime established
since 1982 by Federal Reserve chairmen
Volcker and Alan Greenspan (see, for example,
Richard Clarida et al., 1998). Accordingly we
report separate estimates for the period starting
in 1983 in addition to the full sample period.

The parameter values in Table 1 are restricted
maximum-likelihood estimates of the model.
Unrestricted maximum-likelihood estimates fit
the data well in the 1952-1996 sample period,
but they deliver implausibly low means for
short-term nominal and real interest rates in the
1983-1996 sample period. (The model does not
necessarily fit the sample means because the
same parameters are used to fit both time-series
and cross-sectional behavior; thus the model
can trade off better fit elsewhere for worse fit of
mean short-term interest rates.) Accordingly we
require that the model exactly fit the sample
means of nominal interest rates and inflation.
This restriction hardly reduces the likelihood at
all in 1952-1996 and even in 1983-1996 it
cannot be rejected at conventional significance
levels.

The first two columns of Table 1 report pa-
rameters and asymptotic standard errors for the
period 1952-1996. All parameters are in natural
units, so they are on a quarterly basis. We
estimate a moderately persistent process for the
real interest rate; the persistence coefficient ¢,
is 0.87, implying a half-life for shocks to real
interest rates of about five quarters. The ex-
pected inflation process is much more persis-
tent, with a coefficient ¢, of 0.9992 that implies
a half-life for expected inflation shocks of over
two centuries! Of course, the model also allows
for transitory noise in realized inflation.
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TABLE 1—TERM-STRUCTURE MODEL ESTIMATION

1952.1-1996.11

1983.1-1996.11

Parameter Estimate Standard error Estimate Standard error
My 0.0573 0.0298 0.0194 0.0693
M, 0.0094 0.0087

b, 0.8688 0.0057 0.9862 0.0042
¢, 0.9992 0.0012 0.8599 0.0216
Binx —74.9797 41.6949 —28.6919 114.0025
B.x 0.0752 0.0516 —-0.4114 0.1886
Bom —0.0012 0.0006 0.0008 0.0024
B 0.5198 0.3050 —0.0267 0.9790
Bam —0.0088 0.0034 0.0008 0.0193
Bz 1.4320 0.2940 —1.5412 1.5047
Bex —3.4957 3.4123 —9.3629 6.3014
Ber 0.3013 0.0979 0.5089 1.3528
o, 0.0025 0.0001 0.0027 0.0006
o, 0.2694 0.0927 0.1351 0.3579
o, 0.0013 0.0001 0.0016 0.0002
[ 0.0071 0.0004 0.0072 0.0018
Log-likelihood 26.3327 26.8222

Number of observations 179 55

El[ri +1] 1.39 percent 2.93 percent

Elr}, 1] 5.50 percent 6.40 percent
a(ri+1) 1.01 percent 3.25 percent

a(rd, 1) 6.70 percent 3.09 percent

E[m, 1] 3.77 percent 3.49 percent

a(m ) 1.57 percent 1.52 percent

The bottom of Table 1 reports the implica-
tions of the estimated parameters for the means
and standard deviations of real interest rates,
nominal interest rates, and inflation, measured
in percent per year. The implied mean log yield
on an indexed three-month bill is 1.39 percent
for the 1952-1996 sample period. Taken to-
gether with the mean log yield on a nominal
three-month bill of 5.50 percent and the mean
log inflation rate of 3.77 percent (both restricted
to equal the sample means over this period), and
adjusting for Jensen’s Inequality using one-half
the conditional variance of log inflation, the
implied inflation risk premium in a three-month
nominal Treasury bill is 35 basis points. This
fairly substantial risk premium is explained by
the significant positive coefficient B8, and the
significant negative coefficient 8_,, in Table 1.7

Risk premia on long-term indexed bonds, rel-
ative to a three-month indexed bill, are deter-

7 This result is somewhat sensitive to the sample period.
If we estimate the model over the period 1952-1979, we
find a smaller inflation risk premium at the short end of the
term structure, consistent with the results of Foresi et al.
(1997).

mined by the parameter S,,,. This is negative
and significant, implying positive risk premia
on long-term indexed bonds and an upward-
sloping term structure of real interest rates. Risk
premia on nominal bonds, relative to indexed
bonds, are determined by the inflation-risk pa-
rameters 3., and $,,,. The former is positive
but statistically insignificant, while the latter is
negative and significant. Both point estimates
imply positive inflation risk premia on nominal
bonds relative to indexed bonds.

The parameters in Table 1 can also be used to
calculate the volatility of the log stochastic dis-
count factor. From (1), the variance of m, , ; is
a2/(1 — ¢2) + B2,.02 + o2 The estimates in
Table 1 imply a large quarterly standard devia-
tion of 0.33, consistent with the literature on
volatility bounds for the stochastic discount fac-
tor (Shiller, 1982; Lars P. Hansen and Ravi
Jagannathan, 1991; John H. Cochrane and Han-
sen, 1992). When financial markets are com-
plete, the discounted marginal utility growth of
each investor must be equal to the stochastic
discount factor. Therefore the consumption and
portfolio solutions we report later in the paper
for the complete-markets case imply highly vol-

This content downloaded from 199.94.10.82 on Thu, 13 Feb 2020 16:21:14 UTC
All use subject to https://about.jstor.org/terms



VOL. 91 NO. 1 CAMPBELL AND VICEIRA: WHO SHOULD BUY LONG-TERM BONDS? 107
TABLE 2—SAMPLE AND IMPLIED MOMENTS OF THE TERM STRUCTURE
1952.1-1996.11T 1983.1-1996.111
Moment 1year 3year 10year 1year 3year 10 year
A: Nominal Term Structure
W EFE, -, 0+ 0%, -, )2 sample 0397  0.651 0915 0706 2.111 5.675
implied  0.559  1.290 1.967  0.155 0.658 2.278
(s.e.) (0.272) (0.655) (1.071) (0.570) (2.373) (8.307)
@ o, -, D sample  1.615 4.615 11.365 1.135 4220 12.612
implied 1.634 4.501 11.566 1.312 4.627 14.896
(s.e.) (0.084) (0.263) (0.707) (0.296) (1.171) (3.664)
(3) SR® = (1)/(2) sample 0246  0.141 0.080 0.622  0.500 0.450
implied 0342  0.287 0.170  0.118  0.142 0.153
(s.e.) (0.172) (0.148)  (0.091) (0.450) (0.535) (0.579)
@ El: . — i, sample  0.440  0.802 1.185 0527 1267 2.067
implied 0.294  0.742 1.174  0.071  0.276 0.766
(s.e.) (0.142) (0.392) (0.748) (0.283) (1.148) (4.373)
S o0, =y sample 0222 0.409 0.613  0.177 0.341 0.545
implied 0.182  0.488 0.826  0.140 0.380 0.803
(s.e.) (0.010) (0.026) (0.048) (0.019) (0.045) (0.123)
B: Real Term Structure
(6) Elfpyr1 = Frye1) + 0*(ry,py — 1 01)/2  implied 0490  1.075 1.345 0245 0.851 2.513
(s.e.) (0.247) (0.563) (0.710) (0.904) (3.139) (9.289)
M) o(ruer = Tiger) implied  1.309  2.994 3788 1.590 5521 16295
(s.e.) (0.071) (0.184) (0.275) (0.369) (1.263) (3.708)
(8) SR = (6)/(7) implied 0374 0.374 0374  0.154 0.154 0.154
(s.e.) (0.198) (0.198)  (0.198) (0.590) (0.590) (0.590)
9 Elyuie1 = Yis+1l implied  0.253  0.665 1.100  0.118 0.381 0.858
(s.e.) (0.130) (0.347) (0.581) (0.455) (1.620) (5.177)
(10) 0Vprs1 = Yigs1) implied 0.182  0.486 0816  0.067 0.235 0.738
(s.e.) (0.010) (0.026) (0.045) (0.020) (0.070) (0.204)
C: Equities
(A1) Elrp,yq — 02,00 — 7,0 )] sample 6.910 8.738
+ iy = (G yer — W2 implied 8.988 4.527
(s.e.) (3.131) 9.212)
12) 0(reppy — @200 — mi 1)) sample 15.917 14.646
implied 15.896 14.748
(s.e.) (0.708) (1.069)
(13) SR = (11)/(12) sample 0.434 0.597
implied 0.565 0.307
(s.e.) (0.184) (0.621)

