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Outline

• Express physics in NN language

• Building physics-informed Neural Networks

• Solving Hamiltonian systems, data-free NN



Expressing physics
Physical laws are formulated as differential equations (DEs)

How can we define derivatives and DEs in Neural Networks?

An ML model can be informed through the loss function as

Incorporating data

Embedding physics



Review: Fully Connected Feed Forward NN 
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Loss Functions Examples

Data Driven model Equation Driven model Physics-informed



Network optimization: Gradient descent example
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Minimizing the loss function
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w⇤ = argminwL(w)
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Gradient descent:



Auto-differentiation and back-propagation
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Similarly for higher order derivatives and for deeper networks

Backpropagation through chain rule
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Compute exact derivatives with respect to the inputs

This is the key in constructing 
loss functions that contain 
differential equations



Physics-Informed NNs applications
• Learn solutions that fit data and respect physics (satisfying DEs)
• Discover hidden physics by learning DEs and physical quantities from data
• Robust training of deep networks with sparse and noisy data
• Solving inverse problems

• Solving DEs;  unsupervised data-free learning

No data



Hamiltonian Neural Networks

Physics-informed NNs for solving the equations of motion for 
energy conserving dynamical systems

No data limit: 
A data-free unsupervised learning methods

MM et al. arXiv 2001:11107



Hamiltonian formulation: Review

Hamilton’s Equations

Symplectic notation yields energy conservation (Liouville’s theorem)
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H(qi, pi) = K(pi) + V (qi)
Hamiltonian



Problem statement
For a given Hamiltonian, calculate the phase space trajectories 
for a certain initial state
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t

Pipeline
1. Define a training interval and sample time 

points. Random sampling in every forward 
pass improves the training 

2. Define the Hamiltonian function and ICs
3. The loss function is defined by Hamilton’s 

equations (physics informed part)
4. Impose initial conditions by constructing a 

parametric solution for q, p.



Hamiltonian Neural Networks

MM et al. arXiv 2001:11107

Derivatives are calculated with auto-grad.

Impose initial conditions



Nonlinear Oscillator
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Due to the efficient sampling, NN needs less points than symplectic Euler method



Long times: Leaking of Energy

The NN tends to forget the initial state jumping to solutions with different energy



Energy conservation through Regularization

Energy penalty stabilizes the trajectory for long-time solutions

Physics-informed Loss function

MM et al. arXiv 2001:11107

Any extra information assists the NN to reach the correct solutions

<latexit sha1_base64="qqtdaqo2/xj5gWc2+ZhSRES9Wkw="></latexit>

Lreg =
1

K

KX

n=1

⇣
H

⇣
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Penalty (regularization) term



Not accumulating numerical error

Satisfy the equations at each point independently (avoiding accumulation of numerical error)
Satisfy all the equations of system simultaneously (energy conservation)
The maximum numerical error can be pre-defined by the minimum value of the loss function



Henon-Heiles: A chaotic system (irregular motion)

~ 1.3 Lyapunov times
Lyapunov time is the characteristic timescale on 
which a dynamical system is chaotic



Henon Heiles: Longer time

~ 2.6 Lyapunov times

Symplectic Euler shows similar order of numerical error in the energy with x100 more 
points , but accumulates more error in the solutions



Discussion
§ Computational Cost: It is expensive to train a network but:

ØGPUs are getting better and better and can accelerate the calculations

§ Fail to extrapolate outside the training range:
ØRNNs and attention models hold a promise

§ A closed-form, analytical, and differentiable numerical solution
ØThe solution is available everywhere and can be inverted 
ØEfficient storage of solutions: Store just a budge of numbers (weights & biases)

§ Parametrization and regularization
Ø Initial conditions are identically satisfied
ØPhysical laws can be embedded through regularization

§ Available data can be easily incorporated to improve the network performance
§ Same method can be used to solve PDEs and eigenvalue problems



