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1 The Equilibrium under Flexible Prices (Section 3 of the paper)

Equations (9) through (13) in the paper fully describe the flexible-price equilibrium for a given fiscal policy.
We state them here for reference, and we include in equation (10) the investment subsidy (at rate s) used

later in the paper.
}/t = Ath for all t,

u' (Cy)
pu’ (C2)

Py

( +7,1) P2,

Cl = AlKl - K2 - G17
Cy = Ay Ky — Gy,
and the government’s budget constraint is:

P
GQ:(1+11)F;(T1—G1—311)+T2.

To solve for the economy’s equilibrium, combine the second, third, fourth, and fifth of these to obtain:

'LL/ (A1K1 — KQ — Gl)

Ar={1-9) pu’ (A2 Ky — Ga)

This expression implicitly defines K5 as a function of parameters and K7, which is given. Using the CRRA
utility function specified in Section 3.1 of the paper, we obtain:

_ 1
@)

K, AK (1-g1).

This is expression (16) in the paper. This solution for K can be used to derive values for the remaining
real endogenous variables in the economy. Nominal variables are determined separately by equilibrium in
the money market as stated in Section 2.3 of the paper and restated here:

PtCt = Mt for all ¢.

*We thank Daniel Norris for valuable help with this appendix.



1.1 An Aside on Labor (Section 3.3 of the paper)

Suppose the production function includes labor L; and exogenous labor productivity w; as follows:
Y = A (K +wiLy).

The other equilibrium conditions corresponding to equations (10) through (13) from Section 3.1, setting the
investment subsidy to zero for simplicity, are:

Cy = Ay (K2 + waly) — Ga,

where the government’s budget constraint remains:

P
G2:(1+Zl)é(T1—G1)+T2.

To solve for the economy’s equilibrium, start by combining equations as in the baseline model to obtain:
A1 (K1 + wlLl) (1 — !]1) — UJQLQ (%2/3) A2 (1 — 92)
(1 + (A%B) Ay (1— 92))

Ky =

This result can be rearranged to yield:
Ay (Ky +wiLy) (1 —g1) +walo
14 (25) A2 (1 - g2)

K2 + LUQLQ =
Substituting into the equations for consumption, we obtain:

(1+( ()ﬁj (g) by k) =6
Az 21— 02
1

(1+ () 42 (1 - 02))

These expressions for consumption can be substituted into the government’s fiscal policy problem. The

government solves:

A2 (1 — gg) (A1 (1 — 91) (Kl + UJ1L1) + UJQLQ) = CQ.

(2 < I(T%f) Az (1 —g2) (A1 (1 —g1) (K1 +wily) + w2L2)> +v(g1Ar (K1 +wily))
1+(m> Ag(l—gg)

max —|—ﬁ |:u <(1+( 1 )A2 (1 — gg) (Al (1 — 91) (Kl + wlLl) —|— WQL2)>

91,92 Tia)a‘%(l*ﬁ”)
A(K1+UJ1L1)(1*Q1)+WZL2
+ Ay =L 2
v<92 2 1+(A§/3) Az(1—g2) )}




The first-order conditions of this problem are:

1)’
FOC,, 1(A§5> u (Ch ((ﬁ)U . g2)A2 (1—=g2) (A1 (1 = g1) (K1 +wiL1) +wals) ]
1+ (Agﬁ) A2 (1792) 7A2 (Al (1791) (Kl +W1L1))
(a2m)” 42 _ -
. o (02) 1+(ﬁ)g A2(1—g2)A2 (1 92) (Al (1 91) (Kl +W1L1)+W2L2) ]
= ( ) )o ( )5 —AzA1 (1 —g1) (K1 +wiLy) ,
1+ A 1—g 1+{ 2,3 7 As
Az 2 2 +v' (Gg) Ay (A1 (K1 + wlLl) (1 — 91) + w2L2) <1+<A;(B)2/ ?42(1_92)>
and
, - () ,
FOCgl : U (Cl) g A2 (1—92)141 (Kl +UJ1L1)+U (Gl)Al (Kl +W1L1)

1+(A§B) As (1= go)

+B (u/ (CQ) _A2 (1 — 92) Al (Kl + UJ1L1)
L+ (AQB) Az (1 —go)

A (Ky+wi L
o (Ga) go s 1 (K1 +wily) )

1+ (A%),g)g Az (1 - g2)

= 0.

Simplifying, these conditions can be written as:

FOC,, : <Aiﬂ>o A Ay (1 — gy)u' (CY) [ Aiﬂ)d Az (1 — g2) waLe — (K3 —|—w1L1)}
o AA1 (1 —g1)u [( )0 As (1 — g2) walg — (K3 +W1L1)}
- V' (G2) Az (A4 (K1 +wiLly) (1 —g1) +walsy) (1 + (A B) Az) ’
and
FOC,, : —u (Cy) <Aiﬁ>g Ay (1 —go) + (1 + (Aiﬁ)a Ay (1 — gg)> v (Gy)

= B (C2) A2 (1 —g2) + ' (G2) gaA2).

These first-order conditions are satisfied when the same optimality conditions as in the baseline case (i.e.,
the household Euler condition 11, the government Euler condition 22, and the private-public consumption
condition 23) are met. These conditions then yield expressions for the equilibrium values of the economy’s
variables:

“- (1+0) (ffﬁ(zlﬁ)g Az) SR
Cy = 119 (1 +1(Aiﬁ)aA2> A (Ay (K1 +wily) +wals),
e (Al (K1 +wily) — ( iﬁ)JAQWQLQ) |

(1+ () 42)
Ky +wsLy = ! Ay (K1 4+ wiLy) + waLo,

(14 (7))




0 ()

G = = Ag (A1 (K1 +wiLlh) +wals),
(1+0) (1+ (45) 42)
0
(1+6) (1+ (5) 42)

The only change required to the expressions for consumption and government purchases is that the term
A1 K7 is replaced with the expression (A7 (K7 + w1L1) + waLa) wherever it appears. The same modification

converts I;, which is equal to K5 in the baseline model, to the sum (K3 + w2L2) in this model with labor.
In the expressions for output, K; is replaced with (K; + w;Ly).

G = Ay (A1 (K1 +wiLy) +wals).

2 The Equilibrium under Short-run Sticky Prices (Section 4 of
the paper)

As stated in the paper, equation (9) from the flexible-price equilibrium may no longer hold with sticky prices.

In particular,
Y, — Ct+[t+thOI‘t:1
t Ath for t =2

The equilibrium equations are as follows.
The expression for the firm’s profit substitutes Y7 for A; K7, but the same first-order condition as expres-
sion (10) holds:

P
Azz(l—s)é(l—&-il)

The household Euler condition is the same as expression (11) from the flexible-price case:

u’ (Cl> o 3 P1
Bu’ (Cs) = (1 +1i1) E

The analogue to expression (12) is as shown in the paper,
Y1—-Ky— Gy =0,

while expression (13) is unchanged from the flexible-price case:
A Ky — Gy = Cy,

To solve, start with the Euler equation for the household, which can be written (assuming CRRA utility):

1 P\’
= <) Ca.
B(+i1) P
Now, we use the analogue to expression (13) to express the sum of nominal consumption as:

PiCy 4 PoCy = PiCy+ P (As Ko (1 — g9)).