Note: Standard errors (s.e.) are in parentheses.

atile marginal utilities, due either to volatile
consumption or high risk aversion. This is a
manifestation of the equity premium puzzle of
Rajnish Mehra and Edward C. Prescott (1985)
in our microeconomic model with exogenous
asset returns and endogenous consumption.
Table 2 explores the term-structure implica-
tions of our estimates in greater detail. The table
compares implied and sample moments of term-

structure variables, measured in percent per
year. It also reports standard errors for the im-
plied moments, calculated using the delta
method. Panel A of Table 2 reports sample
moments for returns and yields on nominal
bonds, together with the moments implied by
our estimated model; Panel B shows compara-
ble implied moments for indexed bonds, and
Panel C reports sample and implied moments

This content downloaded from 199.94.10.82 on Thu, 13 Feb 2020 16:21:14 UTC
All use subject to https://about.jstor.org/terms



108 THE AMERICAN ECONOMIC REVIEW

for equities. Row (1) of the table gives Jensen’s
Inequality-corrected average excess returns on
n-period nominal bonds over one-period nomi-
nal bonds, while row (2) gives the standard
deviations of these excess returns. Row (3) re-
ports annualized Sharpe ratios for nominal
bonds, the ratio of row (1) to row (2). Row (4)
reports mean nominal yield spreads and row (5)
reports the standard deviations of nominal yield
spreads. Rows (6) through (10) repeat these
moments for indexed bonds. Note that the re-
ported risk premia and Sharpe ratios for nomi-
nal and indexed bonds are not directly
comparable because they are measured relative
to different short-term assets, nominal and in-
dexed respectively.

A comparison of the model implications in
rows (1) and (6) shows that ten-year nominal
bonds have a risk premium over three-month
nominal bills of 1.97 percent per year, while
ten-year indexed bonds have a risk premium
over three-month indexed bills of 1.35 percent
per year. These numbers, together with the 35-
basis-point risk premium on three-month nom-
inal bills over three-month indexed bills, imply
a ten-year inflation risk premium (the risk pre-
mium on ten-year nominal bonds over ten-year
indexed bonds) slightly above 1.1 percent. This
estimate is consistent with the rough calcula-
tions in Campbell and Shiller (1996).

Rows (2) and (7) show that nominal bonds
are much more volatile than indexed bonds; the
difference in volatility increases with maturity,
so that ten-year nominal bonds have a standard
deviation three times greater than ten-year in-
dexed bonds. This difference in volatility makes
the Sharpe ratio for indexed bonds in row (8)
considerably higher than the Sharpe ratio for
nominal bonds in row (3). Since indexed bond
returns are generated by a single-factor model,
the Sharpe ratio for indexed bonds is indepen-
dent of maturity at 0.37. The Sharpe ratio for
nominal bonds declines with maturity; short-
term nominal bonds have a ratio close to that for
indexed bonds, but the Sharpe ratio for ten-year
nominal bonds is only 0.17. These numbers
imply that in our portfolio analysis, investors
with low risk aversion will have a strong myo-
pic demand for indexed bonds.

Table 2 can also be used to evaluate the
empirical fit of the model. A comparison of the
model’s implied moments with the sample mo-
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ments for nominal bonds shows that the model
fits the volatility of excess nominal bond returns
and changes in yields extremely well. The
model somewhat overstates the average excess
nominal bond return and the nominal Sharpe
ratio, but this can be attributed in part to the
upward drift in interest rates over the 1952-
1996 sample period which biases downward the
sample means. The standard errors for implied
volatilities are small, while the standard errors
of implied mean excess returns are large. This
reflects the well-known result that it is much
harder to obtain precise estimates of first mo-
ments than of second moments.

Another way to judge the fit of the model is
to ask how much of the variability of bond
yields, or bond returns, is accounted for by the
structural parameters as opposed to the white-
noise measurement errors we have allowed in
each bond yield. The estimated variances of
measurement errors (not reported in Table
1) are zero for one-year and ten-year bonds and
are extremely small for three-month bills and
three-year bonds. Measurement errors are esti-
mated to account for less than 0.5 percent of the
variance of three-month and three-year bond
yields and less than 5 percent of the variance of
three-year bond returns. This reflects the fact
that bond yields are highly persistent at all ma-
turities, so the model fits them primarily with
persistent structural processes rather than white-
noise measurement errors.

Overall the model appears to provide a good
description of the nominal U.S. term structure
considering its parsimony and the fact that we
have forced it to fit both time-series and cross-
sectional features of the data.

Rows (11), (12), and (13) of Table 2 report
summary statistics for equities: the annualized
Jensen’s Inequality-corrected average excess
returns on equities relative to nominal bills, the
standard deviation of these excess returns, and
their Sharpe ratio. The model fits the standard
deviation of equities extremely well but over-
predicts the equity premium and the Sharpe
ratio for equities. The implied Sharpe ratio of
0.57 implies that investors with low risk aver-
sion will have an extremely large myopic de-
mand for equities; this is again a manifestation
of the equity premium puzzle.

The right-hand sides of Tables 1 and 2 repeat
these estimates for the Volcker-Greenspan period
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1983-1996. Many of the parameter estimates are
quite similar; however, we find that in this period
real interest rates are much more persistent, with
¢, = 0.986 and an implied half-life for real inter-
est rate shocks of about 12 years. The expected
inflation process now mean-reverts much more
rapidly, with ¢, = 0.860 implying a half-life for
expected inflation shocks of about five quarters.
These results are consistent with the notion that
since the early 1980’s the Federal Reserve has
more aggressively controlled inflation at the cost
of greater long-term variation in the real inter-
est rate (Clarida et al.,, 1998). The increase in
real-interest-rate persistence increases the risk pre-
mia on indexed and nominal bonds, but it also
greatly increases the volatility of indexed bond
returns so the Sharpe ratio for indexed bonds is
lower at 0.15. In the remainder of the paper we
present portfolio choice results based on our full-
sample estimates for the period 1952-1996, but
we also discuss results for the 1983-1996 period
where they are importantly different.

II. The Demand for Indexed Bonds

A. Investor Preferences and
the Budget Constraint

The investor is infinite-lived, lives off her
financial wealth, and faces the investment envi-
ronment described above. We assume that her
preferences are described by the recursive util-
ity proposed by Epstein and Zin (1989) and
Weil (1989):

(12) U(C,, E\U,.,)
= {(1 -3¢y

+ 8(EUyL )y,

where 6 < 1 is the discount factor, y > 0 is the
coefficient of relative risk aversion, s > 0 is the
elasticity of intertemporal substitution, and 6 =
(1 = y)/(1 — 1/3). The recursive utility function
(12) reduces to the standard time-separable,
power utility function with relative risk aver-
sion vy when ¢y = 1/7. In this case 0 = 1.
Recursive preferences are useful because
they allow us to separate the investor’s atti-
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tude towards risk from her attitude towards
intertemporal substitution of consumption
over time. This separation is particularly im-
portant in our framework, where the short-
term interest rate moves over time giving the
investor an incentive to change her planned
consumption growth rate.

The investor maximizes (12) subject to the
intertemporal budget constraint

(13) Wr+1 = Rp,r+1(Wr - Cr)9

where R, ,, | is the gross return at time ¢ + 1
on her portfolio at time ¢.