Conclusion 

• Data-free network for solving differential equations

• Analytical and differentiable numerical solutions

• Structured mesh is not needed, random sampling in every iteration

• Satisfy identically the initial conditions

• Encoded physical principles

mariosmat@g.harvard.edu
https://scholar.harvard.edu/marios_matthaiakisΤhank you

https://scholar.harvard.edu/marios_matthaiakis
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Supplementary Material





Network convergence for different activation and 
parametric functions

Nonlinear oscillator Henon Heiles



Network convergence for different number of 
points and number of neurons
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N

Consider the general (1+1) dimensional PDE form

Train a network 𝑁(𝑥, 𝑡; 𝑤) by minimizing 
the loss function

Solving Differential Equations
E. Lagaris et. al. IEEE Neural Nets 1998

Unsupervised and data-free learning method
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Structured mesh is not required

Random sampling in every iteration: Less points than usual
Promising for a weaker “dimensionality curse” 
No distinguish between dimensions
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<latexit sha1_base64="Pr5aPgXpcw4NaU2PSo9hhymmHUg=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVbVxWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4c+M/Q==</latexit>

t
<latexit sha1_base64="zRC70pPimSkX3nTZIRgTiyBN/wg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68SQt2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFS/b5XKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAHNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/qDeM1w==</latexit>

N

<latexit sha1_base64="ERh0C4i9tpPdHazPxTyqV7q4prk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD59+NAQ==</latexit>x

<latexit sha1_base64="Pr5aPgXpcw4NaU2PSo9hhymmHUg=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVbVxWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4c+M/Q==</latexit>

t

<latexit sha1_base64="iFKZwPfYu7n5/R36EUpTwnJKI+w=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQQUsiom6EogtdVrAPaEOZTCft0MkkzEzEELpw46+4caGIWz/CnX/jJM1CWw8MczjnXu69xw0Zlcqyvo3CwuLS8kpxtbS2vrG5ZW7vtGQQCUyaOGCB6LhIEkY5aSqqGOmEgiDfZaTtjq9Sv31PhKQBv1NxSBwfDTn1KEZKS32z3PORGmHEkusJjKsPh+rgyMu+C6tvVqyalQHOEzsnFZCj0Te/eoMARz7hCjMkZde2QuUkSCiKGZmUepEkIcJjNCRdTTnyiXSS7IgJ3NfKAHqB0I8rmKm/OxLkSxn7rq5MV5azXir+53Uj5Z07CeVhpAjH00FexKAKYJoIHFBBsGKxJggLqneFeIQEwkrnVtIh2LMnz5PWcc0+rVm3J5X6ZR5HEZTBHqgCG5yBOrgBDdAEGDyCZ/AK3own48V4Nz6mpQUj79kFf2B8/gBg1Zae</latexit>

Gy(x, t)� f(x, t) = 0



Imposing Conditions through regularization

The regularization approximates the conditions

Any other known information can be encoded in the loss function (e.g. conservation laws)

<latexit sha1_base64="rYFtRAkDNZ2hhpeomLyBacOuPCg="></latexit>

argminw

h
(GN(x, t)� f)2 +

(N(x, t0)� y0(x))
2 + (N(xb, t)� yb(t))

2 + ...
i

Initial Condition Boundary Condition



Imposing Conditions through parametrization

The conditions are identically satisfied, but a parametric form is not always accessible 

<latexit sha1_base64="z1huBreYQgVm/D3QzF86s4r8J+8=">AAACCXicbVDLSgMxFM3UV62vqks3waJUKCUjom4KRUFcSQX7gHYYMmmmDc08SO6IpXTrxl9x40IRt/6BO//G9LHQ1gOBc8+5l5t7vFgKDYR8W6mFxaXllfRqZm19Y3Mru71T01GiGK+ySEaq4VHNpQh5FQRI3ogVp4Ened3rXY78+j1XWkThHfRj7gS0EwpfMApGcrM4c5V/cL0ChgK+OcKHJWzqArhkXJYwcbM5UiRj4HliT0kOTVFxs1+tdsSSgIfAJNW6aZMYnAFVIJjkw0wr0TymrEc7vGloSAOuncH4kiE+MEob+5EyLwQ8Vn9PDGigdT/wTGdAoatnvZH4n9dMwD93BiKME+AhmyzyE4khwqNYcFsozkD2DaFMCfNXzLpUUQYmvIwJwZ49eZ7Ujov2aZHcnuTKF9M40mgP7aM8stEZKqNrVEFVxNAjekav6M16sl6sd+tj0pqypjO76A+szx/F/JVM</latexit>

