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We present a deep neural network (DNN)-based model (HubbardNet) to variationally find the
ground state and excited state wavefunctions of the one-dimensional and two-dimensional Bose-
Hubbard model. Using this model for a square lattice with M sites, we obtain the energy spectrum as
an analytical function of the on-site Coulomb repulsion, U, and the total number of particles, N, from
a single training. This approach bypasses the need to solve a new hamiltonian for each different set of
values (U, N). We show that the DNN-parametrized solutions are in excellent agreement with results
from the exact diagonalization of the hamiltonian, and it outperforms the exact diagonalization
solution in terms of computational scaling. These advantages suggest that our model is promising
for efficient and accurate computation of exact phase diagrams of many-body lattice hamiltonians.

I. INTRODUCTION

In condensed matter physics, simple many-body lat-
tice models have been employed to capture the essen-
tial physics of intriguing phenomena like phase transi-
tions, strongly correlated states, and exotic phases. A
particularly popular and powerful simple model is the
Hubbard model, which has proven useful in elucidating,
for instance, the phase diagram and the spectra of high-
temperature superconductors [1-3], of unconventional su-
perconductivity in twisted multilayered van der Waals
heterostructures [4-11], and the superfluid-to-insulator
transition in bosonic gases [12-14]. However, the solu-
tion of the deceptively simple Hubbard model remains a
challenge due to the fact that, as a function of the number
of particles in the system, an exponentially large space is
required to fully describe the many-body wavefunction.

In this work, we adopt a variational approach by con-
sidering a class of wavefunctions parameterized by a deep
neural network (DNN) to reduce the parameter space to
search for the optimal solution. Similar machine learning
(ML)-based variational approaches have proven useful in
providing insights into the ground state of interacting
spin system [15-17], bosonic systems [18-20], fermionic
systems [21-24], dynamics in many-body systems [25],
and open quantum systems [26, 27]. While the amount of
information encoded in these ML-based models in princi-
ple scales linearly as a function of the number of particles
and sites, the actual training of a DNN is known to be
computationally costly and in many cases more costly
than the exact diagonalization (ED) of the hamiltonian,
because it requires a new training for every different value
of the parameters on which the hamiltonian depends.

The very large size of the space needed to represent the
wavefunction has so far restricted the search for solutions,
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typically, only to the ground state of the many-body sys-
tem. Our proposed model (in the following referred to
as the HubbardNet) employs a variational approach to
solve for the ground state as well as for the excited states
of the one-dimensional (1D) and two-dimensional (2D)
Bose-Hubbard model. Our DNN-parametrized solutions
are an analytic function of the on-site Coulomb repul-
sion between electrons, described by the parameter U,
and the total number of particles N. This bypasses the
need to perform an optimization for every value of the
(U, N) parameters of the hamiltonian. Our results pro-
vide the proof of principle that variational approach em-
ploying DNN’s can be used to efficiently map out the
phase boundaries in (U, N) space of low-dimensional lat-
tice models.

The paper is organized as follows. In Section II we
introduce the Bose-Hubbard model and its construction.
In Section III we present the details of HubbardNet and
use it to solve for the ground state and excited states of
the 1D and 2D Bose-Hubbard model on a square lattice
with M sites, using both periodic and open boundary
conditions. Finally, we summarize our findings in Sec-
tion V and discuss the possible extensions to fermionic
systems.

II. THE BOSE-HUBBARD MODEL

The Bose-Hubbard Hamiltonian is given by

M
. U
H:—tE:aia}+§§:m(m—1) (1)
(id) i=1

where the sum on ¢ runs over the M lattice sites and (i)
denotes the nearest neighbor pairs in the lattice. The first
term in the hamiltonian represents the kinetic energy of
the quantum particles, with dZT, a; being the creation and
annihilation operators for a particle at the lattice site i,
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and —t being the amount of energy gained by a particle
during a “hop” between two neighboring sites (ij). The
next term in the hamiltonian represents the interaction
between particles, assumed to be charged (electrons or
ions). We assume the system consists of only one kind of
charged particles, with U describing the Coulomb repul-
sion between each pair; n = dj&i is the number operator,
whose expectation value gives the occupation of the lat-
tice site 7. In the following we take ¢ = 1 and express
all values of energy in units of ¢. This simple model can
capture the superfluid phase for U/t > 1 and the Mott
insulator phase for U/t <1 [11].