Epstein and Zin (1989, 1991) have shown
that when the budget constraint is given by (13),
the optimal portfolio and consumption policies
must satisfy the following Euler equation for
any asset i:

Cor) M
14 1= E[{s( c ) } R,:,fL:”R,-,,H].
t
When i = p, (14) reduces to:

Coot\ ™
wo 1=el[o %) )]

Dividing (12) by W, and using the budget
constraint we obtain the following expression
for utility per unit of wealth:

Cr 1= (1/4)
W,

Cr 1= (/)
! 5(1 - W,)

(16) V,=U/W, = {(1 - 3)(

(=)
X (Er[VrlInyR,',IJl])w} :

Epstein and Zin (1989, 1991) show that the
maximized V,, the value function per unit of
wealth, can be written as a power function of
(1 — 0) and the consumption-wealth ratio:
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C\ V-9
an v,=(1- 5)—[-#/(1—4!)](@1) )

t

Two special cases are worth noting. First, as s
approaches one, the exponents in (17) increase
without limit. The value function has a finite
limit, however, because the ratio C,/W, ap-
proaches (1 — &) as shown by Alberto Giovan-
nini and Weil (1989). Second, as s approaches
zero, V, approaches C,/W,. A consumer who is
extremely reluctant to substitute intertemporally
consumes the annuity value of wealth each pe-
riod, and this consumer’s utility per dollar is the
annuity value of the dollar.

B. Loglinear Approximation of the Model

At this point, to simplify the analysis and build
intuition we assume that there are only two bonds
available to the investor, a one-period indexed
bond and an n-period indexed bond. Given the
one-factor structure of our model for indexed
bonds, this is equivalent to providing the investor
with a complete indexed term structure. Under this
assumption, R, , ; is equal to

(18) Rp,t+l = an,l(Rn,t+l - Rl,t+1) + Rl,t+la

where «,, , is the fraction of the investor’s sav-
ings allocated to the n-period indexed bond at
time ¢. In Section III we generalize the model to
include nominal bonds and equities.

In order to find optimal savings and the optimal
allocations to the two bonds, we adopt an approx-
imate analytical solution method. The first step is
to characterize a,,, the optimal allocation to the
n-period bond, by combining a second-order log-
linear approximation to the Euler equation with a
first-order approximation to the intertemporal
budget constraint. We then guess a form for the
optimal consumption and portfolio policies and
show that policies of this form satisfy the approx-
imate Euler equation and budget constraint. Fi-
nally we use the method of undetermined
coefficients to identify the coefficients of the op-
timal policies from the primitive parameters of the
model. By using a second-order expansion of the
log Euler equation we account for second-moment
effects in the model.
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Following Fernando Restoy (1992), Campbell
(1993), and Campbell and Viceira (1999), we first
loglinearize the Euler equation (14) for i = n and
i = 1, where asset 1 is the short-term riskless
asset. Subtracting the loglinearized Euler equation
for the riskless asset from the loglinearized equa-
tion for asset n, we find:

1
(19) Et[rn,1+l - rl,t+l] + E Varr(rn,1+l)

W

+ (1 - G)COV,(VP,H_l, rn,r+1)’

0
= (‘)COV,(AC)%—U P+ l)

where lowercase letters denote variables in logs
and A is the first-difference operator. This expres-
sion says that the risk premium on asset » is a
weighted average of the asset’s covariance with
consumption growth divided by i, and the asset’s
covariance with the portfolio return. The weights
are 0 and (1 — 0), respectively; in the case of
power utility, 6 = 1 and only the consumption
covariance enters the Euler equation. We obtain
(19) from (14) by using both a second-order Tay-
lor approximation around the conditional mean
of {r,,+1, Ac,,} and the approximation log(1 +
x) =~ x for small x. Equation (19) holds exactly if
consumption growth and the return on wealth
have a joint conditional lognormal distribution.
We show later that our approximate solution im-
plies just such a distribution.

We can loglinearize the Euler equation (15) in
a similar fashion. After reordering terms, we ob-
tain the well-known equilibrium linear relation-
ship between expected log consumption growth
and the expected log return on wealth:

(20) EtAct+1 = ll/ IOg 5 + Up,t + ¢Err1),t+la

where the term v, , is an intercept proportional
to the conditionaf variance of log consumption
growth in relation to log portfolio returns:

1/6
(21) Upr = 5 (E)V&I‘,(ACH.[ - lprp,t+l)'

In general this intercept is time-varying, but in our
model it becomes a constant. These equations, like
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(19), hold exactly if consumption and asset returns
are jointly conditionally lognormal.

Taking the return on wealth as given, we can also
loglinearize the intertemporal budget constraint (13)
around the mean log consumption-wealth ratio:

1
(22) AWt+1 xrp,t+l+ (1 - B)(Ct - Wt) + k,

where k = log(p) + (1 — p)log(1 — p)/p, and
p=1—exp{E(c, — w,)} is a loglinearization
parameter. Note that p is endogenous in that it
depends on the average log consumption-wealth
ratio, which is unknown until the model has
been solved. Campbell (1993) proposes the ap-
proximation (22) and shows that it holds exactly
if the consumption-wealth ratio is constant
over time. Giovannini and Weil (1989) show
that if the elasticity of intertemporal substitu-
tion ¢y = 1, then the consumption-wealth ratio
is constant at (1 — 0); in this special case our
solution is exact and we know that p = .

Finally, equation (18) allows us to approximate
¥+ 1> the log return on wealth, as follows:

(23) Fpi+v1 = an,r(rn,r+l - ”1,:+1) t i
1
+ Ean,t(l - an,t)Vart(rn,t+ l)-

This is a discrete-time version of the log return on

wealth in continuous time, where Ito’s Lemma can

be applied to equation (18). The accuracy of this

approximation increases as the time interval shrinks.
Combining the trivial equality

(4)  Aci = (o1 — wir) — (= w)+ Aw,y

with equations (19), (22), and (23) and the def-
inition of 6 we find that

(25)

1
1 Elrer—ral+ Evarr(rn,H—l)
y Varl(rn,t+ l)

(=05
L=4/\ v
Covr(rn,t+l’ Crv1 — W1+1)
Var, (r,,+1)

Ay =

CAMPBELL AND VICEIRA: WHO SHOULD BUY LONG-TERM BONDS? 111

This equation was first derived by Restoy
(1992). The first term is the myopic component
of asset demand; it is proportional to the risk
premium on the n-period bond and the recipro-
cal of the coefficient of relative risk aversion.
The second term is Merton’s (1969, 1971, 1973)
intertemporal hedging demand. It reflects the
strategic behavior of the investor who wishes
to hedge against future adverse changes in
investment opportunities, as summarized by the
consumption-wealth ratio. In our setup the in-
vestment opportunity set is time-varying be-
cause interest rates are time-varying (although
expected excess returns are constant); accord-
ingly the investor may want to hedge her con-
sumption against adverse changes in interest
rates. Intertemporal hedging demand is zero
when risk aversion y = 1, but as vy increases
myopic demand shrinks to zero and hedging
demand does not. In the limit as y becomes
arbitrarily large, hedging demand accounts for
all the demand for the risky asset.

An important special case arises when the
elasticity of intertemporal substitution is unity.
As iy — 1, the log consumption-wealth ratio
becomes constant so the covariance of asset
returns with this ratio approaches zero. How-
ever the covariance is divided by 1 — s, which
also approaches zero. Giovannini and Weil
(1989), by taking appropriate limits, have
shown that portfolio choice is not myopic in this
case even though the consumption-wealth ratio
is constant. The solution presented in this paper
is exact for the case ¢ = 1.

C. An Explicit Solution

Equation (25) is recursive in the sense that it
relates current portfolio decisions to future con-
sumption and portfolio decisions. In order to get
a complete solution to the model we need to
derive consumption and portfolio rules that de-
pend only on current state variables. We do this
by guessing that the consumption function takes
the form
(26) ¢, —w,=by+ bx,.

Calculations summarized in the Appendix ver-
ify this guess and show that the coefficients are
given by
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op [=9(d —y)
@7 b"_l—p[ 2y
2
p 2
x mx + O-x
(B 1 - P¢x>

1
—E(l—t,l/)(r?,,—t,lzlog8+k

1 —
+ w(l — @) %(*:T;p)]
and
@) b=

In addition, the optimal portfolio share in the
risky asset is constant over time and can be
written as

-1
‘an—l

(29) allt = an

X |:Bmx + (1 - ’Y) Tip—pa::I

These solutions are analytical, given the log-
linearization parameter p. But p itself is a non-
linear function of the coefficients b, and b,
since p = 1 — exp{E[c, — w,]} = 1 — exp
{by + by, }. Equations (27), (28), and the
expression for p define implicitly a nonlinear
mapping of p onto itself which has an analytical
solution only in the case ¢ = 1, when p = 6. In
all other cases we solve for p numerically using
a simple recursive algorithm. We set p to some
initial value (typically p = 8) and compute the
coefficients of the optimal policies; given these
coefficients we compute a new value for p, from
which we obtain a new set of coefficients, and
so forth. We continue until the difference be-
tween two consecutive values of p is less than
10~*. This recursion converges very rapidly to a
number between zero and one whenever the
value function of the model is finite.