F (xb, t, N) = F (x, t0, N) = 0

Parametric function

The loss function contains only the equation
<latexit sha1_base64="aq2sTwOe+vpVHkYHqJlFBl8H7fY="></latexit>

argminw

h
(Gŷ � f)2

i

<latexit sha1_base64="EPduZutnBHFscInkda1AGc9W1n8=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCi6XMiKgboSqIK6lgL9AOJZOmbWjmQnJGHIZu3fgqblwo4tY3cOfbmGm70NYfAh//OYeT87uh4Aos69uYm19YXFrOrGRX19Y3Ns2t7ZoKIklZlQYikA2XKCa4z6rAQbBGKBnxXMHq7uAyrdfvmVQ88O8gDpnjkZ7Pu5wS0FbbxK0+ARznH4pQwPgMn4/pAF+lULwptM2cVbJGwrNgTyCHJqq0za9WJ6CRx3yggijVtK0QnIRI4FSwYbYVKRYSOiA91tToE48pJxldMsT72ungbiD18wGP3N8TCfGUij1Xd3oE+mq6lpr/1ZoRdE+dhPthBMyn40XdSGAIcBoL7nDJKIhYA6GS679i2ieSUNDhZXUI9vTJs1A7LNnHJev2KFe+mMSRQbtoD+WRjU5QGV2jCqoiih7RM3pFb8aT8WK8Gx/j1jljMrOD/sj4/AGHW5Zm</latexit>

ŷ(x, t) = A(x, t) + F (x, t,N)
Parametric solution

A(.) contains the conditions

F(.) contains the NN



Neural Network Solvers

• A general method for solving ODEs & PDEs

• Obtain analytical and differentiable numerical solutions (evaluated everywhere) 

• Structured mesh is not needed, random sampling in every iteration (less points)

• Satisfy identically the conditions when a parametric function is possible

• The solver does not distinguish between the dimensions

• Efficient storage of the solutions

• We learn analytic general solutions



Implementations of NN solvers

• Hamiltonian Neural Networks

• Eigenvalue problems

• Inverse problems



Example: linear ODE

<latexit sha1_base64="4+f5K/r1TPVRCBNpLKQuEQj1tWY=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSxCRSiJiLoRim5cSQX7gDaEyXTSDp08mJmIIRTc+CtuXCji1p9w5984bbPQ6oELZ865lzv3eDFnUlnWl1GYm19YXCoul1ZW19Y3zM2tpowSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w8ux37qjQrIovFVpTJ0A90PmM4KVllxzpzvACqWV+wN0jlLXQofI149rXa5ZtqrWBOgvsXNShhx11/zs9iKSBDRUhGMpO7YVKyfDQjHC6ajUTSSNMRniPu1oGuKASieb3DBC+1rpIT8SukKFJurPiQwHUqaBpzsDrAZy1huL/3mdRPlnTsbCOFE0JNNFfsKRitA4ENRjghLFU00wEUz/FZEBFpgoHVtJh2DPnvyXNI+q9knVujku1y7yOIqwC3tQARtOoQZXUIcGEHiAJ3iBV+PReDbejPdpa8HIZ7bhF4yPb46RlOU=</latexit>