Substitute into the left-hand side of this expression the expression for Cs from the household’s Euler condition

to obtain: .
HQ+——i?TQ:HQ+&MMMPm»

L )
B(1+i1) Py
Then, rearrange the firm’s first-order condition to obtain:

(1—38)(1+11)
Ph=——"P
2 A2 1



which is expression (36) from the paper (including the investment subsidy). Use this expression to simplify
the previous expression, yielding:

(1—s)(1+11) ( Asp
A2 (175

PCy <1+ )>0> = P1C1 + P2 (A2K5 (1 - g2)) -

Solve this expression for Ks, again applying the firm’s first-order condition:
Cy
2T 9\ '
( BA, ) Az (1 —go)

Next, use this result for K» in the analogue to expression (13) and simplify to obtain:

o= (25) o

Now we incorporate the nominal variables. We combine the expression

PQCQ = M,

with the firm’s first-order condition to obtain:

A2 MQ
(1—s5)(1+i) P

o (175) 7 AQ M2
Cl( BA> > (L=s) (L+a1) Py’

Csy =

This result implies:

and thus
1 My

(1—g2)(1=s)(1+i) P
These are the expressions (32), (31), and (33) in the paper.

L =Ky =

3 Optimal Fiscal Policy when Monetary Policy is Restricted (Sec-
tion 6 of the paper)

First, we consider only government purchases. Then we turn to the investment subsidy

3.1 Government purchases (Section 6.3 of the paper)

Expression (38) from the paper is the monetary policy position that generates full employment in the sticky-
price model. For this section, the zero lower bound on the nominal interest rate has been reached, so i; = 0.
With restricted monetary policy, Ms equals its pre-shock full-employment level M. Therefore, the following
condition describes the ratio of the terminal money supply to the fixed first-period price level:

M,
— 1 )
P (1+i)

(1-31)(1—-g)
14 (i) Ay (1—g2)

A1 K.

This expression includes the expected levels of fiscal policy prior to the shock. Assuming they were set at
the pre-shock optimum, these levels are implied by expressions (26) through (28) of the paper, and are:

g1 = 9<51AZ>UAQU ;
1+0) (14 (55) 42)




and

B 6
1467

Substituting these expressions into the previous expression, we obtain:

g2

M, _ (1+7:1) ALK

P (149 (1+(ﬁ)“212)

Using expressions (31) through (34) from the paper, we substitute in this expression and obtain the
equilibrium quantities with sticky prices and unspecified post-shock fiscal policy (g1 and g2):

(1 (1+414)
= <6Az> A2(1+9) (1+ (ﬁ§2)UA2) A
_ (14+17)
Tl G A
! (1+17)
B O (1+ (;i) io) AlKl,
v 1+ (61142)0142 (1-g2) (1+1) Ay gy
= (v () )

Using these results, we can state the government’s problem:

1)’ (14i)
" ((5}42> A2(1+0)(1+( =) 4s) AlKl) +o(g1Aik)

{m}azx oA ,
gttioy (1+31) 1 (1+21)
+5 <u <A2 (1+9)(1+(%)”A2) AlKl) T <g2A2 (I-92) (1+a)(1+(ﬁ%)”,€12) AlKl))

where the government’s budget constraint, given as expression (52) in the paper, is incorporated into the
agents’ private decisions. Note that the pattern of taxes is immaterial, given the Ricardian nature of the
model.

The government’s solution is subject to the aggregate supply constraint on first-period aggregate demand:

Y1 < AlKl.

Using the expressions for first-period consumption, investment, and government purchases, this constraint
can be written as:

- (ﬁ)”@u — 92) (1+i)
(1— ) a+0) (1+(5) 4)

The technology shock pushes aggregate demand below aggregate supply. As long as government purchases
do not generate full employment, this constraint is nonbinding and the first-order condition for G is:

A Ky + g A K < ALK

1}/ (Gl) =0.

This implies that the government uses fiscal policy to reach full employment, as noted in Section 6.3.
When government purchases cause full employment, this constraint binds and the first-order conditions



for government purchases are:
FOCgll A]_Kl’l)/ (91A1K1) == )\AlKla

and
A2 (1,192) (14%) T AlKl
FOC,, : pv'(G2) oA (1+9)(1+((1+“) ) MK
928271 gz) (+6) (1+( 4 ) 2) 1
[ Ee) Ao+ (14 () 420 g) (L+0) K

_ 1 g .
((1—42))° 1+0) (14 (55) 4)
Simplifying, these yield the government-purchases Euler condition:
v (G1) = Azpv’ (Go)

as stated in the paper.
We can then solve for G; and G5. The government purchases Euler condition, using CRRA utility, is:

G (A28)7 = Go.
Combine this with full employment in the second period and the expression for Cy to obtain:

Az (1+41)
OICIEDEDR
(1 - 92) = As(1+41)

2+ (+0) (1 (54 ) T 4z)

This implies the following expression for first-period aggregate demand:

A1 K,y

A2Q) A K
1 () s a0+ (5, )" 42)
BAs Gl(AQB)GJF A2(1+111) — A1 K, )
Vi — a+o(1+(54; ) 42) (141%) MK+ C
1= Ao(1ti1) LK, TN\° - 1 1
ol () ) (1o (1+ (5) 4)
G1(A28)7+ A (1) A1 Ky

EO ey

When full employment is reached, Y7 = A1 K7, so this expression implies:

G (ﬁ)UAQ - (1+1%) (1 + (ﬁ)az‘b) ALK, )

(1 ()" ) a+0) (1+(55) 4)

and the government-purchases FEuler condition then implies:

o i 17(1+i1)(1+(ﬁ%2)0142) K
(1+(75) 4) \ avo(1+ () &)

Finally, using these results and the expressions for the equilibrium consumption and investment levels under
sticky prices, we obtain the expressions for equilibrium under sticky prices with optimal fiscal policy (when




restricted to government purchases):

sticky _ . (5‘{12>GA2

Clt ky _ (1+1%) 140 (1 N (@142)0 2) A1 Ky,
sticky __ A A2

Cstieky — (1 44y) 119 (1 L (iy&) A1 Ky,
pticky _ pesticky _ 1 ALKy

(1+ (55) 4)
Ylstick,y — AlKla
Ay

(1+ (%) 4)

These imply the inequalities shown in Section 6.3 of the paper.