Equations (26) and (28) show that the log
consumption-wealth ratio is linear in the short-
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term real interest rate (since x, is linearly related
to ry ;). The response of consumption to the
interest rate depends on the investor’s elasticity
of intertemporal substitution, but does not de-
pend directly on her relative risk aversion. The
risk aversion coefficient affects the dynamic
behavior of consumption only indirectly
through its effect on the loglinearization param-
eter p. In the Appendix we show that this indi-
rect effect is empirically very small.

The consumption-wealth ratio increases with
the interest rate if ¢y < 1 and falls with the
interest rate if ¥ > 1. An increase in the short-
term real interest rate is equivalent to an im-
provement in the investment opportunity set,
and it has both income and substitution effects.
An investor with low i is reluctant to substitute
intertemporally, and for her the income effect
dominates, leading her to increase her consump-
tion relative to her wealth. Conversely, the sub-
stitution effect dominates for an investor with
high ¢ > 1. This investor will reduce present
consumption when the interest rate increases.
Both income and substitution effects on con-
sumption are stronger, the more persistent is the
improvement in investment opportunities—the
closer is ¢, to one. The consumption-wealth
ratio is constant only when ¢y = 1, in which case
¢, — w, equals log(1 — 9).

Equation (29) shows that the optimal portfo-
lio allocation to the long-term bond is constant
over time and independent of the level of the
short-term interest rate. The portfolio allocation
depends on the bond maturity, on the persis-
tence of the short-term interest rate, and on the
investor’s relative risk aversion, but does not
depend directly on her elasticity of intertempo-
ral substitution. The elasticity of intertemporal
substitution affects portfolio choice only indi-
rectly through its effect on the loglinearization
parameter p, and we show in the Appendix that
this indirect effect is empirically very small.

The first term inside the brackets in (29)
represents the myopic demand for long-term
bonds, while the second term represents the
intertemporal hedging demand. The myopic de-
mand depends on the ratio of mean excess bond
return to variance, —3,,,/B, _, divided by the
coefficient of risk aversion y. Thus myopic de-
mand goes to zero as risk aversion increases.

The intertemporal hedging demand for bonds
is zero when y = 1. Investors with unit relative

This content downloaded from 199.94.10.82 on Thu, 13 Feb 2020 16:21:14 UTC
All use subject to https://about.jstor.org/terms



VOL. 91 NO. 1

risk aversion are “myopic investors” who de-
mand long-term bonds exclusively for their risk
premium. Investors with y > 1, however, have
a positive intertemporal hedging demand. Long-
term bonds have high returns when interest rates
fall, that is, when future investment opportuni-
ties deteriorate, so conservative investors use
them to hedge investment-opportunity risk.®

It is interesting to consider what happens in
the limit as the investor becomes infinitely risk
averse. The optimal portfolio for an infinitely
conservative investor is one natural way to de-
fine a “riskless” asset. Financial economists
conventionally take a short-term perspective
and treat a one-period indexed bond as riskless.
A one-period nominal bond is a good substitute
for a one-period indexed bond (Viard, 1993),
and thus by extension the riskless asset is often
identified with a short-term nominal asset such
as a Treasury bill. In a world with time-varying
interest rates, however, only the current short-
term real interest rate is riskless; future short-
term real interest rates are uncertain. This
means that a strategy of investing in one-period
bonds is risky for an infinite-lived investor.

In the Appendix, we show that an infinite-
lived investor who is infinitely risk averse and
infinitely reluctant to substitute consumption
intertemporally chooses a portfolio of in-
dexed bonds that is equivalent to an indexed
perpetuity. Such a portfolio finances a risk-
less, constant stream of consumption, so it is
suitable for an infinitely conservative long-
term investor despite its unstable capital
value. In this sense an indexed perpetuity, not
a one-period indexed bond, is the riskless
asset in our model.’

An investor who is infinitely risk averse but
whose elasticity of intertemporal substitution in
consumption is nonzero holds a slightly differ-

8 Investors with y < 1, on the other hand, prefer to hold
assets that pay off when investment opportunities are good;
they “reverse hedge” the risk of adverse shifts in investment
opportunities.

° This result does not depend on our use of a loglinear
approximate solution method. Brennan and Xia (1998) and
Wachter (1998) derive the result without approximation in a
continuous-time, finite-horizon model assuming a Vasicek
(1977) term structure and power utility defined over termi-
nal wealth and consumption, respectively. Wachter also
proves the result in a more general class of models. Stiglitz
(1970) makes a similar point in a two-period model.
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ent bond portfolio, because this investor wishes
to tilt the consumption growth path in response
to interest-rate incentives and therefore allows
some variability in consumption growth. This is
possible in a recursive-utility framework be-
cause marginal utility is determined not only by
current consumption but also by discounted fu-
ture utility. Hence even an infinitely risk-averse
investor may be willing to accept some variabil-
ity in current consumption if it is compensated
by movements in future utility that leave current
marginal utility unchanged. The empirical re-
sults in the Appendix show that the deviation
from the real-perpetuity portfolio is very small,
consistent with the general result that the elas-
ticity of intertemporal substitution has only
small effects on the optimal portfolio policy.

A noteworthy feature of the portfolio solution
in (29) is that it does not restrict the portfolio
share of the risky asset to lie between zero and
one. In discrete time with lognormally distrib-
uted risky asset returns, portfolios with short
positions (o < 0) or leverage (o > 1) permit
bankruptcy which would produce infinitely neg-
ative utility. In continuous time with diffusions
for asset prices, this problem disappears as the
investor is able to continually rebalance her
portfolio and can adjust her position at any time
to avoid bankruptcy. Our approximate solution
implicitly relies on this property of continuous-
time models as we have replaced the exact
discrete-time portfolio return by the approxima-
tion (29) which holds exactly in continuous
time.

While the possibility of bankruptcy may
seem troubling, in Section III we show how to
rule it out by imposing short-sales and leverage
constraints. Also, Campbell and Viceira (2001)
study our consumption and portfolio choice
problem in a continuous-time setting. They find
that continuous time rules out bankruptcy but
changes neither the form of the solution nor the
nature of the approximation needed to find it.
Our discrete-time solution (29) converges to the
continuous-time solution as the model’s time
interval shrinks.

Our model assumes that the state variable x,
follows a homoskedastic process. This has the
advantage that the Kalman filter is an optimal
estimator of the model’s parameters even if the
underlying model has a shorter time interval
than the data measurement interval or is set in
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continuous time (A. R. Bergstrom, 1984; Camp-
bell and Albert S. Kyle, 1993). It would be
straightforward, however, to solve the model
under the alternative assumption that x, follows
a square-root process. In this case the optimal
consumption function would still have the form
(26), and the optimal portfolio share in the
risky asset would still be constant. Equation
(25) shows why «,, remains constant under this
form of conditional heteroskedasticity. The
numerator of a,, in (25) is a linear combination
of the expected excess return on the risky asset
and the conditional covariance of the excess
return with the log consumption-wealth ratio,
while the denominator is proportional to the
conditional variance of the excess return. If x,
follows a square-root process, the conditional
mean and variance of the excess return are
proportional to x,, while (26) implies that the
conditional covariance is also proportional to x,.
Therefore, the ratio (25) must be a constant
independent of x,.

Some further properties of the solution fol-
low from the fact that, even with only two
assets, markets are complete with respect to
real-interest-rate risk because our real-term-
structure model has only one factor. Here we
state these properties briefly, and we refer the
reader to the Appendix for full details. First,
with complete markets the investor can com-
bine short- and long-term bonds so that the
return on her bond portfolio is independent of
the maturity of the long-term bond traded in the
market. That is, she can synthesize her own
optimal long-term bond, with the maturity op-
timal for her given her risk preferences. The
interest-rate sensitivity of the portfolio is
a,B, _,, and equation (29) shows that this is
independent of bond maturity #.