We will denote a state, referred to as a Fock state, of
the system as |n;), which is defined by the occupation of
cach site n!”
that is,

, with the index ¢ running over all M sites,

) = [n, 0§, ... ), (2)

with n'?) € [0,N] for i =1,..., M, which satisfies

i

S =N (3)

The number Ny of these Fock states for the Bose-
Hubbard model with IV particles in M sites is given by

Ngz(M+]]VV_1). (4)

Using this basis of Fock states, the many-body wavefunc-
tion |¥y) that describes the entire system is written as:

Np

) = 9 |ny), (5)

j=1
and the solution involves finding all the many-body wave-
functions that satisfy the eigenvalue equation

H|y) = Ex|Vy), (6)

with FEj being the k-th energy eigenvalues. The states
|¥) form an orthonormal set, (¥;|¥;) = §;;, which im-
plies

Ng
SR =1 (7)
j=1

for each value of k. Thus, the solution involves finding

the complex numbers ¢§k),j =1,...,Npg, that describe
each of the many-body states.

The solution is found by constructing the hamiltonian
matrix

Hij = <nl|7:t|n]>a 7”,7 = 1a"-aNBa (8)

and finding all its eigenvalues and eigenvectors. To this

end, every Fock state needs to be associated with an in-
teger label, in a unique and known ordering. This can be
done iteratively by Ponomarev ordering [28, 29|, a pro-
cedure described in detail by Reventos et al. [30]. We
note that the kinetic-energy term produces contributions
only to the off-diagonal hamiltonian matrix elements,
because it involves hops of particles between nearest-
neighbor sites, which changes the occupations of these
sites. For example, for a model with M =5, N = 3, sup-
posing the it} state is n; = [2,1,0,0,0] and the ;" state
is n; = [1,2,0,0,0] by Ponomarev ordering, H;; = —t.
This is because a particle at site 1 in state n; can hop to
site 2, which results in state n2;. This nearest neighbor
hop contributes a term of —t to the energy. By similar
arguments, the Coulomb repulsion term produces contri-
butions to the diagonal matrix elements only, because it
does not involve any changes in the site occupations.
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FIG. 1: Schematic diagram of the data-free neural network
to solve for the Bose-Hubbard model. The network takes
(M + 2) inputs, which are the number of particles n; at all
i=1,..., M sites as well as U, the Coulomb repulsion
parameter, and N, the total number of particles in the
system. The output layer is two-dimensional, with the
outputs u1 and w2 corresponding to the real and imaginary
part of the wavefunction component corresponding to this
particular configuration of particles.

III. NEURAL NETWORK-PARAMETRIZED
SOLUTION

We parametrize the many-body wavefunction |¥y) by
a fully connected DNN

N
W) = g(ng, U N;WW)ny) 9)

J=1

where W) denotes the network parameters for this
state; a schematic representation of the network is shown
in Fig. 1. Thus, the network takes as input the pair
of values (U,N) and the set of occupation numbers

ngj),i = 1,..., M, that correspond to a specific Fock

state |n;), and gives as output the coefficient 'L/)J(.k) that
corresponds to this Fock state, which is a component of



the many-body wavefunction |¥) with energy Fj. There
is apparently a redundancy in these definitions, because
of the constraint given in Eq. (3), so not all of the input
values to the DNN are independent. However, a better
description is that for a given value of IV, only the Fock
states within the space defined by Egs. (2) and (3) are al-
lowed as inputs to the network. In this sense, IV, which is
an important variable in the problem, can be considered
as an independent variable. To obtain the full wavefunc-
tion |Wy), the trained network needs to be applied to each
of the Fock states once.