AlKl.

stticky _

3.2 Investment subsidy (Section 6.4 of the paper)

The same pre-shock monetary and fiscal policy holds here as with government purchases, because the optimal
pre-shock investment subsidy is zero. Therefore, as in the previous subsection:

P 9(51142>UA2

and

M2 = (1+€1) AlKl

P (149 (1+ (i)gfb)

Using the same process as in the previous subsection, we can derive the following expressions for the
equilibrium with general fiscal policy:

= (1—81)>U Az (1+u)
Ch ( BAs (1-s1) (1+6) (1 + (i)crfb) A K,
A (1+)
Cy = (1—s1) (1+6) (1+ (511212)01212) A1 Ky
- B 1 (1+14)
I =Ky = (1—g2) (1 —s1) (1+0) (1+ (;1142)"1212) A1 K.
. 1+((16‘T“’21))UA2(1—92) 0 A Ky + g ALK
1= (1-4g2) (1+0)(1+(6%2)0A2> e



Using these results, we can state the government’s problem:
(1751))0 As (1«‘,»11
U (( BAs (1—s1) (1+9)(1+( ) A2) AlKl) +U(91A1K1)

max |
foumedicys (1+i1) 1 (1+i1)
: +3 ( ( =y (1+6))(1+(Z )7 A) A1K1> +v (92142(192)(151) (Ho)(l*(;ia )) A1K1>>

As in the previous subsection, the government’s choice is subject to:

Y1 <A K,
which can be written as:
1+ ((1 sl)) Az (1-g2) 8:11))
1 A K+ g ALK < ALK
(1—-g2) (1+6) (1 + (ﬁ) Az)
2

Start with the assumption that the constraint is slack. Then, the first-order condition for s; implies that
the household’s utility rises with s1, as every argument of the household’s welfare function rises with or is
unaffected by s;. This is why the paper states that a positive investment subsidy is welfare improving for
unchanged or optimal government spending when output is below its full-employment level.

At full employment, we can show by construction that the flexible-price equilibrium is achievable when
o — 0. The flexible-price values for government purchases are:

1 (o
flew _ 0 (E) 4

Tt (1+ (55) 42)

1
1— flex —
2 146
Substituting these into the constraint on the government yields:
(1—s1) (1+71) 1 \?
(1 + 0 + ( 1 ) Az) (17811) + 9 (m) AQ B 1

(1+6) (1+ (B—iiz)gfig) (146) (1+ (5—1{,2)0142)

Now impose ¢ — 0. This expression simplifies to:
(1 — 81) =
Recall that the optimal monetary policy sets:

My 1
I+i) P (149 <1+ (ﬁ)gflz)

When restricted to conventional monetary policy, we know that:

%_ (1+17)

Pi (149 (1+(5) 4)




This implies that the required nominal interest rate satisfies:

1 (1+%) _ 1
(14141) (1+6) (1 N (Biiz)ole) A1Ky = (1+0) (lJr (ﬁ)al%b) A Ky
or, with o — 0,
(1+i1):@(1+5l)~

(1 + A2>

This yields the equivalence shown in expression (54) of the paper.

4 Unconventional Monetary Policy in a Model with Three Periods
(Section 7 of the paper)

The analysis of this section follows the same process as that of the two-period model, so we omit the details
and report the results instead. The post-shock equilibrium with optimal fiscal policy, when monetary policy
is sufficient to restore the flexible-price equilibrium, can be summarized with the following set of equations,

where m denotes the post-shock monetary policy stance.

1 ‘ M,
C: -5 AA )
! (f@%) P (1 41) (L +42)

1\° M;
C == P A A )
2 <6A3> B A+ i) (1+i2)

Ms
C :AA )
PTEE P (T +i1) (1 +4a)

1*(&)01‘13(1*93) M
(1-g2)(1=gs) Pi(l+ir)(1+ia)
Ay M,
(1—g3) Pr(1+41) (1 +ig)

1+ (6—;‘3)0/13 (1—g3) + (ﬁzAileg)aAzA3 (1= g2) (1= gs) M,
(1—=g2) (1 —g3)(1—g1) Py (1+1i1) (1412)’

L =K, =

I, = K3 =

Y1 =

The pre-shock optimal monetary policy satisfies:

{\43 _ (1=41)(1=g2)(1—g3) ALK
PrOF) A0) (14 (55) A5 (1= g9) + (5 ) Aeds (1= 2) (1 - 39))

pre-shock optimal government spending levels, are determined by the optimality condition:
u (Cy) =" (Gy) for all t.

Assuming CRRA utility from government purchases and private consumption, this condition and the results

10



above imply:

. 0
BTy
Naturally, full-employment monetary policy with the optimal fiscal policy in place after the shock is:
M (1-g1)(1—g2) (1—g3)

. . = o o A1K17
PrOF) A4 R) 14 () Ay (- go) + (5 ) Ads (1-92) (1= g5)

where the post-shock optimal levels of government spending are equal to the flexible-price levels after the
shock.

The conventional monetary policy response to weak aggregate demand is to lower the short-term nominal
interest rate ¢;. For now, assume that this conventional response is the monetary authority’s only response,
so that the future short-term interest rate i and the long-term money supply M3 remain unchanged. Fiscal
policy is at its flexible-price optimum. With these assumptions, we can solve for first-period output after
the shock:

1+ () A0 (=) + () Aeda (1= 32) (1= 39) (1 44,) (1= 1) (1= g2) (1 — go)
Yl - o o . N ~ ~
1+ (T}qs) Az (1 —g3) + (BQTZAJ A Ay (1—go) (1 - g5) (1 F 1) (L= 91) (1= 92) (1= 95)

AlKl.

Substitute in the following expressions for optimal fiscal policy:

(1+6) (1 + (ﬁ)o Ag) ¥ (m)” Ay As
+0) (14 (55) 45+ () Aods)

1+60+ (5}43)0143

b 1+0) (14 (55) 4s)

1
1—93:ma

1—g1:

(1+0) (1+ (B—L)UA:; + (m)J@Ag) (i) (14 )

140 (1+ (55) 4+ (i) dody) A0 (1422)

As in the baseline model analysis, manipulating this expression yields a threshold value for As above
which conventional policy (changing i1 by setting i; = 0 without changing ¢2) is sufficient to restore the
flexible-price equilibrium. We denote this threshold As|conventionar, and it is:

(i) Aaa =i (14 () 4)\

(1+i1) (é)g (A5)' 77

3/1:

A2 |conventional =

If A, falls below As|conventional, the monetary authority will be unable to obtain the flexible-price equi-

11



librium with conventional monetary policy. It will set ¢; = 0, its zero lower bound, but output will be
below potential. In the baseline model, the monetary authority could stimulate the economy further only
by affecting the long-term level of the money supply. With three periods, however, the future short-term
interest rate io can be used to provide monetary stimulus.

Formally, suppose A < As|conventional, 11 = 0, and M3 = Mg, the last of which reflects that the monetary
authority holds the long-term money supply unchanged in this scenario. Output is then

+0) (14 (55) s+ (5ks ) A24s)
(1+6) (1+ (ﬁ)”A3 + (m)gzxg/xg)

Manipulating this expression yields a new threshold value for A, above which the unconventional monetary
policy that affects the future short-term interest rate is effective. That is, we set i = 0 and solve for full
employment. This yields:

(1 + ig)

Y pr—
! (1+1i2)

—~

1414)

1
1—0o

<m>UA2A3 B ((1 Jril) (1 +52) _ 1) (1 + (ﬁ)’A:’a)
(1+11) (1 +12) (#)U (43)' 77

A2 ‘ long—term—interest —

Comparing these threshold expressions implies

A2 | long—term—interest < A2 ‘ conventional

establishing that the addition of a future short-term interest rate as a policy instrument allows the monetary
authority to unilaterally restore the flexible-price equilibrium for larger negative shocks to aggregate demand.