Second, if real-interest-rate variation is the
only source of risk, then markets are complete
with respect to all sources of risk. We can
explore this case by setting o2 = 0 so that
€,,..+ 1 drops from the definition of m, . ; in (1).
In this case the SDF is unique. Since the inter-
temporal marginal rate of substitution (IMRS)
of any investor can be used as a valid SDF, it
follows that all investors must have the same
IMRS which must equal the SDF we specified
exogenously for our term-structure model. This
provides a check on the internal consistency of
our solution. Using (14) to express the inves-
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tor’s IMRS as a function of consumption
growth and the portfolio return, it is straightfor-
ward to show that log(IMRS, ;) = m, .

Third, Cox and Chi-fu Huang (1989) have
proposed an alternative solution method for in-
tertemporal consumption and portfolio choice
problems with complete markets. They work in
continuous time and show that with complete
markets, optimally invested wealth must satisfy
a partial differential equation (PDE). Unfortu-
nately this PDE does not generally have a
closed-form solution. We show in the Appendix
that our solution methodology is equivalent to a
discrete-time version of the Cox-Huang ap-
proach; our loglinear approximation allows us
to solve the discrete-time equivalent of the Cox-
Huang PDE in closed form.'®

D. Empirical Properties of the Solution

Table 3 explores the empirical properties of
the portfolio solution (29) using the bond-
pricing parameters estimated in Table 1 for the
period 1952-1996. Qualitative results are simi-
lar for the 1983-1996 period reported in the
Appendix. An understanding of these properties
will help us interpret solutions in more realistic,
but also more complex, settings with multiple
long-term assets and portfolio constraints. Re-
sults for these settings are also reported in Table
3 and in Table 4, and they are discussed in
Section III.

We compute optimal portfolio rules for in-
vestors with the same time discount rate (4
percent) but different coefficients of relative
risk aversion of 0.75, 1, 2, 5, 10, and 5,000
(effectively almost infinite). To save space we
present results only for an elasticity of intertem-
poral substitution equal to one, since this coef-

191n the case of power utility (¢ = 1/y), the discrete-
time equivalent of the Cox-Huang PDE is given by the
expectational difference equation

Wy Wi,
= T Uypgl— ()
c. E’[(”m1 oML

where W¥ = W, — C, is invested wealth. This equation
follows from the Euler equation (15), after substituting in
R,,r1 = Wiy, + C,.)/W¥ and noting that under
complete markets we have 6(C,  ,/C,)”"Y = M,, . When
loglinearized around the mean log consumption-wealth ra-
tio, this expectational difference equation has the same
solution that we have already derived.
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ficient has only a negligible effect on portfolio
allocation. The Appendix presents complete re-
sults for elasticities equal to the reciprocals of
the risk-aversion coefficients we consider.

The second column of Table 3 reports the per-
centage portfolio share of a ten-year zero-coupon
indexed bond. Since indexed bonds have attrac-
tive Sharpe ratios, we find that investors with low
risk aversion have a very large myopic demand for
long-term indexed bonds; they want to invest
many times their total wealth in these bonds and
borrow at the short-term riskless interest rate. As
risk aversion increases, the demand for indexed
bonds gradually declines, but it does not go to zero
because highly risk-averse investors have a posi-
tive intertemporal hedging demand for long-term
indexed bonds. The numbers in parentheses below
each allocation clarify this point by reporting the
share of intertemporal hedging demand in the to-
tal demand for long-term bonds. This share rises
from zero when y = 1 to 100 percent when y =
5,000.

Results for the optimal consumption rule re-
ported in the Appendix show that the optimal
consumption behavior that is associated with
these portfolio rules depends on both the inves-
tor’s coefficient of relative risk aversion and her
elasticity of intertemporal substitution. An in-
vestor with zero elasticity of intertemporal sub-
stitution consumes the annuity value of wealth
each period, so the average consumption-wealth
ratio for this investor is just the average ex-
pected return on the portfolio. The average port-
folio return declines with risk aversion, and so
the average consumption-wealth ratio also de-
clines with risk aversion. Investors with higher
elasticities of consumption are willing to sub-
stitute intertemporally in response to incentives.
The direction of the substitution depends on the
average return on the portfolio in relation to the
time discount rate and the risk of the portfolio.
Investors with low risk aversion have high av-
erage portfolio returns so they substitute by
reducing present consumption, while investors
with high risk aversion have low average port-
folio returns so they substitute by increasing
present consumption. The magnitude of these
effects is such that all investors with unit elas-
ticity of substitution have the same average
consumption-wealth ratio equal to (1 — §), re-
gardless of their risk aversion and resulting
portfolio composition.
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The accuracy of our loglinear approximation to
the intertemporal budget constraint depends on the
standard deviation of the log consumption-wealth
ratio. This standard deviation is zero for ¢y = 1
(the case where our approximation holds exactly)
and is roughly proportional to (y — 1). (It would
be exactly proportional if the loglinearization pa-
rameter p were fixed.) For ¢ close to zero, the
standard deviation is about 3 percent. This sug-
gests that our approximation should be extremely
accurate for a term-structure model of the sort we
have estimated in 1952-1996. Campbell and
Hyeng Keun Koo (1997) use numerical methods
to solve a model with an exogenous portfolio
return that follows an AR(1) process like the en-
dogenous portfolio return in our model; they find
that approximation error is very small whenever
the standard deviation of the log consumption-
wealth ratio is 5 percent or below.

The volatility of consumption growth de-
pends on the volatility of the optimal portfolio
return, together with the volatility of the log
consumption-wealth ratio. We find that optimal
consumption is highly volatile unless investors
are extremely risk averse. A simple way to
understand this result is as follows. The model
parameters estimated for 1952—-1996 imply that
the standard deviation of m,,; is 0.19 if we
counterfactually set o2, = 0. This is the stan-
dard deviation of marginal utility for an investor
who can trade freely in indexed bonds but has
no access to equities or nominal bonds. If utility
takes the power form, the standard deviation of
marginal utility is the standard deviation of con-
sumption growth times the coefficient of rela-
tive risk aversion. Thus with power utility we
must have either volatile consumption or high
risk aversion, just as in the literature on the
equity premium puzzle. With recursive utility,
consumption can be somewhat smoother if the
elasticity of intertemporal substitution is lower
than the reciprocal of risk aversion (a point also
noted by Campbell, 1999), but this effect is
empirically quite small.

III. Multiple Assets and Portfolio Constraints
A. Extended Solution Procedure

The results in the previous section can easily be
generalized to the case where the investor can
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hold multiple long-term assets: indexed bonds,
nominal bonds, and equities. We can assume that
the short-term asset is indexed or nominal, or
allow both types of short-term assets. For realism,
however, and since inflation risk is modest at the
short end of the term structure, we now assume
that the one-period asset is nominal.

The Appendix shows that even in the pres-
ence of nominal assets, the log consumption-
wealth ratio still depends only on the state
variable x,, and not on expected inflation z,.
Furthermore this ratio is still a linear function of
x,, and the slope coefficient is still given by
b, = p(1 — ¥)/(1 — pd) as in equation (28).
The menu of available assets affects this coef-
ficient only indirectly by affecting the intercept
b, of the consumption function, which in turn
determines the loglinearization parameter p.

We write the vector of allocations to long-
term assets as a. The residual allocation (1 —
t'a), where ¢ is a vector of ones, is to the
short-term asset. Then we have

30 —12”
(30) a—y a,

where 3, is the variance-covariance matrix of
excess returns over the short-term asset and

1 - Ly,
3D a—m+yp+m .