ŷ(x) = y0 + f(x)N(x) any function f(x) with the constraint f(0)=0
<latexit sha1_base64="wzbdYf+pu6/j0Pi3fVGFnX/kAkc=">AAACCnicbVDLSsNAFJ3UV42vqEs3o0WoYEsiom6EohuXFewD2lgmk0k7dDKJMxNpCV278VfcuFDErV/gzr9x2mah1QMXzpxzL3Pv8WJGpbLtLyM3N7+wuJRfNldW19Y3rM2tuowSgUkNRywSTQ9JwignNUUVI81YEBR6jDS8/uXYb9wTIWnEb9QwJm6IupwGFCOlpY61GxQHB/AcDg5h+y5Bvpm9HVgit2lpMIIdq2CX7QngX+JkpAAyVDvWZ9uPcBISrjBDUrYcO1ZuioSimJGR2U4kiRHuoy5pacpRSKSbTk4ZwX2t+DCIhC6u4ET9OZGiUMph6OnOEKmenPXG4n9eK1HBmZtSHieKcDz9KEgYVBEc5wJ9KghWbKgJwoLqXSHuIYGw0umZOgRn9uS/pH5Udk7K9vVxoXKRxZEHO2APFIEDTkEFXIEqqAEMHsATeAGvxqPxbLwZ79PWnJHNbINfMD6+AcK5lyU=</latexit>

f(x) = x, f(x) = 1� e�x

<latexit sha1_base64="ERh0C4i9tpPdHazPxTyqV7q4prk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD59+NAQ==</latexit>x
<latexit sha1_base64="BZmSnmCcAc3c+yWm6t+OCIe0xLg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquiHosevEkFewHtEvJptk2NMkuSVYsS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8yv/1IlWaRfDCTmPoCDyULGcEmk+6qT6f9csWtuTOgZeLlpAI5Gv3yV28QkURQaQjHWnc9NzZ+ipVhhNNpqZdoGmMyxkPatVRiQbWfzm6dohOrDFAYKVvSoJn6eyLFQuuJCGynwGakF71M/M/rJia88lMm48RQSeaLwoQjE6HscTRgihLDJ5Zgopi9FZERVpgYG0/JhuAtvrxMWmc176Lm3p9X6td5HEU4gmOoggeXUIdbaEATCIzgGV7hzRHOi/PufMxbC04+cwh/4Hz+AEldjb4=</latexit>

N(x)

<latexit sha1_base64="Z6RwjC4iZZwGbEtu1mJEABacWQE=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEitiglI6JuCkU3LivYC7TDkEkzbWjmQpIRh1I3bnwVNy4UceszuPNtzLSz0OqBkI//P4fk/G7EmVQIfRm5ufmFxaX8cmFldW19w9zcasowFoQ2SMhD0XaxpJwFtKGY4rQdCYp9l9OWO7xM/dYtFZKFwY1KImr7uB8wjxGstOSYu8lB6a4MD2GSXlWIjuC9ZlSuJg6CjllEFTQp+BesDIogq7pjfnZ7IYl9GijCsZQdC0XKHmGhGOF0XOjGkkaYDHGfdjQG2KfSHk3WGMN9rfSgFwp9AgUn6s+JEfalTHxXd/pYDeSsl4r/eZ1Yeef2iAVRrGhApg95MYcqhGkmsMcEJYonGjARTP8VkgEWmCidXEGHYM2u/BeaxxXrtIKuT4q1iyyOPNgBe6AELHAGauAK1EEDEPAAnsALeDUejWfjzXiftuaMbGYb/Crj4xvJdJTe</latexit>

y0(x) + y(x) = 0, y(0) = y0

Regularization method

Parametrization method

<latexit sha1_base64="hcGpxjPWaYBUmK1ji8HxyxkGTKY="></latexit>

L =
MX

i=1

⇣
ŷ0(xi) + ŷ(xi)

⌘2

<latexit sha1_base64="hVcRX13x3L6X35nMMxGBK/7C/Z4="></latexit>

L =
MX

i=1

(N 0(xi) +N(xi))
2
+

⇣
N(0)� y0

⌘2



Example: linear ODE
<latexit sha1_base64="tTfqrvNqzzEtx9ovJ22XCfvKBus="></latexit>

L =
MX

i=1

(ŷ0(xi) + ŷ(xi))
2

(Iterations)



Example: nonlinear ODE
<latexit sha1_base64="15zPJPokW3DEJSvGWjLpeWXS/x8="></latexit>

y0 + y =
6

5
xy2, y(0) = 1, x 2 [0, 3]