As in the baseline model, if the shock is even larger, the central bank may always adjust the long-term
money supply, here M3, to restore the flexible-price equilibrium.

5 Government Investment (Section 8 of the paper)

In this section, government expenditures may include investment in productive capital K. The private
sector is unchanged from the baseline model.

Even with no investment subsidy, fiscal policy now has three components: g¢¢ is the share of full-
employment output that goes to government consumption purchases in period ¢, 74 is the share of full-
employment output collected as lumpsum tax revenue, and g/ = GT:I is the share of output going to govern-
ment investment. The government’s new budget constraint is:

1. Py (T, - GY) =0.

PI(TI_G?_GtI)‘i‘m

Aggregate demand now includes government investment:
Y, = Cy + I, + GS + G for all t,
and aggregate supply is now a function of both private capital K}* and public capital KZ:
Y < (AFKF + A9 (KE))

where the function & (-) reflects that the two forms of capital are not perfect substitutes in production.
The equilibrium can be derived as follows. The result of the firm’s profit maximization is unchanged:
u' (Ch)

Bu/ (02) = (1 + Z‘1)

Py
Py’

12



as is the household’s Euler equation:

P
Ag = (1"‘21) E,

while the remaining equations modify the baseline model in a natural way:
(ATKY + ATs (KT)) (1 - gf) = K — K5 = O,

(A Ky +AFk (KS)) (1—g5) = Ca,
where
P

GS _(1+z1)P2( 1

-GS - K§) + Tn.

Solving as in the baseline model yields:

(AFKF + AFw (KE)) (1 9F) — (h5) AT (1 - 8) n (KS) - K

KI = 5
(1+(AF5) Ag(l—gg))
Then,
LN o (AFEF 4 AGR (EE)) (1 of) + A5k (KS) - KS
o) DT G )
(AFKT + Ak (KE)) (1= gF) + 45n (KS) - K
CQ:Ag(l_ 20)( 1 \° )7
g (1+ () 45 (1-99)
and

AKE + A () — A ATKT £ AT (6)) (1 ~of) + A () ~ ALKS

The government’s problem is then

_ o AFKF 4 A% 5(KG)) (1-9C )+ 25 k(K )~ K
(G - Lt

F
2
CeRETE
. o (Afo+A1Gn(K1G))(1—glc)+ifgﬁ(Kz~G)—K§
max u | Aj (1 — 92 ) 7 ;
P ; (1+<A215> A5(1*95)>
+ G
m(ﬁni(“”fm%“9>tfﬂﬁ”“ﬂ#§>>

(
(+(at) 45 0-46))

) +v (gf (ATKT + A¥k (KT)))

The first-order conditions of this problem are:

w«m(@ﬁfAFuf@>

+8 (u (C2) AL (1 —gf) +v' (GY) g5 AT)

13



FOC,e () (p5) AL (- 9) + 00 (€2 A5 (1-55) +' (65) a5 AT

. ATKE + Ak (KY)
(1+(545) 45 (1-49))

= v (GY) (AT KT + A¥k (KY)),

FOCy [u’(Cl) <A}WB> A§+6u/(CQ)A§6v’(G§)A5}
2
[ ( (AFKE + A9k (KE)) (1 - gf) + 45k (KS) - K§>
*
(14 (afa) 450 )
LN oo [((ATEE + AGR (KE)) (1- of) + 455 (KS) — K
~(3) 404 oy
’ (1+ (o45)" 45 (1-65))
(AL KE + G (K£)) (1= 6f) + 35 (KS) - K

(1+ (x5) 45 (1 —a5))’

The first of these conditions implies, assuming that marginal utilities of consumption and government services
are always positive,

= BV (GY) AL (A;ﬂ) AL

AF
K]l (Kg) == Té.
2

The second implies, using the household’s Euler condition ( ﬁu((cé 5 = AL )

<1 + <A;5>UA§) Bu' (Co) AL (1 —¢¥) = (1 + (AIiﬂ)aAg (1 _gg)) v (GS) - BAL g5V (GY).

This holds when the following conditions are satisfied:

and

W (Ch) =0 (GY).

Therefore, the classical conditions continue to hold in the flexible-price equilibrium.
Using the classical conditions just derived and CRRA utility of both government and private consumption,
we obtain:

AL (ATKT + ACk (KE)) (1—gf) + AS K (KS) — AFKS — 00,

AF (AP + AGn (K9)) (1- gf) + Ak (KS) — AFKG + (5h5) " A (C2) 0

=(1-g5),

ATKY + ATk (KY) — 00 -
(ATKT + AGx (KT)) e

14



Combining these,

AL (ATKT + ACk (KT)) (1—gf) + AS K (KS) — AYKS — 00,

5 =(1-9%),
AF (ATK + A (KE) - 0C1) + AGw (K§) — AFKS + (b5 ) AFOC ’
and we can then derive:
ATKT + AG s (KE) + 455 (KE) — K

1 g
C :() AL (1—4§ >
) U T G - )

Next, given that:

and
AL Cy

(A;VB)UAg (1 _920)’

(AS K3 + ASk (KS)) =

we can write:

APKT + AGw (KC) + 4 (KS) — K

Lt (bs) AL (- 08) (140)

Ca = A5 (1 45)

and

(AFKF + AGr (KG)) = AL (ATKT + AT (KT)) + AT (KF) — AFKE
2522 2 2 - o .
1+ (o) AL (1-¢f) (1 +0)

We can show that this implies:

1
as then the following expressions obtain:
1\ yF G
AFp 2 A
. ((12 z D (AFKE + Afr (K9) + Jn (KS) - K5 ).
+O* ) A ?
Co = Ay (AFKF + AYk (KY) + A (KS) - KG>
(1+9)(1+(A+”5)0A5) 181 1 1 AL 2 2 |
2
Fy-F G G Ag F y-F G G Af G G
(AQKQ +A2K](K2 )) = m <A1K1 +A1K/(K1 ) +FK](K2 ) —K2
AFF) ‘2 ?
and by the optimality conditions:
c (ﬁ) A5 F1-F G G Af G G
Gy :9(1 ” (12 < ) )UAF> (A1K1 + A7k (KT) +F“(K2 ) — K3 >,
- +(ar5) A 2
2
C A F1-F G G Af G G
Gy :9(1+0) (1+< ; )UAF) (A1K1 + A7k (KT) +T§“(K2 ) — K3 >,
ars) A2

15



so that

‘ ®

g2

5.1 Sticky prices

The expressions describing equilibrium are:

Y, < (ATK + APk (K7)),

J(C) P
IR A
P
F _

~-Gf —K; — K =Ci,
(AFKS + ASk (KS)) (1—g5) = Co,
P,
GS (1+11)P1 (T — GS — K§) + T
2

Suppose technology is shocked such that conventional monetary policy is insufficient to restore the flexible-
price equilibrium. Then i; = 0 and the Euler and profit-maximization conditions together give us:

Cy = (Agﬁ)n 017

1
P,=—P.
2 Ag 1
As before, we can use the sum of nominal consumptions across the two periods to generate the following

expression for K. f :

1 AS
KQF = Cl AF (KQ )

(52r) A% (1- o)

(1N e M,
Cl_(ﬂAF) A p

M.
Cy = AF Pf
(-g) P Af" ).
1 M, AS
(1 - 953 ) Pl K2 B F
1

P, =—=P
2 Ag 1

Y11+(ﬁ;§) AUy o A o
(1-95) oA
M,

The government’s problem is as follows, once full employment is reached and where s pre-shock

The equilibrium values are

Ky =

L+GI =K +K§ = K (KS),

K$) +GY.