The size of the hamiltonian matrix, Mg x Mg, increases
as the factorials of the number of particles N and sites
M. The exact diagonalization of the hamiltonian matrix
quickly becomes intractable as the system size increases.
In contrast, the number of input parameters scales lin-
early with M in the DNN approach [15]. Another im-
portant advantage of the DNN-parameterized solution is
that with U and N being the input parameters to the
network, the network becomes an analytic function of U
and N and we essentially solve for a class of hamiltonian
during a single training. The network can then be used
to make predictions at different values of U that are not
in the training set. In contrast, other techniques such
as ED require a new calculation for every different set of
values (U, N).

In this work, we use 4 hidden layers and use a hyper-
bolic tangent, tanh(), activation function for all hidden
layers. In the examples that we considered in this work,
the wavefunctions are real. However, the wavefunction
can in general be complex, and thus we need two real-
number outputs for the real and imaginary parts of the
coefficients
o = u) 4 iuf) (10)
For the ground state wavefunction, |¥g) (denoted by the
index 0), we choose the activation function of the output
layer to be an exponential, namely

zlzj(p) = exp (ugoj) + zu§03> . (11)
This choice is made for better convergence with uniformly
sampled initial weights. Note that with the exponential
function, the wavefunction v;(n) is positive. The coeffi-
cients of the Fock states have the same sign for the ground
state, which is guaranteed by the structure of the hamil-
tonian for —t < 0 on all the off-diagonal matrix elements.
For excited states, we take the linear activation function
for the output layer, given in Eq. (10), because the expo-
nential activation function would no longer work, as the
wavefunction needs to be orthogonal to the ground state

wavefunction, and the coefficients wj(-k) must have mixed

signs. Note that for the 1D and 2D square lattices, the

wavefunctions are purely real and the output uék]) is not

necessary.

The average of any operator A that applies to Fock

states [n;) can be obtained through the expression

NB
(Ae = (WA W) = D o (il Alnj)el™ . (12)

ij=1

Using H as the operator in Eq. (12) we can obtain the en-
ergy Ej of the eigenstate |Uy) of the hamiltonian. In the
network representation of the many-body wavefunction,
Eq. (9), the energy takes the form:

N
Ex(U,N) =" g*(ni, U, N; W) H;59(n;, U, N; WH)
i,j=1
Nz -1

=1

where H;; are the hamiltonian matrix elements defined in
Eq. (8). In the above equation we have indicated explic-
itly the dependence of the energy eigenvalues on U and
N. Accordingly, we choose the loss function as follows:

1 Nu Nn
Ck:mZZEk(U,N)v (14)

=1 m=1

where Ej(U,N) is the expression defined in Eq. (13),
and Ny, Ny are the numbers of values of U and N in-
cluded in the training, respectively, that are included in
the training of the network. However, the loss functions
for the ground-state energy Ey and for excited-state en-
ergies Ex(k > 0), need to be treated differently, as de-
scribed in detail next.

A. Ground state

To obtain the ground state energy and wavefunction,
we minimize the loss as defined in Eq. (14) directly. As
an example, we first discuss the solution for a 1D system
with periodic boundary conditions. In this case, every
site has 2 nearest neighbors. We train the network with
three different U values, namely U = 2.0,5.0, 8.0, for a
system with M = 6, N = 5, which yields Ng = 252
Fock states. For here and the rest of the paper, unless
otherwise specified, we choose the network width to be
D = 400. We use stochastic gradient descent (SGD) for
the optimization of the network weights W that min-
imize the loss function. We use momentum for learning
= 0.9. We adopt a Cosine Annealing scheme for the
learning rate, with the maximum learning rate to be 0.01
and decaying to zero following a cosine function. We re-
set the learning rate every 1000 iterations. We train the
network until the variance of the loss function during the
last 200 steps is less than 1 x 1078 (see Fig. 2(a)).

