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1 Introduction

This Appendix contains mathematical derivations of the results in the paper “Who Should
Buy Long-Term Bonds?” as well as tables with detailed results on portfolio choice, consump-
tion and welfare for different scenarios. To avoid confusion between equations in the main
text of the paper and equations in this Appendix, we number equations in the Appendix as

(A1), (A2), etc.

2 Pricing Nominal Bonds

The pricing of default-free nominal bonds follows the same steps as the pricing of indexed
bonds. The relevant stochastic discount factor to price nominal bonds is the nominal SDF
M} ,, whose log is given by equation (10) in the paper: m{ ; = m¢1 — m41. Since both

M1 and Il are jointly lognormal and homoskedastic, MEH is also lognormal. The log

nominal return on a one-period nominal bond is Tit 4 = —log Et[MEH], or
5 5 1 5
i1 = — B [mt+1] D) Var, [mt+1]
1
= xt+zt - 5 [(ﬁmm+ﬁﬂz)2 Ui+63rzaz+(1+ﬁﬂm)2 0-2n+0-72r} ) (Al)

a linear combination of the expected log real SDF and expected inflation.

The risk premium on a 1-period nominal bond over a 1-period real bond can be written
as

1
Eq [TitJrl = M1 — 7“1,t+1} + 5 Var [men] = ~BrnaBros — BrmTrm: (A2)

which has the same form as equation (4) for equities.

The log price of an n-period nominal bond, pﬁm also has an affine structure. It is a
linear combination of z; and z; whose coefficients are time-invariant, though they vary with

the maturity of the bond. As shown in equation (11) in the paper, —p, = A3 + B}z, +
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Bg,nzt ,where

1—¢}
Bin = 1+¢:cBin71: _¢
1—¢;
Bg,n = 1+¢ZB§,TL71 = 1 _¢Z

AS— A5 = (1—¢)puBS,  +(1—¢.)wBS, |

1
_5 (ﬁmw + ﬂwr + Bi&;,nfl + ﬁszg,nfl)Z O-i

1 1
_5 (/871'2 + Bg,n—1)2ag - 5 (1 + Bﬁm + ﬁszg,n—1)20—zn (AS)
_%0-721'7

The excess return on a n-period bond over the one-period log nominal interest rate is

Ti,t-l—l - Tit—i—l = p;sib_l,tﬂ - pi,t + pff,t
= — (Bl 1+ B3, 18.) Boe + Bra) 02 — B3y 182,07 — (1+ Br) B Bs 10,
g (B 4 B 10.) 02— 4 (BSn) 02— 552 (B 1) o
- (Bf,nq + Bg,nqﬁzx) Ext+l — Bgn—lﬂzmgm,Hl - B§,n71€z,t+1~ (A4)

The terms in Bg’nflﬂzw and Bg,nflﬂzm arise because shocks to expected inflation are cor-
related with shocks to the expected and unexpected log real SDF. Thus risk premia in the
nominal term structure are different from risk premia in the real term structure because
they include compensation for inflation risk. Like real risk premia, however, nominal risk

premia are constant over time.



3 Solution of the Model When Only Indexed Bonds
Are Available

Our guess (26) and the expression for the log excess return on the long-term bond given
in equation (8) imply that Covi (rp i1, ¢i01 — wey1) = —Bp_1bioZ. Our term structure

model implies that E¢[r, i1 —71041) = —B2 102/2—3,,.Bn_102 and Vary(r,+11) = B2 |02

— T

Substituting these expressions into equation (25) in the paper we obtain:

—1 1—7
nt = tn = mz b ) A
Qnt (0% ’an_l (ﬂ + 1_ 1'0 1> ( 5)

which does not depend on the future portfolio and consumption choices of the investor.

Given the optimal portfolio rule (A5) we can now solve for the parameters by and b; of
the consumption rule. The expected return on the wealth portfolio is a linear function of
the state variable:

Et [Tpt41] = po + 24, (A6)
where the intercept
Po = (B 1) (Bna03) = (nBn1)*0%/2 = (Br,0% + 02,) /2 (A7)
does not vary with ¢ or n. The consumption intercept term given in (21) becomes
vpe = vp = —((1=)/(1 = )by = (1 = ¥)(anBn1)*0;/2, (A8)

which also does not vary with ¢ or n.

Substituting (A6), (A7), and (A8) into equation (20) in the paper, we get a linear

expectational difference equation for (¢; — wy),

¢t —wy = pEleryr —wea] +p(1 =)z — p[(1 =) po — Y logd — v, + k], (A9)
from which we can identify the coefficients of the consumption rule.
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4 Implications of complete markets

This section proves the properties of the solution when markets are complete.

4.1 Bond Portfolio Return

The first property of the solution with complete markets refers to the return on the bond
portfolio. With complete markets the investor can combine short- and long-term bonds so
that the return on her bond portfolio is independent of the maturity of the long-term bond
traded in the market. That is, she can synthesize her own optimal long-term bond, with
the maturity optimal for her given her risk preferences. The return on the optimal bond

portfolio is given by

1 1
Tpt+y1 = — <§ (Oéanfl)Q + O‘anlﬁm:r> 0920 - 5 ( 72713100-920 + 07271)
+x — aan716x7t+17 (AlO)

and only the product o, B, 1 enters this expression. Our portfolio solution—see equation

(29) in the paper—implies that a,, B,_; does not depend on n.

4.2 Stochastic Discount Factor (SDF) and Intertemporal Marginal
Rate of Substitution (IMRS)

The second property of the solution with complete markets refers to the consistency between
the SDF assumed for the term-structure model and the IMRS of the investor in the portfolio
choice model. If real-interest-rate variation is the only source of risk, then markets are
complete with respect to all sources of risk. We can explore this case by setting 02, = 0 so
that €, 441 drops from the definition of m;; in equation (1). In this case the SDF is unique.