16



monetary policy.

(k)" A58) + 0 of (ATKT + 495 (K6)))

Jnax F My CAF 1 My ’
e | o () oo (4
subject to:
1 (1 (5kr) AE - 69) 48
AFKF—FAGH/ KG — 2 2 G_iﬁ KG ,
( 11 1 ( 1)) (17910) (17920) P, 2 AQF ( 2)
and subject to fixed monetary policy 1\1?)1712.
The government’s first-order conditions are:
AW (K§) -1
FOCje : 22 ( 20) A=0,
(1 — 91 )
implying
W (KG) = A2,
2 Agv
AFKF AG KG 1— C
FOC,e : v/ (GY) (ATKY + AT (KT)) (1= 95) (1-g%)% = A,

(1+ () 45 (1-65)) 32 + (K - 25w (K5)) (1- o)

1
(1—g¢)

and

FOCyc : pv' (GS) Ay = A
These imply:
FOC’glc s (Glc) (1 — glc) =\,
FOC,e : v’ (GS) A5 (1—gf) = A,
and thus
v (GS) = BASY (GY) .
the classical condition.

We can show that the private-public intratemporal optimality conditions fail (i.e., that the strict inequal-
ities in Section 8 of the paper obtain). Recall that the government solves:

u((ghr) AP YY) 4o (of (AFKF + AGR (KE)))

max P L CAF__1__ N, ’
KS,9¢ ¢S +4 U(A2 P1)+U 92 A (1-¢§) P
subject to:
1+ (hr) A5 (1-0) 3, g
1 FAF 2 2) My A
AFKE + A%k (KS)) = 2 — + K§ - 2%k (KF) |,
(ATEY + A7k (K7)) (1—4%) (1-¢5) P Af )

If this constraint does not bind, the first-order condition for second-period government spending is:
FOCy¢ : pv' (G) A5 = 0.

As the marginal utility of GS is always positive, this implies that the constraint will always bind.

17



When government purchases cause full employment, this constraint binds, and the first-order conditions

for government purchases are:
FOCc o' (GY) = A,

FOCyc : Bv' (GS) Ay = A,

and thus
v (GS) = BASY (GY) .

as stated in the paper.
We can then solve for G; and G3. The government purchases Euler condition, using CRRA utility, is:

GS (AFB)” =GY.
Combine full employment in the second period
Cy+ G = (AL K3 + A5k (KS')),

and the expressions

_r M
02 - A2 P1 9
and R
F__ 1 My A7 g
= (1-49) P AQFF&(K”’
to obtain: X .
Mz C _ | aF 1 My Ay G ¢ &
A2 Pl + G2 A2 (1 _ gQC) ]:)1 Ag‘n (K2 ) + A (K2 ) 3
or R
AF L

(=) GS + Af M

This, plus the government spending Euler condition, implies that the following expression for first-period
aggregate demand:

1+(%)UAF(1—QC) - G
BA 2 2) My a A G c
Y, = 2 — + Ky — =%k (K3) +GY,
1 (1 — QQC) Pl 2 Ag‘ ( 2 ) 1
can be written as:
o AF‘ﬁ
14 (%) AF AP
BAZ 2 Gy (AFB) +AF M2 I AS
= 1 A2 C G 2 el
Y; = pre ) + G{ + K3 Agn(Kz),
GY (AL B)” +AL 2

Note that pre-shock full-employment monetary policy is:

M 1+17 A§

B : (AFKE + A8 (KE) + J0 (KS) - K5 )

2

A\ (e G

18



where we substituted in for pre-shock optimal government spending;:

1 F
GY =0 (‘455) - (Afo“ + ACk (KT) + ‘L}gm(KQG) —K2G> :
(1+6) (1+ (AL%) ) Af
and
(1-9) =15
+0
When full employment is reached, Y3 (Af KF 4+ A¢k (K G )), so we set this equal to the expression

for aggregate demand, using the expression for Z\Iff After some simplification, this yields an expression for

first-period government consumption:

(L) (14 (25) AF G
Gf = . 1+ (7 >(, AQ) (Afo+Aff<a(K1G)+j}m(ch)—K2G>.
(1+ 3 @597) \ aro 1+ (gh) 4f) :
The government-purchases Euler condition then implies:
P g\ (1 +) (14 (4-) AF G
L (1 (7 ) Az) (Afo+A?n(K?)+A§n(K§)—K§>
(1+ 4= (a£5)7) +0) (1+(555) AF) A

Finally, we compare these expressions to the values of consumption, using the expression for %12 :

AR 1+4
Cl_(ﬂA5) “ (+6) (1+(555) 4)

AG
(KT + APk (K0) + S (55) - 55 ) |
A2Fﬁ

G

A
(Afo ATk (KS) + 22 (k) - K2G>

1+’21 K}(
A7

e (i () 0

We are trying to show that

Cy = AF

u' (Ch) > (GY).
With the CRRA utility function, this holds if:
1

Cl<0

Ge.
In turn, this inequality holds if:

AG
(Afo + APk (KY) + A—im (K§) — K2G>
2

<1>UAF 1+
A7) T\ (14 () 4
1

1 (1+’i1)(
(1+ % (45)") (1+0) (1

AG
(Afo’ + ASk (KT) + A—QFH (K§) — K2G> .
2

<

SR
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Simplifying, the intended inequality holds if:

(1+14) < EHE
1+ () A
We can rearrange this inequality to be:
o . =5
1 F_;
AP < (Ag ) 2

This is exactly the threshold for conventional policy to be insufficient, analogous to the expression in Section
5.1 of the paper. Thus, the inequality we were trying to prove,

u' (Ch) > (GY),

Combined with
v (GS) = BASY (GY) .
A5 Bu! (Cy) = u' (C),

this inequality implies:
u (Co) >0 (GY).

Thus, the private-public optimality conditions that hold in the flexible-price equilibrium do not hold in the
case of sticky prices.
5.1.1 An investment subsidy

Including an investment subsidy on private investment, the government’s problem is, once full employment

is reached: . .