In Fig. 2(b), we compare the ground-state energy val-
ues as a function of U, as obtained by HubbardNet with
the values obtained by diagonalizing of the hamiltonian
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FIG. 2: One-dimensional Bose-Hubbard model solution with a periodic boundary condition and M = 6, N = 5 obtained using
the HubbardNet. (a) Trace of the loss function offset by the negative of the minimum total energy. (b) Comparison between
the ground truth ground state energies obtained from ED (blue dashed line) and the neural network results for training set
(red crosses) and prediction (blue scattered points). (c)-(e) Absolute value of the wavefunction | (n)| from ED (blue dashed
line) and neural network (orange scattered crosses) for (d) U = 2.5, () U = 5.0 (f) U = 7.5. (f) The occupation number (n;)o

at different sites that correspond to (c)-(e).

matrix (namely ED). The comparison includes the val-
ues of U that are part of the training set (red scat-
tered points), as well as values beyond the training set
(blue scattered crosses). We note that even though
the energy is a smooth function of U, the output of
the network includes all the wavefunction components
w;o), j=1,...,Np, which are a more complex function
of the parameter U. For example, in Fig. 2(c)-(e) we com-
pare the wavefunction components (labeled with an arbi-
trary ordering to reflect the symmetry of the basis) from
the neural network output, shown as a scatter plot, and
the corresponding values obtained from ED, for three dif-
ferent values of U, only one of which was included in the
training set, namely U = 5.0 (see Fig. 2(d)). In all three
cases, there is an excellent agreement between the two
results, indicating that with as little as Ny = 3 points
in the training sets, HubbardNet is capable of predicting
the wavefunctions and energies of the 1D Bose-Hubbard
model accurately for a wide range of U’s. In Fig. 2(f),
we show the average occupation number (71;)g, obtained
from Eq. (12), using 7; as the operator, with the trained
weights, for three different sets of U’s, both within and
beyond the training set. As expected from the periodic
boundary conditions, and the large value of U, the aver-
age occupation number is uniform for all values of U’s in
this example. In other words, the large repulsion between
the charged particles distributes them one per lattice site.

We next proceed to examine the capability of
HubbardNet to handle more complicated cases, namely

lattices with a larger number of sites and particles. We
consider a 2D Hubbard model with open boundary con-
ditions (a cluster of lattice sites), with M = 16 (a 4 x 4
square lattice) and N = 3. These choices lead to a large
number of Fock states, N = 816. The hamiltonian con-
struction is similar to the 1D case, but now every site has
4 nearest neighbors instead of 2, except for the sites on
the boundary which have only 2 or 3 neighbors, from the
open boundary condition. In this way, the hamiltonian
becomes denser compared to the 1D case.

In Fig. 3 we show the solution, using again three values
of U as the training set, namely U = 2.0,6.0,9.0. Despite
the increased size of the problem, HubbardNet performs
extremely well: both the energies, shown in Fig. 3(b),
and the wavefunction components, shown in Fig. 3(d)-
(f), match the results from the ED solution, even for the
value of U that was not part of the training set (Fig. 3(d)-
(f)). The occupation number distribution is no longer
uniform and instead concentrated in the center of the
cluster due to the open boundary condition.