Since the IMRS of any investor can be used as a valid SDF, it follows that all investors



must have the same IMRS which must equal the SDF we specified exogenously for our term
structure model. This provides a check on the internal consistency of our solution. Using
equation (14) to express the investor’s IMRS as a function of consumption growth and the

portfolio return, we must have

IMRS,.; {5 <%>_

C R_,zgr_la) = M1 (All)
t

S
——
>

Taking logs and using our solution, it is straightforward to show that

0
log (IMRSi1) = 6logé — aACtH —(1=0)rpes1

= Iy — ﬁmx€w,t+1 = Mty1, (A12)

which is the required result.

4.3 The Cox-Huang Method with Recursive Utility

The third property of the solution with complete markets refers to an alternative derivation
of the solution using a discrete-time version of the Cox-Huang approach. Cox and Huang
(1989) have proposed an alternative solution method for intertemporal consumption and
portfolio choice problems with complete markets. They work in continuous time and show
that with complete markets, optimally invested wealth must satisfy a partial differential
equation (PDE). Unfortunately this PDE does not generally have a closed-form solution.
We now show that our solution methodology is equivalent to a discrete-time version of
the Cox-Huang approach; our loglinear approximation allows us to solve the discrete-time

equivalent of the Cox-Huang PDE in closed form.

We start by defining a new variable W} = W, — C;—invested wealth-—and note that from
the budget constraint (13), the portfolio return equals Ry 1 = (W7 + Cyp1)/W). Then

the Euler equation (15) implies that with recursive utility the optimal invested wealth-



consumption ratio W' /C; satisfies
W;‘)e ( Wt+1> o /Cr\?(-%)
=E: |1+ 0 < > . A13
< Cy Cii Cy (A13)
The consumer’s IMRS is 6°(Cyy,/Cy) 0" RY .., which under complete markets must equal

the SDF M;,,, so that

.. \0(0-3)
O (Ht) T =M R, (A14)

and we can rewrite (A13) as

Wt* 0
=k
()
This nonlinear expectational difference equation is the discrete-time equivalent of the Cox-

Huang PDE.

Ci1

<1 + t+1> 691/)Ml 1/)R(1t+01 (1—v) (A15)

Equation (A15) does not generally have a closed form solution, so it must be solved
numerically or using an analytical approximation method. We can apply the same approxi-
mation that we have already used. Taking logs on both sides of (A15) and using the same
approximation around the mean log consumption-wealth ratio that we use to loglinearize

the budget constraint?, we can write (A15) in log form as

G —wy = p [k —Plogd + Ei (crp1 — wipr) — (%) Etmiiq (A16)
IETIENIN
_g Var ((ct+1 — W) + (%) T ) 0(1 -~ w)rpmﬂ 7

2The approximation is

%% B W, C; o 7&
10g(0¢,> = lo (Cf <1Wt>>_ (e wt)+log(1 m)

1 1
~ (CflUf)‘Fk‘i’(l;)(Cf’lUf) :k*;(ct*’wt),

where p and k have been defined after equation (22).



which is linear. It is trivial to show that this equation has the same solution that we derive

in the paper using our Euler-equation methodology.

5 On the Economic Definition of the Riskless Asset

We now show that in our model an individual who is infinitely risk-averse and infinitely
reluctant to substitute consumption intertemporally chooses a portfolio of indexed bonds
that is equivalent to a real perpetuity. That is, if a real perpetuity were available, the
portfolio would be fully invested in that bond. To see this, we first note that, from equations
(23) and (29), the interest-rate sensitivity of the optimal portfolio for an infinitely risk-averse

individual is given by

. Orpip . P
lim —2— =1 —apB, 1) = — : A17
L — Jim (—anBoa) = =7 o (A17)
A real perpetuity pays a fixed coupon of one unit of consumption per period forever.
The log coupon on the bond is therefore d.; = 0 Vt. Campbell, Lo and MacKinlay (1997,
p. 408), following Shiller (1979), show that a log-linear approximation to the log yield on a
real perpetuity is

Yer = (1= p)Ee D plreiiiss (A1)

j=0
where y., is the log yield on the real perpetuity, r.;+; is the log return on the perpetuity,
and p, is a log-linearization constant defined as p, = 1 — exp{E(—pc:)}, where p.; is the log
“cum-dividend” price of the perpetuity including its current coupon.?

The return on the real perpetuity must verify the pricing relation 1 = E;[ M1 Rey11]-

3Campbell, Lo, and MacKinlay give an alternative definition of p, in relation to the “ex-dividend” price of
the consol excluding its current coupon. This is more natural in a bond pricing context, but less convenient
here because the form of the budget constraint (see equation [13] in the paper) implies that we are measuring

wealth inclusive of current consumption, that is, on a “cum-dividend” basis.



Assuming that R is lognormally distributed, we must have that

1 1
Ei[Teit1] = @ — 5 Vary (me1) — 5 Vary (re+1) + Covy (myp1, 7ei41)

= x +w (A19)

where w? is a positive constant. Equations (A18) and (A19) imply that

1—p 1-0p
Wi (1= =P — P )y, A20
et WC+< 1= p0, ) T \T=p0, ) ™ (A20)
But Campbell, Lo and MacKinlay (1997, p. 408, eq. 10.1.19) also show that
1 Pe
Tet+1l = (1 — Po) Yet — (1 — Pc) Ye,t+1 (A21)

o 2 pc o 1 _ IOC
h w6+<1—pc¢m>(1 %)M“Jr(l—pc%)xt (1—pc¢m>xt+1’

which in turn implies that the interest-rate sensitivity of a real perpetuity is given by

arc,t+1 _ Pc (A22)

6€$,t+1 B 1-— pc¢z .

Equations (A17) and (A22) differ only by the log-linearization constants p and p,. These
two constants are the same for an individual who is infinitely reluctant to substitute con-
sumption intertemporally (¢ = 0). Such an individual consumes the annuity value of wealth,
the consumption stream that can be sustained indefinitely by the initial level of wealth. But
the annuity value of a real perpetuity is just its dividend of one. Thus for this investor
C/W = 1/P,., which implies E[c — w] = E[—p.], and thus, from the definitions of the log-
linearization parameters, p = p,.. The infinitely risk-averse investor who is infinitely reluctant
to substitute intertemporally holds a real perpetuity that finances a riskless consumption

stream over the infinite future.