—s A \

u((55) £558) o (of (AFKT + ATk (KF)))
KS o8 oo AS Ny CAF 1 My ’
2191 192 +/8 u -5 P, +o 92 2 (1_926,)(1_8) 2

subject to:

1+ (d55) A5 (L-98) Ag

(AP KF 4+ A9k (KC)) = £4s 24 RG22 5 (KS) + G

(l—gg) (1—23s) P AL

Again, we look for whether, when o — 0, the investment subsidy can generate the flexible-price equilibrium.
Impose this limit condition on the constraint to obtain:

(1—s) = 1+ AF (1-45) My
(1-95) ((ATK + 4Gk (KF)) + GEw (KF) - K§ - 67) A
Insert the optimal Gy
GS — A3 (Afo + A%k (KC) + A7 (K5) - K?) :
(1+6) (14 AL) AL
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1

175 from the the flexible-price case:

and 1 — gy =

(1+06) (14 Af) My
(AFKF + AFk (KF) + 55 r (KS) - Kk§) T

(1-39)=

Recall the equation for output in the sticky-price analysis just preceding. If we re-insert the nominal rate,
allowing it to go below zero, this is:

YZl—i—(ﬁ) AL (1=98) 1, L go A4S
! (1—920) (1+i1)P1 2 Ag

K (Kg) +Gf,

and the flexible-price equilibrium rate given sticky long-term monetary policy is:

, (1+0) (1+AL) M,
(1+4)= Ic P
(Afo + Ak (KC) + 225 (KS) — Kg) 1

so again the investment subsidy is just the opposite of the optimal negative interest rate.

6 Tax Policy in a Non-Ricardian Setting (Section 9 of the paper)

In this extension, the representative household acts like both a maximizing agent and a rule-of-thumb (RoT)
agent. In particular, a share (1 — \) of the household’s consumption in a given period is determined by
what the maximizing household above would choose, while a share X is set equal to a fraction p of current
disposable income. The maximizing household chooses as above. The RoT household sets

CtR =p (}/t - Tt) s
and overall consumption is

Cy=(1-XNCM 4+ CE.

6.1 Flexible prices

In a flexible-price setting, prices adjust to guarantee full employment in each period. Therefore,
Y, = A K; for all t.
The household’s utility maximization yields the following intertemporal Euler equations:

u' (CM) (14 )P1
—_— A —_—
Bu' (C37) VPR,
The other conditions are as in the baseline model.
To solve for the economy’s equilibrium, start by combining expressions as in the baseline model’s analysis,
plus the condition:

o _ Ce=ACE
! (1=X)
This yields:
o (AlKl(1791)7(1§2_;;pA1K1(1771))
Az = (1) A Ko (1—go)—ApAs Ko (1—72)
pu’ ( a=x )

This expression implicitly solves for Ky as a function of parameters.
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The solution for K5 implied by this expression in turn yields values for the remaining real endogenous
variables in the economy. Nominal variables are determined separately by equilibrium in the money market.
This economy exhibits monetary neutrality.

With CRRA utility, we obtain

K = (1—g) =M (1=1) e
1+ (Y53) A2 (1= g2) = 2o (1—72))

Before proceeding, we set the value of p such that both types of consumers choose the same levels of
consumption when fiscal policy is at its optimum levels. The value:

causes

cM = (522)0142 A1 K1,
(1+0) (14 (55) )
cft_ () 4 ALK,
(1+0) (1+ (515) 42)
and 1
ANCIERE R
when "
T =091 = 0([3}42) -

nggzzm,

s=0.

For general fiscal policy, the equilibrium quantities are, using this value for p :

K — (—g1) = Ap(1=1) ALK,
1 (U52) A2((1 = g2) = 2 (1= 72)
Ci=|10-g)— (1—:()1;91)7)\“1771) A1 Ky,
14 (459) Aa (1 g2) — Mo (1 —72)
Cy = Ay (1— g2) U~g) = d{=m) A1K7,

14 (422) 42 (1= g2) = 2o (1~ 7))

If there is a shock to technology, what is the policy that generates full employment with flexible prices?
Do we need active fiscal policy? Below, we solve for the taxes that yield the flexible-price equilibrium
quantities in this model with sticky prices but unrestricted monetary policy. Those values are the same
as are required with flexible prices, and they imply a budget surplus in the first period. Intuitively, the
rule-of-thumb households consume too much when output is stabilized, so the government raises taxes to
reach optimality.
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6.2 Sticky prices
With sticky prices, the expression implicitly defining K> is:

o (an)

ﬁu/ (A2K2(1792)(17i\§342K2(177—2)) .

A2:(1_8)

This yields, with CRRA utility and in combination with
Y1 = (01+K2+G1),

the expression:

Ky — (1=Xp)Cr — Ap(G1 —T1)
2T -9\ ) — )
M+ (82) A2 (1= g2) = Ao (1= 72)

To derive an expression for C7, we have to apply the nominal side of the model. We know we can set

M,

P, = 2
2 s

without loss of generality, as the monetary authority need not print extra money in period one once the zero
rate is reached. The economy is at full employment in period 2, so:

= (1=Xp)C1 — Ap(Gy —T1)
2

— = A2 (1 — gg) .
Mo+ (S) A2 (= g2) = 21— 72)

The Euler equation for the household gives:

1
(1/\/))01)\P(G1T1))\PK2>" ,
Py, = 1+14)Py.
? < Ak (1 —g2) = Ap (1 —72)) B B
Using the expression for K5, we obtain:
(1—s)(1+1)
Po=—"t P
2 A, 1
The money market condition implies
C, — A2M2
T A-s)(1+i) P
Using these results in the equation for C5 as a function of Cf,
M+ (U53) s (1 - g2) = Mo (1= 72)
o Ap (G1—T)) + 1 P A8 2 92 P 2 M,
Y R (P V) (1—s)(1—g2) (L+i) P
and . M
Ky = R
T -9 (1—g) (I+i) P,
We can then write:
v 1 4 N opo 1 1+((Z§)) A2 (I =g2) = Ao (1=72))  pp
- @) (1) (1—9)(1-g2) (L+ia) P
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Note that if (1 — X) = 1, this is:

1+ () -0
(=5 (1-g) (+i) P

as in the Ricardian case. Optimal monetary policy pre-shock is:

Y1 =G+

M. 1
LI A K.

(1+i1) P~ (1+90) (1+(,3,1412>UA2)

6.3 Unrestricted MP

Suppose the central bank can fully commit to monetary policy. It wants to achieve flexible-price equilibrium
values? The equilibrium quantities derived above are:

R VPSR Mot (25) A ((L=g2) = Ao (1=72))
L DV I G R ) (1—g2) (1+i1) Py’
Mo
C=Aae
1 Mo
I = Ky = ,
T - (i) By
S R 14 (k) A2(0=g) =20 =72))\ g
- T ' (1—g0) (1+41) Py
Note that M
g2 2
G :A ’
T —g) A+ Py
=) o
1 go = 2 (1+i1)P1
M )
(G2 +4z (1+i12)P1)
d
an T M,
g (L) P
Therefore, we can write:
TP DV A, (T=Xp) 27 Ay (1=)p) 1—p (I+i) P

For reference, the flexible-price equilibrium values are:

1 o
flex _ Azﬂ) A2
o (1+0) (1+ (%ﬁ)oAz) At
er __ A2
c8 = (1+0) (1+ (Alﬁ)"AQ)AlKl’
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flex _ flex _
N
G{lex _ 0 (Aiﬁ)UAQ AlKla
(1+0) (14 (55 42)
flex 9A2
e a+0)(1+ (Aiﬁ)“Ag)AlKl'

The first step is to use Cy to get the optimal monetary policy directly:

ROT—-MP __ ~flex
C12 - C'2 ’

or

We also know we want

GROT-MP _ 0 (Aiﬁ)g Ao - A Ky,
(1+6) (1 + (A%ﬁ) Az)
and oA
ROT—-MP _ 2

GQ - (1+9) (1+ (%ﬁ)o—AQ) A1K17

and 1
ROT—-MP _
K2 (1+ (ﬁ)UAz) AlKla
SO .
1 792ROT—MP == et

Now use Cj and the government budget constraint. C7 should equal its flexible-price level:

ROT—MP __ ~flex
Ol - Cl ’

which is:
TR () @) W0y (s
(- p) (1-2p) (1-g2) A+ P o) (1+(

Plugging in for G, g2, and monetary policy, we get

or

Next, the government’s budget constraint can be written:

Go = Ay (Th — G1) + Ty,
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or, with substitutions:

(0 (Alﬁ)g A2 — 1) A2 A K, = TROT-MP

)

)

This implies

—~
[
+
CD

A
=
Q

SO

0 1) Ay —1

+(35) 4)

Note that this policy requires raising taxes in the first-period relative to a balanced budget. Intuitively,
the rule-of-thumb households consume too much when output is stabilized through monetary policy, so the
government should raise taxes to reach optimality.

To =

)

a+ ( (Azﬁ)gAz)( (26)%)1
(
) (1

(146

6.4 Restricted monetary policy, using only government purchases and taxes

Plugging in for the shock and these pre-shock values, assuming ; = 0, and converting levels of G and T to
shares, we get the values:

Ao 1 /\p+(A§ ) Az (1= g2) = Ap (1 = 72)) (1+)
Cr = ﬁ(m—ﬁ)-% C A1 Ky,
(1—Xp) (1—Xp) (1-g2) (1+9)(1+(ﬁg> AQ)
02 = A2 (1+Zl) T . A1K17
(1 +6> (1 + <511‘§2) A2>
h=K= Ut Ak,
92) (1 +0) (1+ (E) A2>
v 1 Ap i 1 1+ (A%B) As (1 —g2) = Ap (1 —72)) (1+11)
O T v L e v R R v 1) 140 (1+ (55 ) 42)
Monetary policy pre-shock is:
Mo ! A K.

TP (140) (14 () 4o)

Note that there is no way to achieve the flexible-price equilibrium here, since C5 is unaffected by G and T
and is not equal to the flexible-price level of Cs :
Ay
146
0 (14

The government’s budget constraint can be written as:

—_

02: AlKl.

) )

P
G2:(1+11)F;(T1—G1—511)+T27
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or plugging in for P, and s = 0, and rearranging;:
Ty =Gy — Ax (T — Gy),
or, converting to shares vs. levels using K5 from above,

(1+6) (1 + (ﬁ)(jfb)

(1+71)

To=g2+ (g1 —71) (1 — g2)

Then, the equilibrium values after substituting in the government budget constraint become

. (14 () 42) y T)+Ap+(A§B) Ao (1= 2p) (1= go) (1 +i) e
1= 1—T1 o2 1487,
Ty -2 (1—92) 140 (1+ (52 ) 42)
2
A, (1+4)
Cs 00 T\ 3 1K1,
1+ 7 Ay
Il :K2 = 1 (1+il) AlKl
SETIE e
and the full-employment constraint is, for period 1:
(1=2p)+ 2 (1+ (75 ) " A2) g Ao (14 (75 ) 7 A2) -
(1—=Xp) (I=Xp)
1= 1+(4k5) " A2(1-20)(1-g2) (14+i1)
e ey
We can use this constraint to solve for 71 in terms of the other policy variables:
) 1\ 1+(A%2ﬁ) Az (1=2p) (1= g2) )
T = Y 1+ Ap 4,8 Az ) g1 — (1= Ap) + TN (I+i1)],
)‘p<1+(Agﬂ> Ag) 2 (1—gg)(1+9) (1"‘!‘(@) A2>
so that
1+ (k5) A2(1-2p) (1-g2)
-1 _ (1_)\p)_ (AQB 7 (1_’_21)‘|
(g1 =) = | 20 (ms) ) [ <1(—g2;<1+9>(1+(ﬁ;2) As)
_ __d=x0)
" S )
Then, the equilibrium in ¢g; and g5 is:
1 .
Ci=|1-g1)— TN\ & (1+4+1%) | Ak,
(=) (1+0) (1+ (5 ) 4o)
A2 (1 +i1)
= A K
02 (1+9) B R 1411,
14 34 As
L= Kye — (1+5) ALK
Umelaro (14 (55) 4)
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The government’s maximization problem is:

1—q)— - — (1+1i1) | ALKy | +v (g1 ALK
u((( 91) (1—92)(1“)(”(@) Az)( Zl)) 1 1) v(g1A1K4)
max )
loemeling A (1+i1) 1 (14i1)
+8 [ u | 722 VA Ky | +v | geA U A K
6( (M () ) ) T\ PR e e () )

yielding the first-order condition:

FOCgl : ’U/ (Cl) = U/ (Gl) s

which is the classical condition, and:

FOC,, : W (Cy) 2 ! (4 ALK
(192 (1+0) (14 (55) 4)
1 (143y)
, 9242 ((1—g2))? (1+60) (1+( 55 )" 42) Ak,
= BV (Gs) Ay (+y) A K,
(1=92) (140) (1+ (55 ) "42)

Simplifying, we obtain:

u’ (Cl) = ﬂAQ'Ul (Gg) s

implying
U/ (Gl) = ﬁAg’Ul (GQ) .

Now, assuming CRRA utility, the first first-order condition implies
C1 =091 A1 K1,

and the second implies:

C1 = (BA2) ) Ay —22

Combined, these first-order conditions imply:

. \ (1+14)
G ALK, = (BA5)¢ >A2(1 392) (146) (11:(5;)0212)

Substituting into the expression for C to solve for g, we obtain:

AlKl.

o 0(1+0)(1+(ﬁ>aﬁg)79(1+il)
PO (14 () A) + () A i)

S° et rosa(E) v
W00 (14 (5) 4) + (55) 42 (1+2)
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and

gl< ) )0,42 9(1+9)(1+U(B;2)”A2)—9(1+i1)0 |
(6+0+0 () 42) a0 (1+ (5%) 4)

BA2

and o

o O(1+0)(1+ (=) Az) —0(1+14y)

CfoTzé (5114 > Az ( a<5A2) A1 K1,
1 1 A
2 (0+0+0) (55) 42) 1+0) (14 (F5) 42)
compared to the sticky-price Ricardian case:
1 ag
, 713 ) A2
Clstwky _ (1 + 7:1) (BA2> — A1K1~
(1+6) (1 + (ﬁ) Ag)
The key question is whether .
C{EOT > Cis’twky.
This inequality holds if:
1+a) (1+(:2)" A
(I4+4)(1+ B4, 2
1> TN ,
(1+ (5) 42)
which is the definition of the threshold we are considering.
Now,
o 1) 4,) - ;
G§0T< . ) 2 01+0) (1+ (55) A2) —0(+0) .
A 1 o 1 [N )
BA (0+a+0)(35) ) a+0) (1+(55) 4)

vs. its level in the sticky-price Ricardian case:

A P (I RSB G CEIE) P

7 N Y € P ERVT] (RY Em

ROT sticky
G < Gy .