Here m is a vector of Jensen’s Inequality-
corrected mean excess returns whose ith ele-
ment is

(32)
m; = E,[ri,,.H - (r?,t'l‘l - 7Tt+l)]

1
+ 2 Var,[r,-,,ﬂ— (r?,r+l - wt+l)]’

p is a vector of conditional covariances with the
real return on the short-term bond whose ith
element is

(33) p;= Covt[ri,t+l - (r?,l+l = Mi1)s

$ _
Fle+1 7Tr+1],
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and h is a vector of conditional covariances with
the consumption-wealth ratio whose ith element
is

B4) h;= Covt[ri,r+1 - ("f,zﬂ - 1),

Crv1 — Wr+l]’
p
=1 b, (1 = 4)Cov,[r; 4,
- (r?,t+l - 7Tz+1), xt+l]'

The vector m gives the standard one-period
mean-variance analysis, while the vector p
appears because we have assumed that the
short-term asset is nominal so that it is risky
in real terms. In practice the elements of p are
all extremely small and have little impact on
the portfolio allocation. The vector h repre-
sents the intertemporal hedging component of
demand.

The solution of the model is analytical given
the loglinearization parameter p. We find p us-
ing the same recursive procedure as before; we
assume a value for p, solve the model, get a new
value for p, and so on until convergence.

We can also allow for borrowing and short-
sales constraints. Unconstrained portfolio allo-
cations are often highly leveraged; but this
permits the possibility of bankruptcy in a
discrete-time model, and many investors are
constrained in their use of leverage. Because the
unconstrained optimal portfolio policy is con-
stant over time, we can impose constraints using
results in Lucie Tepld (2000). Following Jaksa
Cvitani¢ and Ioannis Karatzas (1992), Tepla
(2000) shows that standard results in static port-
folio choice with borrowing and short-sales
constraints extend to intertemporal models the
unconstrained optimal portfolio policies of
which are constant over time. The optimal port-
folio allocations under borrowing constraints
are the unconstrained allocations with a higher
short-term interest rate, and the optimal portfo-
lio allocations under short-sales constraints are
found by reducing the dimensionality of the
asset space until the optimal unconstrained al-
locations imply no short sales. These and all
other results given in this section are explained
in detail in the Appendix.
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TABLE 3—OPTIMAL PERCENTAGE ALLOCATION TO n-PERIOD BOND AND PERCENTAGE HEDGING
DEMAND OVER TOTAL DEMAND
Relative risk Indexed Nominal 10-year 10-year 3-year 10-year
aversion only only indexed nominal nominal nominal
0.75 1,286 193 841 108 2,602 —744
(=2 (=2 =4 0 (=2 (=3
1 988 147 654 81 1,998 —572
0 © ©0) © 0 (V]
2 541 78 374 40 1,091 —315
) 6 13) © ® ®
5 272 37 206 16 547 —160
27) (20) (37 =2 @7 (29)
10 183 23 150 8 365 —109
(46) (36) (57) (=5 45) C))
5,000 94 9 95 0 184 —=57
(100) (100) (100) (104) (100) (100)

Notes: The allocations shown on the table assume { = 1. Percentage share of hedging demand in total demand is shown in

parentheses.

B. The Demand for Nominal Bonds

The third column in Table 3 reports the
optimal unconstrained portfolio rules implied
by the nominal term-structure model esti-
mated over the period 1952-1996, assuming
that the only assets available to investors are
one-quarter and ten-year nominal zero-
coupon bonds. Nominal bonds have slightly
higher average returns than indexed bonds,
but are subject to inflation risk. Table 3 shows
that when investors are forced to bear this risk
they shorten the maturities of their bond port-
folios.

The fourth and fifth columns in Table 3 report
solutions when both indexed and nominal bonds
are available. We allow investors to hold three-
month nominal, ten-year nominal, and ten-year
indexed bonds. Investors with low risk aversion
hold a mix of both indexed and nominal bonds,
seeking to earn both the real term premium and
the inflation risk premium, and exploiting the
imperfect correlations between the real and
nominal sources of risk. More conservative in-
vestors concentrate their portfolios on indexed
bonds.

The last two columns in Table 3 report solu-
tions when the assets available to investors are
three-month, three-year, and ten-year nominal
bonds. Investors hold highly leveraged portfo-
lios, with long positions in the three-year nom-
inal bond and short positions in the ten-year

nominal bond. Risk-tolerant investors do this
because they are attracted by the high Sharpe
ratio of the three-year nominal bond relative to
the Sharpe ratio of the ten-year nominal bond,
and they short ten-year bonds to reduce their
portfolio risk. Conservative investors exploit
the fact that three-year bonds have a greater
real-interest-rate  sensitivity than ten-year
bonds. By shorting ten-year bonds they can
hedge the expected-inflation exposure of three-
year bonds and create bond portfolios with sim-
ilar properties to long-term indexed bonds, even
though indexed bonds are not directly available
in the marketplace. This strategy relies on the
ability to sell bonds short and is ruled out if we
impose short-sales constraints.

We can use our solutions to consider the
partial-equilibrium effects on investors’ utility
of switching from a world where only nominal
bonds are available to a world where all debt
instruments are indexed, or to a world where
both nominal and indexed bonds are available.
The analysis is partial equilibrium in that we
hold constant the empirical model for interest
rates even as we vary the menu of available
assets. We study this question using equation
(17), which gives the value function per unit
wealth as a monotonic transformation of the
optimal consumption-wealth ratio. We can
compute an approximate value function without
any need for further approximations just by
substituting into this expression our approxi-
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mate consumption-wealth ratio."! The log value
function is a linear function of the short-term
interest rate, so it is time-varying; we calculate
its unconditional mean.

Results reported in the Appendix for the
1952-1996 sample show that bond indexation
can have substantial benefits for conservative
investors. At the short end of the term struc-
ture, the replacement of a nominal short-term
asset with an indexed short-term asset elimi-
nates the risk of unexpected inflation; al-
though this risk is small, it does affect the
welfare of extremely conservative investors.
More importantly, indexation eliminates the
risk in long-term bonds caused by changes in
expected future inflation. Investors who can
trade freely in both intermediate-term and
long-term nominal bonds can hedge this risk,
but short-sales-constrained investors cannot.
These investors benefit greatly from the intro-
duction of indexed bonds. A constrained in-
vestor with vy = 10 (5) and ¢ = 1, for
example, gains utility equivalent to a 33-
(11-) percent increase in wealth from trading
three-month nominal, ten-year nominal, and
ten-year indexed bonds rather than three-
month, three-year, and ten-year nominal
bonds, and gains almost as much by trading
only three-month and ten-year indexed bonds.
Results for the 1983-1996 sample are quali-
tatively similar but imply considerably
smaller benefits of bond indexation. The
Volcker-Greenspan monetary regime has
greatly reduced long-run uncertainty about
inflation, and has correspondingly reduced the
benefits of eliminating inflation risk entirely.

These findings contradict the claim of Vi-
ard (1993) that indexation has only minor
effects on investors’ utility. Viard models in-
dexation as elimination of the inflation risk in
a one-period asset, and studies the benefits to
one-period investors. Since there is little risk
in inflation over one period, Viard’s result is
not surprising. We get much larger benefits of
indexation because we model indexation as
elimination of the inflation risk in long-term

"' For very low ¢, the value function per unit wealth
actually equals the consumption-wealth ratio. We handle
the case = 1 by taking appropriate limits in (17). Camp-
bell and Viceira (1999) provide a more detailed discussion
in a related model.
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assets, and study the benefits to long-term
investors.'?

Advocates of bond indexation have some-
times argued that the availability of indexed
assets will stimulate saving. However this effect
depends on the elasticity of intertemporal sub-
stitution, . If ¢ = 1, then the consumption-
wealth ratio is constant regardless of the
available asset menu. If ¢ is close to zero, as
many empirical estimates suggest, then the
consumption-wealth ratio approximately equals
the value function. Thus the utility gain from
indexation is accompanied by an increase in
consumption and a decline in saving.

All these calculations depend on the assump-
tion that the process driving interest rates is
invariant to the presence or absence of inflation-
indexed bonds. This assumption might be de-
fensible in a small open economy, but is
unlikely to hold in the general equilibrium of a
closed economy. Thus our results are not a
reliable guide to the effects of bond indexation
on social welfare. They do, however, make it
hard to argue the irrelevance of indexation. If
bond indexation does not change the stochastic
process driving interest rates, it must have util-
ity benefits for constrained conservative inves-
tors; if it does not help such investors, it must
have effects on interest rates.