6 Optimal Rules in the Multivariate Case

We now derive the optimal rules when there are equities as well as long-term nominal and

indexed bonds available to the investor. For simplicity, we assume that there is only one bond
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of each class available to the investor. For realism, we also assume that the one-period bond
is nominal. As in the case where there are only two indexed bonds available, the investor
maximizes (12) subject to the intertemporal budget constraint Wi = Ry 41 (W; —C}). The
only difference from the case with two indexed bonds is in the number and classes of assets

that enter R, ¢41.

6.1 Log Real Portfolio Return

We derive the log real return on the wealth portfolio as a discrete-time approximation to its

continuous-time counterpart. We begin by specifying

&,  dP,  dp,,  d(PS/I) 5.\ d(PE/L)
— = Ly by (1= |
R T R =) ;a PP /1L

where V; is the value in real dollars of the portfolio at time ¢, F,; is the price of equity in

real dollars, P, ; is the price of the n-period indexed bond in real dollars, Pjyt is the price of
the n-period nominal bond in nominal dollars, Pﬁt is the price of the 1-period nominal bond
in nominal dollars and I; is the price index used to deflate prices in nominal dollars. Itd’s

Lemma implies that
d(Ps,/L) (dpj,t d[t> N <d1t>2 (dP§7t> <d1t>
P, /1, P, L I, P, )\ L
dby, dI, )
- ( P, Tt) (75 = o)

where the notational equivalence between the first and second lines of the equation is obvious.

A similar expression obtains for d(PEt /L)/ (Pf,t /1,).* Therefore,

dv, dP., dpP,, dpPs,  dI, 3 dPé,  dI,
[ — ? 2 — - — 1 — i - — — A23
v, ~ “p, T“p, Tw ( moo1 ) T 7, 1) %

+a3 (afr — Ur;ﬁ,w) + (1 — iai) o2,
i=1

*Note that in the expression for d(P1$7t /1It)/ (P1$7t /I:) we have 0,5 » = 0, because the one-period nominal

bond is riskless in nominal terms. For the same reason, we also have (ri =0.
1

9



We now compute the log portfolio return, dlogV;. We will use dlogV; to approximate

Tpi+1 = 10g(Rp411). From It6’s Lemma we have that

av,\ 1 [dv;\?
dl — (2} (2
wvi= ()5 (%)

Similarly,
dP., 1 (dP.,\’
dlog P, = s = :
og et Pe,t 2 (Pe,t > ’
or )
dP,; 1 /(dP.;
=~ =dlog P, — : .
Pe,t o8 7t—i_2<Pe,t>

Similar expressions obtain for dlog P. ;, dlog P, ;, dlog Pj,t and d log Pﬁt. Substituting back
into (A23) and simplifying we get:

dlogV, = ai (dlog Py — (dlog P, — dlog 1)) + s (dlog P,y — (dlog P}, — dlog 1) )

+ay (dlog Py, — dlog P{,) + (dlog P, — dlog I, (A24)
1 1
+§a1 (1—ay) (ag + 02 + 20677r> + 592 (1 —ay) (afn + 02+ 20Tn77r>

2
+5043 (1 — Oé3) O-'rﬁ — 0 Q0¢r, — Q103 (O-B:T?} -+ O-e,7r> — Q203 (O'TmTﬁ + O'rmﬂ—) .

The discrete-time version of (A24) obtains immediately after making the following equiv-

alences: dlogV; = rp 41, dlog Pey = 7reyq1, dlog Py = 1y 441, dlog PSyt = rfmﬂ, dlog Pﬁt =

2
e

$ — L g2 = 2 _ 2 $ 2
M1 and dlog [y = w5 02 = Vary(re1), o7, = Vard(rpe), o5 = Vary(r, 1), 07

2 _ _ _

Vart(ﬂ't-',-l)p 0, = Vart(rn,t—i—l); Oem = COVt(Te,t—i—luﬂ-t—i-l)v Or,m = COVt(Tn,t+177Tt+1)7 Ocr, =
_ $ — $ :

Covi(Tet+1, Tnt+1), Oors = Covy(re t+1, rn7t+1) and o, s = Covy(rn 41, rn7t+1). Since all sec-

ond moments are constant, we can trivially write the log real return on the wealth portfolio:

$ $
Tpi+1 = Q1 (Tn,t+1 - (7“1,t+1 - 7Tt+1)) +ap (Tn,t+1 - (7“1,t+1 - 7Tt+1)) (A25)

3 3 3
+as (Tn,t—i—l - Tl,t+1) + (rl,t-',-l - 7Tt+1) + kp,

where k, is a constant.
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6.2 Log Euler Equations
6.2.1 Log Euler equations for individual assets

We first log-linearize the Euler equation (14) in the paper for each asset:
0
0 = 6 lOg 6 — a EtACt+1 - (1 - 9) Et Tpt+1 + Et Tit+1 (A26)

1 0
—|—§ Var, —JActH —(1=0)rpep1 +riee1]|

_ $ $
for 7141 = Tett1, Tntt1, (Tn,t+1 — T11) and (7“1,t+1 — T41)-

Combining the log Euler equation above, the trivial equality

Aciyr = (Ct+1 - wt+1) - (Ct - wt) + Awygyq
1

= rpir1 + (Cop1 — Wep1) — ; (et —wy) + K,
where the second line follows from substituting in the log budget constraint, and the equation
for the log return on the wealth portfolio we obtain the following trio of equations for the

expected log excess return on equities, the n-period indexed bond and the n-period nominal

bond:

1
Eq [Tz‘,tﬂ — (/rit+1 — 7Tt+1)] + B (Var, (r;4+1) — Varg (m441))
0 0
= COVt Tz',t—i—l -+ Ti41, E (Ct+1 — wt+1) + E -+ (1 — 0) Tp,t—i—l s
for Tit+1 = Tet+1, Tn,t+1and (Tg,tﬂ - 7Tt+1)-
Simplifying these equations we obtain:
g 1
Et [Tz',t-i—l — (Tl,t-l-l — 7Tt+1>] + 5 (V&I‘t (Ti7t+1) — Vart (7Tt+1)) (A27)