In addition to including several values of U as part of
the network input, the number of particles in the system,
N, can also be part of the network input. Although the
space of Fock states has different size for different values
of N, HubbardNet can still be used as long as M is fixed,
since the energy is an average over all particle configu-
rations in the Fock basis. In Fig. 4, we show the results
from using HubbardNet for a system with multiple val-
ues of both NV and U as inputs, so that the output is a
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FIG. 3: Two-dimensional Bose-Hubbard model solution with an open boundary condition and M = 16, N = 3 with

(M, = 4, M, = 4) obtained using the HubbardNet. (a) Trace of the loss function offset by the negative of the minimum total
energy. (b) Comparison between the ground truth ground state energies obtained from exact diagonalization (blue dashed
line) and the neural network results for the training set (red crosses) and prediction (blue scattered points). (¢) The
occupation number (n;) at different sites for U = 5.0. (d)-(f) Absolute value of the wavefunction |¢o(n)| from the exact
diagonalization (blue dashed line) and neural network (orange scattered crosses) for (d) U = 2.5, () U =5.0 (f) U = 7.5.
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FIG. 4: One-dimensional Bose-Hubbard model ground state solution with a periodic boundary condition for M = 5, and the
training set including both the N =5 and N = 4 states. (a) Trace of the loss function offset by the negative of the minimum
total energy. (b) Energy vs. U from ED (solid lines) and HubbardNet (scattered points) with N =4 (red) and N =5 (blue)
respectively. Scattered points are from training and scattered crosses are from testing set. (c)-(d) Comparison between
wavefunction components |1g(n)| obtained from ED (blue solid lines) and HubbardNet (orange dashed lines) for N = 4 (left)
and N =5 (right) with U = 1.5. (e) Occupation numbers that correspond to (c) (top) and (d) (bottom). Black dashed lines
on top represent a constant occupation number (n;) = N/M = 0.8 and bottom (n;) = N/M = 1.

function of both variables. Fig. 4(b) shows that the two curves describing the energy as a function of U for the



two different values of NV cross each other, making the
the optimization much more difficult. Remarkably, en-
ergies obtained from HubbardNet both at the values of
U included in the training set and outside of the train-
ing set agree with the ED results (scattered points in
Fig. 4), despite the crossover between the N = 4 and
N =5 energy vs. U curve. The HubbardNet wavefunc-
tion components, while retaining the approximate shape
of the ED result, are slightly different from the latter
(Fig. 4(c)-(d)). Despite the slight deviation of the wave-
function, the occupation numbers for both cases remain
uniform (Fig. 4(e)) and (n;)o = N/M V i € [1,M], as
expected for the Bose-Hubbard model ground state with
a periodic boundary condition.

B. Excited states

In order to obtain excited states with the approach
described above, we employ the fact that the eigenstates
of the hamiltonian are orthogonal to each other, that
is, (¥;|¥;) = &;5. An excited state is a local mini-
mum of the energy. Therefore, we can obtain excited
states by minimizing the expectation value in Eq. (13)
for state |Uy) with the constraint that it is orthogo-
nal to |[¥g),...,|¥x_1). The constraint is achieved it-
eratively through the Gram-Schmidt orthogonalization
process. To facilitate the calculations, we express the
wavefunctions |Wy) as vectors vy of dimension N, with

entries ¢§k). In this notation, assume that vg, v1, ..., vx_1
are the vectors that represent the output directly from
the neural network, which are linearly independent, with
|¥o) = vy being the ground state wavefunction, and the
rest being the wavefunctions of excited states. The ex-
cited state wavefunctions are obtained iteratively as fol-
lows:

v; -V
‘\I/k> = Vg — Z ]_ ?’Uj. (15)

This expression for state vy incorporates the projection
out of this state of components that correspond to all
previous states, 7 = 0,...,k — 1. The projection is per-
formed at every iteration and the set of v; vectors is used
to compute the loss function. In other words, for an ex-
cited state k, we train a new network with the outputs
being constrained to be orthogonal to the space of all
states with lower energy, from the ground state to the
(k — 1) excited state. With the excited state optimiza-
tion for multiple values of U as the input, we add the
following penalty term to the loss function:

Lp=—exp (—|Ex — Eol), (16)

where the index k labels the excited state, Ej, is the av-
erage energy over the values of U as obtained at each
epoch and Ej is the ground state energy. This choice of
the loss function encourages the excited-state energy Fj

to be as close to the ground state energy as possible.