C. Bond Demand in the Presence of Equities

The realism of the preceding analysis is lim-
ited by the fact that we have not allowed inves-
tors to hold equities. We now consider a
scenario in which both bonds and equities are
available to the investor.

Table 4 reports optimal demands for equities
and for three-month and ten-year indexed or
nominal bonds by investors who are uncon-
strained or subject to borrowing and short-sales
constraints. For simplicity we assume either that
short- and long-term bonds are all indexed, or
that they are all nominal; we do not allow in-
vestors to hold equities, indexed bonds, and
nominal bonds simultaneously. Panel A reports
results for the 1952-1996 sample, which we
consider first.

12 Campbell and Shiller (1996) also emphasize the ben-
efits of indexation to long-term investors, but they do not
present a formal analysis.
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TABLE 4—OPTIMAL PERCENTAGE ALLOCATION TO EQUITIES AND TO n-PERIOD BOND
R R Unconstrained Constrained Unconstrained Constrained

Relative risk

aversion Equity Indexed Equity Indexed Equity Nominal Equity Nominal
(A) Sample Period: 1952-1996

0.75 443 1,082 100 0 470 25 100 0

1 332 835 100 0 352 21 100 0

2 166 464 100 0 175 15 100 0

5 66 242 60 40 69 12 69 12

10 33 168 30 70 33 11 33 11

5,000 0 94 0 94 -2 10 0 10
(B) Sample Period: 1983-1996

0.75 262 -1 100 0 259 1 100 0

1 196 21 94 6 195 24 96 4

2 98 54 53 47 99 58 52 48

5 39 74 28 72 41 78 25 75

10 20 81 19 81 22 85 16 84

5,000 0 88 0 88 3 92 3 92

Note: The allocations shown on the table assume ¢y = 1.

In a world with full indexation, the uncon-
strained demand for both long-term indexed
bonds and equities is positive and often above 100
percent, implying that the investor optimally bor-
rows to finance purchases of equities and indexed
bonds. The portfolio share of indexed bonds ex-
ceeds that of equities, despite the higher Sharpe
ratio of equities, because indexed bonds are much
less risky than equities.'®> As the coefficient of
relative risk aversion increases, the demands for
both long-term indexed bonds and equities fall,
but the share of equities falls faster. In the limit the
infinitely risk-averse investor holds a portfolio
equivalent to an indexed perpetuity as we have
already discussed. When there are borrowing and
short-sale constraints, investors with low risk
aversion invest fully in equities as a way to max-
imize their risk and expected return without using
leverage, while more risk-averse investors hold
both indexed bonds and equities. Cash plays only
a minor role and only in the portfolios of the most
risk-averse investors, who are almost fully in-
vested in indexed bonds.

These findings are related to the ‘“asset-

'3 A myopic investor facing independent risks allocates a
share to each risk that is proportional to its mean divided by
its variance, or equivalently its Sharpe ratio divided by its
standard deviation. Although equities have a higher Sharpe
ratio than indexed bonds, their standard deviation is much
higher so the optimal equity share is lower.

allocation puzzle” of Canner et al. (1997). In-
vestment advisers often suggest that more
conservative investors should have a higher ra-
tio of long-term bonds to stocks in their portfo-
lios. Canner et al. (1997) document this feature
of conventional investment advice and point out
that it is inconsistent with the mutual-fund the-
orem of static portfolio analysis, according to
which risk aversion should affect only the ratio
of cash to risky assets and not the relative
weights on different risky assets.

Our analysis shows that static portfolio anal-
ysis is not just theoretically incorrect in a dy-
namic setting, as pointed out by Merton (1969,
1971, 1973), Bruno H. Solnik (1974), Rubin-
stein (1976), and Douglas T. Breeden (1979),
among others, but can be seriously misleading
empirically. The portfolio allocations to equities
and indexed bonds in Panel A of Table 4 are
strikingly consistent with conventional invest-
ment advice. Aggressive long-term investors
should hold stocks, while conservative ones
should hold long-term bonds and small amounts
of cash. The explanation is that long-term
bonds, and not cash, are the riskless asset for
long-term investors.'*

14 Canner et al. (1997) are aware of the potential impor-
tance of intertemporal hedging demand for the asset-allocation
puzzle. They write: “In principle, intertemporal hedging of the
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A weakness in this resolution of the asset-
allocation puzzle is that it assumes that long-
term bonds are indexed, or equivalently, that
there is no inflation uncertainty. Panel A of
Table 4 shows that nominal bonds play a much
smaller role in optimal portfolios. In a world
with no indexation, unconstrained investors
with low risk aversion hold modest nominal
bond positions, but constrained investors hold
only equities. As risk aversion increases, inves-
tors move into cash rather than long-term nom-
inal bonds. Figure 1 illustrates this point. The
top panel of the figure plots constrained alloca-
tions to equities, a ten-year nominal bond, and a
three-month nominal bill, while the bottom
panel plots constrained myopic allocations.
The horizontal axis measures relative risk tol-
erance (1/7) rather than relative risk aversion,
because both total and myopic allocations are
linear in risk tolerance when portfolio con-
straints are not binding. Infinitely conservative
investors with 1/y = 0 are plotted at the right
edge of the figure. As in the tables we set ¢y =
1, but the choice of s has very little effect on the
results.

Risk-tolerant investors at the left of Figure
1 are fully invested in equities. Highly risk-
averse investors hold most of their portfolios in
cash, although they also hold some ten-year
nominal bonds. The bottom panel shows that
long-term bonds are held purely for hedging
purposes. The myopic demand for long-term
bonds is extremely close to zero at all levels of
risk aversion.

The portfolio allocations to nominal bonds
in Panel A of Table 4 and Figure 1 do not
correspond well with conventional invest-
ment advice. In order to rationalize the con-
ventional wisdom about long-term nominal
bonds, one must assume that future interest
rates will be generated by a different process
than the one estimated in 1952-1996, a pro-
cess with less uncertainty about future infla-

sort discussed by Merton could point in the right direction ... .
Unfortunately, the magnitude of this effect is not evident a
priori, and the empirical literature on intertemporal hedging
lags far behind the theoretical literature” (p. 187). This paper
attempts to bridge the gap they identify between empirical and
theoretical work on intertemporal hedging.
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tion."” Interestingly, we have estimated just
such a process over the Volcker-Greenspan
sample period 1983-1996. Panel B of Table
4 repeats Panel A using our 1983-1996 esti-
mates and finds that even when only nominal
bonds are available, aggressive long-term in-
vestors should hold stocks, while conserva-
tive ones should hold primarily long-term
nominal bonds along with small quantities of
stocks.'®

Figure 2, whose structure is identical to Fig-
ure 1, emphasizes this result. Panel A shows
that almost all investors should be fully invested
in equities and long-term nominal bonds when
they face a term structure like the one estimated
for the Volcker-Greenspan era. Only extremely
risk-averse investors should hold some cash in
their portfolios. Panel B shows that intertempo-
ral hedging motives account for most of this
demand for long-term nominal bonds. If inves-
tors behaved myopically and ignored the hedg-
ing properties of long-term bonds, their
portfolios would contain mostly equities and
cash. The top panel of Figure 2 also shows that
the ratio of nominal bonds to equities in the
optimal portfolio increases with risk aversion,
just as recommended by conventional invest-
ment advice. If investors behaved myopically,
this ratio would be constant when portfolio con-
straints are not binding, as shown in the bottom
panel.

Although our 1983-1996 model replicates
important features of conventional investment
advice, it still falls short in one respect. The
optimal portfolios in Figure 2 contain very
little cash relative to the recommended port-

15 Canner et al. argue in the NBER working paper ver-
sion of their paper (1994) that money illusion might help to
resolve the asset-allocation puzzle. However they consider
money illusion in the context of short-term mean-variance
analysis and do not relate it to intertemporal hedging as we
do here.