-7 $
= —— Covy (Ti,t+1 - (Tl,t+1 - 7Tt+1) » Ct41 — wt+1>

1—9
+7 Cov; (Ti,t+1 - (szﬂrl - Ft“) ' (Tf’f“ B 7Tt+1)>

11



3
+~ya; Vary (Ti,t+1 - (7"1,t+1 - 7Tt+1))

$ $
+ E a;j Covy (Tz',t+1 - (Tl,t+1 - 7Tt+1> y Ti+1 — (Tl,t+1 - 7Tt+1)> )
J#i

for Tit4+1, Tjt+1 = Tet+1, Tn,t+1and (T?}L,t-i-l - 7Tt+1)-
Equation (A27) defines a system of equations whose unknown is the vector of portfolio

allocations a0 = (a1, aw, a3)’. The solution to the system is

1
a=-Ya, (A28)
v

where a is given in equations (31)-(34) in the paper, and X is the variance-covariance matrix

of log excess returns, with element ¢5 given by

Y= Covy (Ti,tﬂ - (Tis,t—i-l - 7Tt+1) s Tj+1 — (ri&;,t-i-l - 7Tt+1)) .
This is a matrix of constants given our assumptions on the term structure of interest rates.
6.2.2 Log Euler equation for consumption growth

The log Euler equation for the return on the wealth portfolio is given by:

0 1 0
0=20 lOg o — E E: Act—i—l + 0 B Tpt+1 + 5 Vart <__Act+1 + GTp7t+1> N

(G
or
Bt Aciyy = 1hlog 6 + vy + W Ey rpis1, (A29)
where
11—+
Upt = —Em Vart (Act—i—l - l/frp,t—i-l) . (Ago)

6.3 Optimal Rules

Note that (A28) is recursive in nature because it depends on future portfolio consumption
decisions through the covariance of the asset return with next period’s log consumption-

wealth ratio (see [A27]). A complete solution to the model requires deriving consumption

12



and portfolio rules that depend only contemporaneously on the state variables. We do this
by guessing the form of the optimal consumption rule and showing that this guess verifies
the log Euler equations. It turns out that in the model with nominal bonds, the guess that
solves the model is the same as in the only-indexed-bonds case. That is, the optimal log

consumption-wealth ratio is linear in z; and it does not depend on expected inflation z;:

Cy — Wy = bo + blxt-

Substituting this guess into (A28) and computing all second moments it is easy to verify

that o is not time-varying and that

EtTptt1 = DPon + T,

Var (rp41) = Var (rpeq1),

where pg, and Var(rp:y1) are also time-invariant. Similarly, it is easy to check that the

intercept of the log Euler equation for consumption growth (A30) is also time-invariant:

Upt = Upn-

Substituting the log budget constraint into the trivial equality Aci 1 = (¢ — wey1) —

(¢t — wy) + Awyyq and taking expectations we get:

1
E:Aciy1 = Eerpir1 + B (G — wig) — ; (et —wy) + k

= con+ 1+ (0—1/p)b1) s, (A31)

where the second line also follows from the guess on the log consumption-wealth ratio.

Similarly, substituting the expressions for E;rp 41, vp+ and E; Aciy1 into the log Euler
equation for consumption growth (A29), we obtain another expression for E; Aciy;. By
equating this expression to the right hand side of (A31), we can identify by and b;, whose

expressions are similar to equations (27) and (28) in the paper.

13



7 Tables

TABLE Al

Term Structure Model Estimation
(Based on CPI data)

1952.1 - 1996.111 1983.1 - 1996.111

Parameter est. s.e. est. s.e.
js 0.0573 0.0298 0.0194 0.0693
j7e 0.0094 0.0087
o 0.8688 0.0057 0.9862 0.0042
¢ 0.9992 0.0012 0.8599 0.0216

Bmax -74.9797  41.6949 -28.6919 114.0025
Bea 0.0752  0.0516 -0.4114  0.1886
Bem -0.0012 0.0006 0.0008 0.0024
Brz 0.5198 0.3050 -0.0267 0.9790
Brm -0.0088 0.0034 0.0008 0.0193
Br= 1.4320 0.2940 -1.5412 1.5047
Bex -3.4957 3.4123  -9.3629 6.3014
Bem 0.3013 0.0979 0.5089 1.3528
o 0.0025 0.0001 0.0027 0.0006
Om 0.2694 0.0927 0.1351 0.3579
o, 0.0013 0.0001 0.0016 0.0002
On 0.0071 0.0004 0.0072 0.0018
log-lik. 26.3327 26.8222
no. obs. 179 55
E[Tl,t—i-l] 139% 293%
EFf, ] 5.50% 6.40%
U(Tl,t—i-l) 101% 325%
o(rf ) 6.70% 3.09%
E[?Tt+1] 377% 349%

O-t(ﬂ-t-i-l) 157% 152%




TABLE A2

Sample and Implied Moments of the Term Structure

(Based on CPI data)