Similarly to the ground state, we can train the network
as a function of U for a given excited state k. In Fig. 5(a)
we show the energy spectra for 4 different values of U,
namely U = 2.0, 3.0,4.0, 5.0, with one training for a given
k, for M =5, N = 3 with an open boundary condition.

We apply an L2 regularization 10~% to the network
weights in order to discourage energies to be drastically
different for similar values of U, an issue that we ob-
served in the absence of such regularization. In addition,
since our training set only contains a very small num-
ber of values of U but we would like to predict energies
and wavefunctions as a smooth function of all values of
U, we randomly perturb the value of the input U during
every epoch, with a perturbation amplitude of 0.01. In
Fig. 5(a) we show that for the U values in the training
set, there is an excellent agreement between the results
obtained with HubbardNet and those obtained with ED.
Using the network, we can plot the full spectrum of the
Bose-Hubbard model for the given M and N and an ar-
bitrary value of U. In Fig. 5(b) we show the spectrum
produced using the trained network at inference. The
spectrum qualitatively agrees with the ED results, ex-
cept for U < 2 and at high energies. This is expected
because U < 2 corresponds to values beyond the range
of training-set values, and higher-energy states are more
difficult to obtain from the network due to error accumu-
lation in the iterative orthogonalization scheme, Eq. (15).

We note that there is a gap in the energy spectrum
at approximately U = 2.0, separating a few of the high-
energy excited states from the rest. It is also possible
that the network has more difficulty in making accurate
predictions near the phase boundary, which by definition
means that a small perturbation in the value of U leads
to a large change in the qualitative behavior, and thus a
denser sampling is more desirable near such values of U.

In Fig. 6, we show the corresponding wavefunctions for
three different excited states. For the results presented in
this figure, we used only one value of U in the training set,
namely U = 5.0. For excited states with relatively low
energy, for example, the 4*" excited state, the predicted
wavefunctions agree with the ground truth even for values
of U not in the test set. However, for excited states with
higher energy, such as the 15" or the 30'" state, there is a
significant difference between the HubbardNet-predicted
wavefunctions and the ground truth, especially for U < 2.
The discrepancy in the wavefunction is also reflected in
the corresponding energy spectrum in Fig. 5.

An alternative approach to the iterative optimization
state by state, one could treat the state k as an input
to the network and minimize the total energy of multi-
ple states simultaneously. With this approach, we first
project the neural network onto the nullspace of the
ground state and minimize the average energy over k
states in the nullspace. In this case, the loss function
landscape becomes very complex and has many degener-
ate local minima. While this approach avoids the error
accumulation of the iterative optimization approach, we
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found that the network produces less accurate predictions
and the results depend more sensitively on the training
parameters.

IV. PERFORMANCE EVALUATION

In all the simulations presented in Sec. III, we used
a single Nvidia K80 GPU and most of the calculations
can be carried out on CPUs, which suggests that our
approach is relatively computationally inexpensive. In
Fig. 7 we compare the performance of obtaining the
ground state energy for a single value of U using ED and
the HubbardNet method, performed on a 2.7-GHz Quad-
Core Intel Core i7. Here, we take M = N and a network
width D = 200. We adopt an optimizer constant learning
rate = 0.01 without L2 regularization, and our conver-
gence criterion is a loss smaller than 1x 107 for all cases.
In Fig. 7(a), we show that the ground state energies ob-
tained from ED and HubbardNet are in excellent agree-
ment for all cases. In Fig. 7(b) we show the computa-
tional time as a function of the system size: HubbardNet
has a better scaling compared to the ED method, even
though the latter method is faster for smaller systems,
with crossover being in the range Np ~ 5000. Since
the goal of numerical studies of the Hubbard model is to
reach as large systems as possible, the advantage of the
HubbardNet method is obvious.