16 During the 1983-1996 period the interest-rate sensi-
tivity of a ten-year indexed zero-coupon bond is consider-
ably less than that of an indexed perpetuity. Therefore an
infinitely risk-averse investor would like to hold a leveraged
position in ten-year indexed zeros, which was not the case
in our 1952-1996 model. To maintain comparability with
that model, in Panel B of Table 4 and Figure 2 we replace
the ten-year zero-coupon bond with a twenty-year zero-
coupon bond. This ensures that the optimal indexed portfo-
lio for an infinitely risk-averse investor is available even
when borrowing and short-sales constraints are imposed.
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FIGURE 1. PORTFOLIO CHOICE BASED ON THE 1952-1996 SAMPLE

folios reported by Canner et al. (1997). Wedo  mediate between the two processes we have
not attempt to match those portfolios more  estimated, or by modeling liquidity motives
accurately, but suspect that it can be done  for holding cash.

either by using a term-structure process inter- Finally, we note that our resolution of the
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FIGURE 2. PORTFOLIO CHOICE BASED ON THE 1983-1996 SAMPLE

asset-allocation puzzle does not escape the  risk aversion or volatile consumption growth.
equity premium puzzle. That is, uncon- Even in the presence of portfolio constraints,
strained investors in our model have highly a risk-tolerant investor who holds a 100-
volatile marginal utility, implying either high  percent equity portfolio will have consump-
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tion volatility similar to the volatility of stock
returns and much higher than the volatility of
aggregate consumption growth. To reconcile
our results with aggregate consumption data,
one would need to assume either that most
investors are highly risk averse, or that many
consumers face tighter portfolio constraints
than those modeled here, with low risk expo-
sure that reduces the volatility of aggregate
consumption.

IV. Conclusion

In this paper we have considered infinite-
lived investors who use their wealth to finance a
stream of consumption. We have shown that
such investors may hold long-term bonds for
two reasons. First, if long-term bonds offer a
term premium then investors may hold them for
speculative purposes, to increase their expected
portfolio return even at the cost of some extra
short-term risk. This “myopic demand” for
long-term bonds can be large when risk aver-
sion is small, because long-term bonds have
attractive Sharpe ratios. Second, long-term in-
vestors may hold long-term bonds for hedging
purposes. Long-term bonds can finance a stable
long-run consumption stream even in the face of
time-varying short-term interest rates, and this
is attractive to risk-averse long-term investors.
In the extreme cases where there is no term
premium, or where investors are infinitely risk
averse, the myopic demand for long-term bonds
is zero and all bond demand is accounted for by
the hedging demand.

Inflation-indexed bonds are particularly suitable
for hedging purposes because they do not impose
extraneous inflation risk on long-term investors
seeking a stable real consumption path. When
long-term indexed bonds are available, an infi-
nitely risk-averse long-term investor with zero in-
tertemporal elasticity of substitution holds a bond
portfolio that is equivalent to an indexed perpetu-
ity. There is a sense in which the indexed perpe-
tuity is the riskless asset for a long-term investor,
since it finances a constant consumption stream
forever. When only nominal bonds are available,
highly risk-averse investors shorten their bond
portfolios in order to reduce their exposure to
inflation risk. Less risk-averse investors hold long-
term nominal bonds for speculative purposes if
there is a positive inflation risk premium.
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We have extended our approach to solve the
intertemporal portfolio choice problem impos-
ing short-sales and borrowing constraints. This
is possible because our solution takes the same
form as the solution to a static portfolio choice
problem for which standard mean-variance
analysis is appropriate. Therefore we can solve
our constrained problem using methods that
have been developed to solve static problems
with portfolio constraints.

Our constrained solution enables us to
study the utility effects of bond indexation in
a partial-equilibrium framework with a given
process for interest rates. When portfolio con-
straints are in place, and both nominal and
indexed bonds are available to investors, con-
servative investors benefit substantially from
the consumption insurance provided by long-
term indexed bonds. This should not be inter-
preted as a social welfare analysis, however,
as we hold interest-rate behavior fixed and do
not consider possible general-equilibrium ef-
fects of bond indexation on real and nominal
interest rates.

We have also studied the demand for bonds
when equities are available as an alternative
investment. We find that the ratio of bonds to
stocks in the optimal portfolio increases with
risk aversion, very much in line with popular
investment advice but contrary to the mutual-
fund theorem of static portfolio analysis. How-
ever the demand for long-term bonds is only
large when these bonds are indexed, or when
inflation uncertainty is low as it has been in
the Volcker-Greenspan monetary-policy regime
since 1983.

In this paper we have taken asset-return pro-
cesses as given and have not asked how asset
returns are determined in general equilibrium.
The return parameters we have estimated from
financial data display the well-known equity
premium puzzle. That is, the high estimated
rewards for bearing risk in bond and stock mar-
kets imply that investors’ marginal utilities
must be very volatile. This is particularly true if
investors are able to hold leveraged portfolios,
but is even true in the presence of borrowing
and short-sales constraints. Volatile marginal
utilities are hard to reconcile with the smooth-
ness of aggregate consumption.

One response to the equity premium puzzle is
to argue that historical estimates of risk premia
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on bonds and stocks are biased upwards by
survivorship bias or peso problems. We could
of course calculate portfolio solutions with
lower risk premia; the myopic components of
bond and equity demand would be smaller, but
the intertemporal hedging components would
be similar to those reported here since they
depend on the dynamics of interest rates rather
than the levels of risk premia.

A limitation of our work is that we do not
consider labor income. It would be straightfor-
ward to allow for riskless labor income, or
income perfectly correlated with asset returns.
As Bodie et al. (1992) have pointed out, such
labor income is equivalent to an implicit hold-
ing of financial assets; the results of our paper
then apply to total asset holdings rather than
explicit holdings. In our model with time-
varying real interest rates, it is worth noting
that riskless real labor income is an implicit
holding of a long-term inflation-indexed bond,
not an implicit holding of short-term bills. Also,
short-sales and borrowing constraints apply
to explicit holdings of financial assets rather
than total holdings, so the presence of labor
income would alter the impact of portfolio con-
straints on our solutions. Portfolio-constrained
investors with riskless labor income, for exam-
ple, would have large implicit inflation-indexed
bond holdings and would not be able to reduce
these holdings through explicit short-selling of
inflation-indexed bonds. Such investors would
have smooth consumption and constrained eq-
uity holdings; this might help to explain the
equity premium puzzle as suggested by George
M. Constantinides et al. (1998).

Our approach can be extended in several
ways. We can explore alternative term-struc-
ture models, adding factors or allowing for
changing interest-rate volatility. A particu-
larly tractable possibility is a discrete-time
version of the Cox et al. (1985) model, in
which interest-rate volatility rises with the
level of the interest rate. Since term premia
and bond return variances move in proportion
to one another, this model delivers constant
portfolio allocations.

We can consider the effect of investors’ ho-
rizons more explicitly by solving a finite-
horizon version of our model—an approach
taken by Wachter (1998)—or by varying the
time discount factor 8. In a model with a con-
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stant probability of death each period, an inves-
tor with a high death probability has a low 8.
Our model predicts that this investor has a high
optimal consumption-wealth ratio, a low value
for the loglinearization parameter p, and an op-
timal portfolio that is close to the optimal port-
folio for a myopic single-period investor.

We can allow for multiple consumption
goods, and consider assets that are indexed to
the price of one of these goods. A house, for
example, can be regarded as an asset that deliv-
ers a constant flow of housing services, in the
same way that an indexed bond delivers a con-
stant flow of consumption. This perspective
might explain why conservative investors are
willing to own houses despite the short-run vari-
ability of house prices (Marjorie Flavin and
Takashi Yamashita, 1998).

Our analysis also has interesting implications
for the design of pension plans and annuities.
Our results suggest that conservative investors
will favor indexed defined-benefit plans, while
more risk-tolerant investors should be willing to
accept some inflation or equity risk in their
retirement income in exchange for higher aver-
age payments.

Our ultimate goal is to build a more fully
realistic model of portfolio choice by combin-
ing several of the effects emphasized in the
recent literature. This paper explores the impact
of interest-rate risk on long-term portfolio
choice, while Campbell and Viceira (1999)
studies time variation in the equity premium,
and Viceira (1999) considers uninsurable risk in
labor income. A complete model accounting for
all these effects offers the exciting prospect that
financial economists will at last be able to offer
realistic but scientifically grounded investment
advice.
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