Moment

1952.1 - 1996.111

1983.1 - 1996.111

1 yr. 3 yr. 10 yr. 1 yr. 3 yr. 10 yr.
A: Nominal Term Structure
ElrS =8 ]+ 0208 o —r8,1)/2  sample 0397 0.651 0.915 0.706 2.111 5.675
implied  0.559 1290  1.967  0.155  0.658  2.278
(SE)  (0.272) (0.655) (1.071)  (0.570)  (2.373)  (8.307)
o(rd =75 ,) sample  1.615  4.615  11.365 1135 4.220  12.612
implied  1.634  4.501  11.566 1.312  4.627  14.896
(SE)  (0.084) (0.263) (0.707)  (0.296)  (1.171)  (3.664)
SR® = (1)/(2) sample  0.246  0.141 0.080  0.622  0.500  0.450
implied  0.342  0.287  0.170  0.118  0.142  0.153
(SE)  (0.172) (0.148)  (0.091)  (0.450)  (0.535)  (0.579)
E[yS 1 =8 4] sample  0.440  0.802 1.185  0.527 1.267  2.067
implied ~ 0.294  0.742 1174 0.071 0276  0.766
(SE)  (0.142) (0.392) (0.748) (0.283)  (1.148)  (4.373)
oy i — v 4) sample  0.222 0.409 0.613 0.177 0.341 0.545
implied  0.182  0.488  0.826  0.140  0.380  0.803
(SE.)  (0.010) (0.026) (0.048)  (0.019)  (0.045)  (0.123)
oS 1 =Y ) sample  0.518 0.412 0.288 0.370 0.379 0.322
implied  0.548  0.412  0.297  0.440  0.422  0.383
(SE)  (0.028) (0.024) (0.018)  (0.098)  (0.106)  (0.094)
B: Real Term Structure
Elrpii1 — 1441 + 02(Tngs1 — 11441)/2  implied  0.490 1.075 1.345 0.245 0.851 2.513
(SE)  (0.247)  (0.563)  (0.710)  (0.904)  (3.139)  (9.289)
O(Ppts1 — T1641) implied  1.309  2.994  3.788 1.590 5521 16.295
(SE)  (0.071) (0.184)  (0.275)  (0.369)  (1.263)  (3.708)
SR =(7)/(8) implied  0.374  0.374  0.374  0.154  0.154  0.154
(SE)  (0.198) (0.198)  (0.198)  (0.590)  (0.590)  (0.590)
EYnit1 — Y1,041] implied  0.253  0.665 1.100  0.118  0.381  0.858
(SE)  (0.130) (0.347)  (0.581)  (0.455)  (1.620)  (5.177)
O(Ynotr1 — Yie41) implied  0.182  0.48  0.816  0.067  0.235  0.738
(SE.)  (0.010) (0.026) (0.045)  (0.020)  (0.070)  (0.204)
O (Yn—1,641 — Yn,t41) implied  0.441  0.276  0.099  0.531  0.502  0.418
(SE)  (0.024) (0.017)  (0.007)  (0.123)  (0.115)  (0.095)
C: Equities
Elre 41 — (7’ft+1 — Tyy1)] sample 6.910 8.738
402 (Feqgr — (75 141 — T41)) /2 implied 8.988 4.527
(S.E.) (3.131) (9.212)
o(regs1 — (rf g — me41)) sample 15.917 14.646
implied 15.896 14.748
(S.E.) (0.708) (1.069)
SR = (13)/(14) sample 0.434 0.597
implied 0.565 0.307
(S.E.) (0.184) (0.621)




TABLE A3

Term Structure Model Estimation
(Based on PCE data)

1952.1 - 1996.111 1983.1 - 1996.111

Parameter est. s.e. est. s.e.
Lz 0.0550  0.0299  0.0229  0.0656
L 0.0095 0.0086
o 0.8682  0.0058  0.9872  0.0043
b 0.9997  0.0013  0.8423  0.0226
Brma -71.8668  40.4470 -30.2376 104.0367
Bea 0.0776  0.0575 -0.3893  0.1872
Bam -0.0011  0.0005  0.0006  0.0020
Bra 0.5088  0.2535 -0.1645  0.6498
Brm -0.0063  0.0027  -0.0001  0.0147
Brz 1.3775  0.2913  -1.6001  1.2798
Bex -3.5306  3.3441  -8.7665  5.0261
Bem 0.3031  0.1010  0.4452  1.1675
Os 0.0025  0.0001  0.0027  0.0006
Om 0.2657  0.0938  0.1557  0.4103
o 0.0013  0.0001  0.0016  0.0002
O 0.0063  0.0004  0.0060  0.0017

log-lik. 26.4541 26.9266

no. obs. 179 55

E[Tl,t—i-l] 145% 300%

E[rf, 4]  5.50% 6.40%

O’(’I’LtJrl) 101% 334%

o(rf, ) 1112% 3.22%

E[TﬁH_l] 379% 342%

O-t(ﬂ-t—‘,-l) 137% 132%




TABLE A4

Sample and Implied Moments of the Term Structure

(Based on PCE data)

Moment

1952.1 - 1996.111

1983.1 - 1996.111

1 yr. 3 yr. 10 yr. 1 yr. 3 yr. 10 yr.
A: Nominal Term Structure
ElrS =8 ]+ 0208 o —r8,1)/2  sample 0397 0.651 0.915 0.706 2.111 5.675
implied  0.536 1238  1.900  0.169  0.716  2.463
(SE)  (0.269) (0.651)  (1.089)  (0.511)  (2.189)  (7.629)
o(rd =75 ,) sample  1.615  4.615  11.365 1135 4.220  12.612
implied  1.631  4.483  11.546 1.327 4713 15.280
(SE)  (0.077) (0.251)  (0.711)  (0.300)  (1.231)  (4.112)
SRS = (1)/(2) sample  0.246  0.141 0.080  0.622  0.500  0.450
implied  0.329  0.276  0.165  0.127  0.152  0.161
(SE)  (0.169) (0.146)  (0.092)  (0.402)  (0.489)  (0.525)
E[yS 1 =8 4] sample  0.440  0.802 1.185  0.527 1.267  2.067
implied  0.282  0.711 1122 0.078  0.302  0.843
(SE)  (0.141) (0.389)  (0.748)  (0.249)  (1.052)  (4.045)
oy i — v 4) sample  0.222 0.409 0.613 0.177 0.341 0.545
implied  0.182 0487  0.819  0.145  0.384  0.791
(SE.)  (0.010) (0.027)  (0.050)  (0.022)  (0.047)  (0.114)
oS 1 =Y ) sample  0.518 0.412 0.288 0.370 0.379 0.322
implied  0.547  0.410  0.297  0.445  0.430  0.392
(SE)  (0.026) (0.023) (0.018)  (0.099)  (0.111)  (0.105)
B: Real Term Structure
Elrpii1 —r1e01) + 02(Pner1 — m10401)/2  implied  0.469 1070  1.351 0255  0.890  2.658
(SE)  (0.242) (0.551)  (0.695)  (0.808) (2.815)  (8.389)
O(Pops1 — T1041) implied  1.308 2985  3.770 1.581 5511 16.464
(SE)  (0.076) (0.194)  (0.287)  (0.368)  (1.298)  (4.135)
SR =(7)/(8) implied  0.358  0.358  0.358  0.161 0.161  0.161
(SE)  (0.193) (0.193)  (0.193)  (0.533)  (0.533)  (0.533)
EYnir1 — Y1,041] implied  0.242  0.635 1.0490  0.123  0.400  0.923
(SE)  (0.127)  (0.339) (0.568)  (0.407) (1.452)  (4.684)
O(Yntr1 — Y1,6401) implied  0.182  0.48  0.815  0.064  0.226  0.716
(SE.)  (0.010) (0.027)  (0.048) (0.017)  (0.060)  (0.179)
O (Yn—1,641 — Yn,t41) implied  0.440  0.275  0.099  0.528  0.501  0.423
(SE)  (0.025) (0.018) (0.007)  (0.123)  (0.118)  (0.106)
C: Equities
Elre 41 — (7’ft+1 — Tyy1)] sample 6.910 8.738
402 (Feqgr — (75 141 — T41)) /2 implied 8.879 5.108
(S.E.) (3.177) (11.897)
o(regs1 — (rf g — me41)) sample 15.917 14.646
implied 15.895 14.719
(S.E.) (0.718) (1.402)
SR = (13)/(14) sample 0.434 0.597
implied 0.559 0.347
(S.E.) (0.187) (0.820)