<latexit sha1_base64="QrcL5ZLwWq1eaXhqbcE/2ba4o9g=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgt0pKIqBuh6MaVVLAPaGOZTCft0MkkzEykIXTrxl9x40IRt/6BO//GSZuFth64cDjnXu69xw0Zlcqyvo2FxaXlldXcWn59Y3Nr29zZbcggEpjUccAC0XKRJIxyUldUMdIKBUG+y0jTHV6lfvOBCEkDfqfikDg+6nPqUYyUlrom7AyQgnFxVILwAtrwCBbtMrlPyqNx6SZVu2bBqlgTwHliZ6QAMtS65lenF+DIJ1xhhqRs21aonAQJRTEj43wnkiREeIj6pK0pRz6RTjL5ZAwPtdKDXiB0cQUn6u+JBPlSxr6rO32kBnLWS8X/vHakvHMnoTyMFOF4usiLGFQBTGOBPSoIVizWBGFB9a0QD5BAWOnw8joEe/bledI4rtinFev2pFC9zOLIgX1wAIrABmegCq5BDdQBBo/gGbyCN+PJeDHejY9p64KRzeyBPzA+fwCHcpZq</latexit>

ŷ(x) = 1 + (1� e�x)N(x)



Example: Second Order ODE

Regularization method

Parametrization method
<latexit sha1_base64="ewAqe6dVeW713nHUg1CKJrJFPuE=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqQkmKqBuh6MaVVLAPaGOYTCft0MkkzExKQ+jejb/ixoUibv0Bd/6N0zYLbT1wuYdz7mXmHi9iVCrL+jaWlldW19ZzG/nNre2dXXNvvyHDWGBSxyELRctDkjDKSV1RxUgrEgQFHiNNb3A98ZtDIiQN+b1KIuIEqMepTzFSWnLNQqePFExKo2N4CRPXgidwBIez/lCBt9pwzaJVtqaAi8TOSBFkqLnmV6cb4jggXGGGpGzbVqScFAlFMSPjfCeWJEJ4gHqkrSlHAZFOOr1lDI+00oV+KHRxBafq740UBVImgacnA6T6ct6biP957Vj5F05KeRQrwvHsIT9mUIVwEgzsUkGwYokmCAuq/wpxHwmElY4vr0Ow509eJI1K2T4rW3enxepVFkcOHIICKAEbnIMquAE1UAcYPIJn8ArejCfjxXg3PmajS0a2cwD+wPj8AQLllzY=</latexit>

ŷ(x) = y0 + xv0 + x2N(x)

<latexit sha1_base64="P6yYJGusKX3HN5lWbboKiMAGWOE=">AAACF3icbVDLSgMxFM3UV62vqks3wSJtUUpGRN0Uim5cVrAPaIchk2ba0MyDJFMchvoVbvwVNy4Ucas7/8ZM24W2Hgj33HPv5eYeJ+RMKoS+jczS8srqWnY9t7G5tb2T391ryiAShDZIwAPRdrCknPm0oZjitB0Kij2H05YzvE7rrREVkgX+nYpDanm47zOXEay0ZOcrcbFYui/DYxinoQr7OpzAB52icjW20YQX02RkI2jnC6iCJoCLxJyRApihbue/ur2ARB71FeFYyo6JQmUlWChGOB3nupGkISZD3KcdTX3sUWklk7vG8EgrPegGQj9fwYn6eyLBnpSx5+hOD6uBnK+l4n+1TqTcSythfhgp6pPpIjfiUAUwNQn2mKBE8VgTTATTf4VkgAUmSluZ0yaY8ycvkuZpxTyvoNuzQu1qZkcWHIBDUAImuAA1cAPqoAEIeATP4BW8GU/Gi/FufExbM8ZsZh/8gfH5A6Hcmfw=</latexit>

y00(x) + y(x) = g(x), y(0) = y0, y0(0) = v0

<latexit sha1_base64="zbzDKqfOi1eADvCrysVTDavwcR8="></latexit>

L =
MX

i=1

⇣
N 00(xi) + N̂(xi)� g(xi)