Again, we can show that:

Second-period g is

1
B
GgRer (14 6) (9+(1+9) (ﬁ) A2> (1+ (ﬁ)afb) ALKy,

vs. its level in the sticky-price Ricardian case:

cticky _ Ay ((1 +90) (1 + (ﬁ)gfiz) —(1+1%) (1 + (@>0A2)> K
’ +0) (1+(55) 4) o

&/Ve can ShOW:
stick
(:ROT < G T y.
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Second-period consumption is

4 i)
R F (1 +((1;ZSUA2) it
v C;tiCky — (1 + i1) AQ _ AlKl,
DN N
SO

ROT __ sticky
CROT _ cisticky

6.5 Restricted monetary policy with an investment subsidy

Plugging in for the shock and these pre-shock values, assuming i; = 0, we get the values:

Ap + (1=s) UAQ 1-— 2 - A ].—T2
Gi= lip)\ (g1 =71) + 1_1)\ - (A26> e =t . ) (L+1i1) | AiKq,
(1= Ap) C=2) 15y (1 - gy 14+ 0) (14 (55) " Ao)
A2 (1+@1)
Cy = — A1 K1,
ey
1 (1+1)
Il:K2: ] AlKl,
(1—3)(1—92)(1_’_9)(1_’_(@) AQ)
B 1 Y 1 1+((,14;;))0142((1—92)—)\ﬂ(l—h)) A
v (e v IR (=Y) (1= (1-g)1+0) (1+(55) 4) ) .

The parameter p remains at its optimum pre-shock.

e
(1+9+ (6}42)0212)

The government’s budget constraint can be written as:

P
Gg:(1+11)F;(T1—G1—311)+T27

or plugging in for P, and rearranging:

P
A2:(1—s)é(1+i1),

A
TQZGgf(lfQS)(TlfGlfsfl),

or, converting to shares vs. levels using K5 from above,
1\ 4
a4 (1 (5) 4)

T+ i) Lp—

To=g2+ (g1 —71) (1 — g2)
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Then, the equilibrium values with the government budget constraint inside become

@ = [(1 i ((114;; )>g (1{1)) oy o)

1 e (8) A (- 20) (1= g2) + M) (1+i)
+(1 —) (1—35)(1L—go) (1+6) (1+ (ﬁ)oz‘ig) At
Ay (1411)
Co = (1—5s) (1+6) (1+ (522)0212)141[(1,
L =Ky= ! (1+5) AKy,

=900 110 (14 (4) 4)

L (G53) wy (i (S5R) 7))
T p) 91— 1—p) 1
Y, = 1-5)\° A K
1= 1+( U5 )7 A2 ((1-Ap) (1—g2) + A0 155 (1+1) 1D

T=Xp)(1=s)(I—g2) 1+0) (1+( 555 ) " 42)

and the full-employment constraint is, for period 1:

1+ Ap (ﬂ;;’)g 2y (1 ((ZZ))U %)

L= (1—p) " (1= o) n
1 () A (1= 20) (1 - g2) + oy ) (1+)
= 2p) (1 —3)(1—g5) +6) (1+(35) 4)

We can use this constraint to solve for 71 in terms of the other policy variables:

- [ e

1+ ((LQZ)YAQ ((1—/\0) (1—92)+>\Plfs) A ]
+ N +'Ll) = ,
(1=5){1=g2)(1+0) (1+(ﬁ%2> AQ) A (H((ZZ)) (ﬁ))

so that

14 ((Z;))UAQ ((1 —Ap) (1 —g2) + )‘plis) +i1)]

(g1 —71) = [(1/\@(191) (1_5)(1_92)(1+9)(1+(ﬁ)oz‘b)

1
* -9\ 4, \’
Ap (1 + ( AsB ) (1—25)>

so, then the equilibrium in ¢g; and g is:

i 1 (1+i1)
C, = ((1—91)— (1—35)(1—go) (1+6) (1+ (/;AQ)GA2>) A1 Ky,

Ay (1+411)
(1=5) (140 (1 + (B—jiz)g flg)

CQZ

31



1 (1+4+1%)

BRI () (14 (1) )

AlKl.

The government’s problem is:

_ _ 1 (1+43y)
u <<(1 91) (1=s)(1—g2) (1+0)<1+(/31142)GA2)> AlKl) +U(91A1K1)

max |
- ) 1 (141)
+03 (U ((125) (1+0)(1+(;32)UA2) A1K1> +v (92142(15)(192) (1+6)(1+(;32)U‘2‘2) A1K1>>

In the paper, we claim that with these policy instruments the flexible-price equilibrium can be obtained.
Here is the proof.
The flexible-price consumption levels are:

C = (5,142)0142 5 A1Kq,
+0) [1+ (55) 4]
_ Ay
“ 0 [+ (7)) 4] e
1

I =

1+ (75) 4]

We can show that the policy instruments can be chosen to achieve these levels. Start with Cs. The only
policy instrument in C5 is s, so that we can set:

Aqy A K = Ay (1+1i)

(+0)[1+ (7)) 4] C=9) (140 (1+ ([;AQ)”AQ)AIKM

and solve for:

—1 i <ﬁ)0142 (1+17).

1+ (ﬁ)afh

Note that full-employment conventional monetary policy sets the short-term interest rate so that:

(1-3s)=

My _ (1+14) = !
T~ (i1 40) (14 (Alﬁ)agg)AlKl a0 (14 (55) 42) Ak,
where M, _ 1 A K,

TP (14 0) (14 (2) 4)

is full-employment monetary policy after the shock if all instruments are flexible. Solving for i1, we would
need to set:

1+( L ) A
(L4 i1) = —" 20— (L),
1+(BA2) A2
which implies:
3__7:1,



as in the Ricardian model. Next, we know the optimal level of ¢g; :

0 (ﬁ)gf‘?

PO i () 4l

and go from

SO

2= 1t

We can place these into the expression for C; to obtain:

i L (ﬁj{b)‘jAg ) 1 (1+1y)
Ci = 1 (1+6) [1+ (61142)0142} m(l+il)ﬂr19(1+9) <1+(i)042) A1 K4,
BAg

or, simplifying:

1 (ﬁ)ofh
= (1+0) (ﬁ}%)oAflKl’

which is the optimal level. Therefore, we achieve the flexible-price equilibrium.
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