TABLE A5

Optimal Percentage Allocation to n-Period Bond

o, X 100
Model R.R.A. E.LS. E.L.S.
1/75 100 1/2 1/5 110 1/5000 1/.75 1.00 1/2 1/5 1/10 1/5000
0.75 1285 1286 1287 1288 1289 1289
1 988 988 988 988 988 988
Indexed 2 541 541 540 540 539 339
Only ) 272 272 272 272 272 272
10 182 183 183 184 184 184
5000 93 94 95 95 95 96
0.75 193 193 193 193 193 193
1 147 147 147 147 147 147
Nominal 2 78 78 78 78 78 78
Only ) 37 37 37 37 37 37
10 23 23 23 23 23 24
5000 + 9 - - - -
0.75 841 841 842 342 842 843 108 108 108 108 108 108
Indexed 1 654 654 654 654 654 654 81 81 81 81 81 81
and 2 375 374 374 374 374 374 40 40 40 40 40 40
Nominal 3 206 206 207 207 207 207 16 16 16 16 16 16
10 150 150 151 151 151 152 8 8 8 8 8 8
5000 94 95 96 96 96 96 0 0 0 0 0 0
0.75 2600 2602 2606 2608 2609 2609 -744  -744  -T45  -746 -T46 -746
Both 1 1998 1998 1998 1998 1998 1998 -572 =572 =572 572 -572 -972
Nominal 2 1092 1091 1089 1088 1088 1088 -315 315 314 -314  -314 -314
(3,10y) ) 247 047 047 546 546 546 -160 -160 -160 -160 -160 -160
10 365 365 366 366 367 367 -108 -109 -109 -109  -109 -109
5000 + 184 - - - - + -57 - - - -
Note: “ -7 indicates that the recursion for p converged to p = 1 for these parameter values and “+”

for the case where p converged to a negative value.



TABLE A6

Percentage Hedging Demand Over Total Demand
an,hedging(’)’a 111’)/0‘71 ('7’ 1»[’) = [1 — Oy (1’ 1»[’)/ (’Yan (77 'l:b))] X 100

Model R.R.A. E.IS. E.LS.
1/75 100 1/2 1/5 1/10 1/5000 1/.75 1.00 1/2 1/5 1/10 1/5000
0.75 -2.5 24 23 22 -22 -2.2
1 0.0 0.0 0.0 0.0 0.0 0.0
Indexed 2 8.7 8.6 8.5 8.5 8.4 8.4
Only 5 2714 274 275 275 275 27.5
10 459 46.0 46.1 46.2 46.3 46.3
5000 99.8 99.8 99.8 99.8 99.8 99.8
0.75 -1.6 -1.6 -1.6 -1.6  -1.6 -1.6
1 0.0 0.0 0.0 0.0 0.0 0.0
Nominal 2 5.8 5.9 6.0 6.0 6.1 6.1
Only ) 19.7 19.9 20.4 207 20.7 20.8
10 354 359 367 372 373 37.5
5000 + 99.7 - - - -
0.75 -3.8 3.7 36 -36 -36 -3.6 0.1 0.1 0.2 0.2 0.2 0.2
Indexed 1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
and 2 126 126 126 126 125 12.5 -0.5 -0.5 -0.5 -0.6  -0.6 -0.6
Nominal 5 365 36.6 36.7 36.8 36.8 36.8 -2.2 -2.1 -1.9 -1.8  -1.8 -1.8
10  56.4  56.5 56.7 56.8 56.8 56.8 -5.2 -4.8 -4.2 -39 -338 -3.7
5000 999 999 999 999 99.9 99.9 103.6 104.1 105.0 105.7 106.0  106.3
0.75 -2.5 24 -22 21 -21 -2.1 -2.7 -2.6 -24 -23 -23 -2.3
Both 1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Nominal 2 8.5 8.4 8.3 8.2 8.2 8.2 9.2 9.1 8.9 8.9 8.8 8.8
(3,10y) 5 269 269 269 2.9 269 26.9 285 285 285 285 285 28.5
10 45.2 453 454 455 455 45.5 472 473 474 475 475 47.5
5000 + 99.8 - - - - + 99.8 - - - -
Note: “ -7 indicates that the recursion for p converged to p = 1 for these parameter values and “+”

for the case where p converged to a negative value.