An alternative approach to further improve the scaling
of the DNN-based approach is that instead of calculat-
ing the sum over every pair of n,;, n; vectors in Eq. (12),
one could evaluate the expectation value using a Monte
Carlo sampler, which has been implemented in the pack-
age netket [31]. However, due to the stochastic nature
of the Monte Carlo sample, we expect the energy to devi-
ate from the ground truth. The accuracy of predictions
is expected to deteriorate even more for excited states
of higher energy due to the error accumulation in the
iterative scheme.
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FIG. 7: Performance comparison between ED and
HubbardNet using a 1D chain (for M = N =3,...,8) and
periodic boundary conditions, as a function of the system
basis-size N, see Eq. (4). (a) Percentage error of the
ground state energies obtained with HubbardNet versus ED

(ground truth). (b) Computation time for HubbardNet
(black) and ED (red).

V. DISCUSSION AND OUTLOOK

In addition to the scaling advantage discussed in the
previous section, our approach provides the analytical so-
lution for a family of hamiltonians with different U and N
values without the need to diagonalize a new hamiltonian
with every change of each parameter. This suggests that
after one training over a set of values of U and N, the
network could in principle predict the phase diagram ac-
curately. We provide a proof-of-principle demonstration
in Fig. 5(b) that after training on a very small training
set, we were able to obtain the energy spectrum of the
system as a function of U. In particular, the network is
able to predict the gap opening near U = 2.0. As we
point out in Sec. III B, energies and wavefunctions from
HubbardNet deviate at the gap opening point, and we
suggest that this problem can be solved by increasing
the training set size. The choice of training set size is a
tradeoff between accuracy and training time: the larger
the training set, the more accurate the predictions should
be, but the harder it is to converge and the more effort
is needed to tune the values of the hyperparameters. We
also note that while the scaling of HubbardNet is promis-
ing, the performance evaluation we showed is only for
a single state. The task of obtaining all excited states
is significantly more computationally costly due to the
iterative nature of our approach. Nevertheless, if one is

interested in a subset of the solutions and the dependence
of the solutions on the inputs, HubbardNet would be an
appropriate choice.

While we only provided here a proof-of-concept demon-
stration of HubbardNet, this approach could be easily
adapted to solve more realistic problems including longer-
ranged hopping parametrized according to the specific
materials’ properties as well as systems in the presence of
an external potential. In addition, in this work, we solve
the Bose-Hubbard model in real space and obtained the
wavefunction components in the Fock basis. We could
perform a Bloch expansion of Eq. (1) in momentum space
and variationally minimize the expectation of the hamil-
tonian, with the momentum k taken as an input to the
network, which enables very fast prediction of the band
structure.

Another interesting generalization is to wuse
HubbardNet for the study of fermionic systems and
for obtaining the phase diagrams of low-dimensional
quantum systems including twisted bilayer van der
Waals heterostructures and high-temperature cuprate
superconductors [32-34]. The advantage of HubbardNet
is that the fermionic wavefunction symmetry can be
directly incorporated into the model hamiltonian and
the basis set construction, similar to ED. For example,
in twisted bilayer transition metal dichalcogenides
(TMDCs), where unconventional superconductivity has
been reported [35], the Coulomb interaction U strength
is related to the band flatness and t is related to the
bandwidth, both of which are functions of the twist
angle 6. It has been shown both theoretically [4, 36]
and experimentally [37] that twisted bilayer TMD can
be accurately represented with a Fermi-Hubbard model
on a triangular, honeycomb, or Kagome lattice. From
the results of the first-principles calculations, one could
derive reduced-band models to obtain the U/t ratio
as a function of 6. HubbardNet essentially allows for
the mapping of the phase boundary in twisted TMDCs
as a function of # with a single training. One obvious
challenge is the large training time and the difficulty to
generalize to a large system size, which can be addressed
using a Monte Carlo sampler while reducing the basis set
using the symmetry of the system. Our code is openly
available [38].
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