TABLE A7

Percentage Mean Optimal Consumption-Wealth Ratio

and Percentage Volatility of Consumption Growth

o (Act+1 — E; [Act+1]) X 100

Model R.R.A. E.LS. E.LS.
1/75 100 1/2 1/5 1/10 1/5000 1/.75 1.00 1/2 1/5 1/10 1/5000
0.75 0.45 098 1.77 224 240 2.55 24.94 2435 23.55 23.11 22.96 22.83
1 0.61 098 153 1.8 197 2.08 19.31 18.71 17.85 17.38 17.22 17.07
Indexed 2 0.84 098 1.17 129 1.33 1.37 10.84 10.24 9.35 8.83 8.66 8.49
Only 5 099 098 096 095 0.95 0.95 5.74 5.16 427 3.74 3.56 3.39
10 1.03 098 0.89 0.8 0.82 0.81 4.04 346 258 2.05 1.87 1.69
5000 1.08 098 082 0.73 0.70 0.67 2.34 1.77 090 0.36 0.18 0.00
0.75 1.00 098 094 092 0091 0.90 11.73 11.45 11.08 10.88 10.82  10.76
1 1.04 098 088 083 0.81 0.79 9.08 880 844 826 8.20 8.15
Nominal 2 1.09 098 080 0.69 0.65 0.62 5.13 4.84 452 440 437 4.35
Only ) 1.14 098 0.73 0.58 0.53 0.48 2.80 2.50 227 230 2.34 2.39
10 1.18 098 0.67 049 043 0.36 206 1.76 1.62 1.77 1.86 1.97
5000 + 098 - - - - + 1.09 - - - -
0.75 0.71 098 138 1.62 1.70 1.79 19.54 18.98 18.20 17.75 17.60  17.46
Indexed 1 0.80 098 1.24 140 1.45 1.50 15.22  14.65 13.84 13.37 13.22 13.06
and 2 094 098 1.03 1.06 1.07 1.09 873 817 733 6.83 6.67 6.51
Nominal ) 1.02 098 091 0.86 0.85 0.84 4.86 4.29 344 293 276 2.60
10 1.05 098 0.86 0.80 0.78 0.75 3.59  3.02 216 1.64 1.47 1.30
5000 1.10 098 0.81 0.71 0.68 0.65 2.36 1.79 091 038 0.20 0.03
0.75 0.39 098 1.85 238 2.55 2.73 25.58 2499 24.19 23.76 23.62  23.49
Both 1 0.56 0.98 1.60 1.97 210 2.22 19.80 19.19 18.34 17.87 17.72 17.57
Nominal 2 0.81 098 1.22 137 142 1.47 11.10 10.50 9.62 9.10 8.93 8.76
(3,10y) 3 096 098 1.00 1.01 1.01 1.02 589 530 443 390 3.73 3.56
10 1.02 098 092 088 0.87 0.86 416  3.539 273 222 205 1.89
5000 + 0.98 - - - - + 1.92 - - - -
Note: “ -7 indicates that the recursion for p converged to p = 1 for these parameter values and “+”

for the case where p converged to a negative value.



TABLE A8

Optimal Percentage Allocation to n-Period Bond

Under Borrowing and Short-Sale Constraints

a, X 100
Model R.R.A. E.LS. E.LS.
1/75 100 1/2 1/5 1/10 1/5000 1/.75 1.00 1/2 1/5 1/10 1/5000
0.75 100 100 100 100 100 100
1 100 100 100 100 100 100
Indexed 2 100 100 100 100 100 100
Only ) 100 100 100 100 100 100
10 100 100 100 100 100 100
5000 93 94 95 95 95 96
0.75 100 100 100 100 100 100
1 100 100 100 100 100 100
Nominal 2 78 78 78 78 78 78
Only ) 37 37 37 37 37 37
10 23 23 23 23 23 24
5000 + 9 - - - -
0.75 1 1 1 1 1 1 99 99 99 99 99 99
Indexed 1 26 26 26 26 26 26 74 74 74 74 74 74
and 2 63 63 63 63 63 63 37 37 37 37 37 37
Nominal ) 85 85 85 85 85 85 14 15 15 15 15 15
10 93 93 93 93 93 93 7 7 7 7 7 7
5000 94 95 96 96 96 96 0 0 0 0 0 0
0.75 0 0 0 0 0 0 100 100 100 100 100 100
Both 1 31 31 31 31 31 31 69 69 69 69 69 69
Nominal 2 87 87 87 87 87 87 13 13 13 13 13 13
(3,10y) ) 100 100 100 100 100 100 0 0 0 0 0 0
10 100 100 100 100 100 100 0 0 0 0 0 0
5000 + 48 - - - - + 0 - - - -
Note: “ -7 indicates that the recursion for p converged to p = 1 for these parameter values and “+”

for the case where p converged to a negative value.



TABLE A9

Percentage Mean Value Function

E[V;] x 100

Unconstrained Constrained

Model R.R.A. E.LS. E.LS.

175 100 1/2 1/5 1/10 1/5000 1/.75 100 1/2 1/5 1/10 1/5000

0.75 1001 493 3.19 276 2.65 2.55 073 072 070 0.69 0.69 0.68

1 407 3.03 239 218 213 2.08 0.73 072 070 0.69 0.69 0.68

Indexed 2 151 146 141 138 1.38 1.37 0.73 072 070 0.69 0.69 0.68
Only 5 095 095 095 095 095 0.95 073 072 070 0.69 0.69 0.68
10 0.82 082 081 0.81 081 0.81 073 072 070 0.69 0.69 0.68

5000 0.72 071 069 0.68 0.67 0.67 072 071 069 0.68 0.67 0.67

0.75 0.90 092 090 0.90 0.90 0.90 081 081 080 0.80 0.7 0.79
1 0.81 081 080 0.80 0.79 0.79 078 078 077 0.76 0.76 0.75

Nominal 2 0.69 066 065 0.63 0.63 0.62 069 066 065 0.63 0.63 0.62
Only 5 0.61 058 054 0.51 0.49 0.48 061 058 054 051 0.49 0.48
10 0.56 054 046 041 0.39 0.36 0.56 0.54 046 041 0.39 0.36

5000 + 0.00 - - - - + 0.00 - - - -

0.75 257 223 195 184 181 1.79 081 0.81 080 0.8 0.7 0.79

Indexed 1 1.78  1.68 1.58 1.53 1.52 1.50 079 079 0.78 0.77 0.77 0.76
and 2 110 1.09 1.09 1.09 1.09 1.09 076 075 074 073 0.73 0.72
Nominal 5 085 08 084 0.84 0.84 0.84 074 073 072 071 0.70 0.70

10 0.78 078 077 0.76 0.76 0.75 074 073 071 070 0.69 0.69
5000 0.68 0.68 067 0.66 0.65 0.65 0.68 0.68 0.67 0.66 0.65 0.65

0.75 1520 5.89 3.52 297 2.84 2.73 081 081 080 0.80 0.7 0.79

Both 1 5.25  3.53  2.63 235 228 2.22 0.79 078 0.77 077 0.76 0.76
Nominal 2 1.72 1.63 154 149 148 1.47 0.75 0.74 073 072 0.72 0.71
(3,10y) ) 1.02 1.02 1.02 1.02 1.02 1.02 0.72 0.66 0.68 0.67 0.66 0.66
10 0.86 086 086 0.86 0.86 0.86 066 055 061 0.59 0.58 0.57
5000 + 0.00 - - - - + 0.00 - - - -
Note: “ -7 indicates that the recursion for p converged to p = 1 for these parameter values and “+”

for the case where p converged to a negative value.



TABLE A10

Optimal Percentage Allocation to Equities
and to n-Period Bond
a x 100

Equities n-Period Bond
Model R.R.A. E.IS. E.LS.

(A) Unconstrained
/.75 100 1/2 1/5 1/10 1/5000 1/.75 1.00  1/2 1/5 1/10  1/5000

0.75 - 443 443 443 443 443 - 1082 1088 1091 1091 1092

1 - 332 332 332 332 332 - 835 835 835 835 835

Indexed 2 166 166 166 166 166 166 467 464 461 459 458 458
Only ) 66 66 66 66 66 66 243 242 240 239 239 238
10 33 33 33 33 33 33 168 168 167 167 167 166

5000 0 0 0 0 0 0 93 94 95 95 95 96

0.75 - 470 470 470 470 470 - 25 25 26 26 26

1 - 352 352 352 352 352 - 21 21 21 21 21

Nominal 2 175 175 175 175 175 175 16 15 15 15 15 15
Only ) 69 69 69 69 69 69 12 12 12 12 12 12
10 33 33 33 33 33 33 11 11 11 11 11 11

5000 + -2 - - - - + 10 - - - -

(B) Constrained
/.75 100 1/2 1/5 1/10 1/5000 1/.75 1.00  1/2 1/5 1/10  1/5000

0.75 100 100 100 100 100 100 0 0 0 0 0 0
1 100 100 100 100 100 100 0 0 0 0 0 0

Indexed 2 100 100 100 100 100 100 0 0 0 0 0 0
Only 5 60 60 60 60 60 60 40 40 40 40 40 40
10 30 30 30 30 30 30 70 70 70 70 70 70

5000 0 0 0 0 0 0 93 94 95 95 95 96

0.75 100 100 100 100 100 100 0 0 0 0 0 0

1 100 100 100 100 100 100 0 0 0 0 0 0

Nominal 2 100 100 100 100 100 100 0 0 0 0 0 0
Only 5 69 69 69 69 69 69 12 12 12 12 12 12
10 33 33 33 33 33 33 11 o1 11 1 11

5000 + 0 - - - - + 10 - - - -

Note: “-” indicates that the recursion for p converged to p = 1 and “4” that it converged to a negative

value.



TABLE A1l1l

Optimal Percentage Allocation to Equities
and to n-Period Bond
Sample Period: 1983-1996

a X 100
Equities n-Period Bond
Model R.R.A. E.LS. E.LS.
(A) Unconstrained
1/75 100 1/2 1/5 1/10 1/5000 1/.75 1.00 1/2 1/5 1/10 1/5000
0.75 262 262 262 262 262 262 -8 -1 ) 8 9 10
1 196 196 196 196 196 196 21 21 21 21 21 21
Indexed 2 98 98 98 98 98 98 57 54 50 48 47 47
Only 5 39 39 39 39 39 39 76 74 72 70 69 69
10 20 20 20 20 20 20 82 81 79 79 78 78
5000 0 0 0 0 0 0 87 88 88 88 88 88
0.75 259 259 259 259 259 259 -6 1 7 10 11 12
1 195 195 195 195 195 195 24 24 24 24 24 24
Nominal 2 99 99 99 99 99 99 61 o8 53 51 30 30
Only ) 41 41 41 41 41 41 80 78 76 74 73 73
10 22 22 22 22 22 22 86 85 84 84 84 83
5000 + 3 - - - - + 92 - - - -
(B) Constrained

1/75 100 1/2 1/5 1/10 1/5000 1/.75 1.00 1/2 1/5 1/10 1/5000
0.75 100 100 100 100 100 100 0 0 0 0 0 0
1 94 94 94 94 94 94 6 6 6 6 6 6
Indexed 2 o1 93 95 o7 o7 o8 49 47 45 43 43 42
Only ) 26 28 30 32 32 32 74 72 70 69 68 68
10 18 19 20 20 20 20 82 81 79 79 78 78
5000 0 0 0 0 0 0 87 88 88 88 88 88
0.75 100 100 100 100 100 100 0 0 0 0 0 0
1 96 96 96 96 96 96 4 4 4 4 4 4
Nominal 2 50 52 54 56 56 57 50 48 46 44 44 43
Only 5 24 25 271 28 28 29 76 75 73 72 72 71
10 16 16 17 17 17 17 84 84 83 83 83 83
5000 + 3 - - - - + 92 - - - -

Note: “-7 indicates that the recursion for p converged to p = 1 and “+” that it converged to a negative

value.