⌘2
+
⇣
N(0)� y0

⌘2
+
⇣
N 0(0)� v0

⌘2

<latexit sha1_base64="pT87EV0tp2WM7YCQHmsqyT4zDwY="></latexit>

L =
MX

i=1

⇣
ŷ00(xi) + ŷ(xi)� g(xi)

⌘2



Nonlinear PDE with irregular boundaries

NeuroDiffEq: Open-source python library;   F. Chen, MM, et al. JOSS 15, 2020

<latexit sha1_base64="yie2oEMVCMV6Nh4yI0zNj4r9j9w="></latexit>

r2u(x, y) + eu(x,y) = 1 + x2 + y2 +
4

(1 + x2 + y2)2

Consider Dirichlet condition along a star-shaped boundary



Learning the general solutions
Train a network with different initial conditions
A single network learns a family of solutions 

<latexit sha1_base64="ERh0C4i9tpPdHazPxTyqV7q4prk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD59+NAQ==</latexit>x
<latexit sha1_base64="zRC70pPimSkX3nTZIRgTiyBN/wg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68SQt2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFS/b5XKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAHNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/qDeM1w==</latexit>

N
<latexit sha1_base64="vq58oWSVdU3GAFsDA+AnRCiGmSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN1O//cS1EbF6wCzhfkSHSoSCUbTSfdZ3+9WaW3dnIMvEK0gNCjT71a/eIGZpxBUySY3pem6Cfk41Cib5pNJLDU8oG9Mh71qqaMSNn89OnZATqwxIGGtbCslM/T2R08iYLApsZ0RxZBa9qfif100xvPJzoZIUuWLzRWEqCcZk+jcZCM0ZyswSyrSwtxI2opoytOlUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgZDeIZXeHOk8+K8Ox/z1pJTzBzCHzifPw1YjaU=</latexit>y0
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ŷ(x; y0) = y0 + f(x)N(x, y0)

A network solution in a closed analytical form 
that is differentiable in all the inputs



Planar circular restricted three-body problem

C. Flamant et al., arXiv 2006:14372
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C. Flamant et al., arXiv 2006:14372

Neural network solution bundles



Eigenvalue problems

Unsupervised data-free NN for learning pairs of 
eigenfunctions and eigenvalues



Eigenvalue Problems

with BCs

Loss function

H. Jin, MM, P. Protopapas, NeurIPS 2020

Parametric solution

The regularization loss assists the network to avoid trivial solutions and to search for higher eigen-values



Network architecture

H. Jin, MM, P. Protopapas, NeurIPS 2020



Regularization loss function components

Embed a scanning mechanism that motivates the NN to search for eigenvalues/eigenfunctions

Avoid trivial solutions and zero eigenvalues

Once a pair is found (loss is converged), the “moving wall” c
increases encouraging the NN to search for a larger 
eigenvalue
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Infinite square quantum well
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H. Jin, MM, P. Protopapas, NeurIPS 2020



Quantum harmonic oscillator
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Triple Quantum Well



Inverse problems

Having a general solution, which is differentiable in all the 
inputs, we can solve the inverse problem.

An inverse problem is the process of calculating from a 
set of observations the causal factors or the equations 
that produced them



Solving inverse problems

• In addition to the initial conditions, we can learn general solutions 
for the equation’s parameters.
• Once the network is trained,  we set a target such as ground-truth 

data  and optimize for the parameters/conditions to fit the target.
• The predictions fit the data and respect the underlying dynamics 



Semi-supervised networks solve inverse problems
Consider a dynamical system of differential equations
Train a network for many initial conditions z0 and model parameters θ
Gradient descent optimization determines z0, θ yielding solutions that fit ground truth data

A. Paticchio, MM, et al., NeurIPS 2020



SIRP epidemic model

Loss function

Error analysis: Smaller validation loss in the training bundle (dashed box)

The error gradually increases outside the bundle, but the solution is still reliable

t



Modeling Covid-19

Switzerland Spain Italy

A. Paticchio, MM, et al., NeurIPS 2020



Preliminary results for high-dimensional PDEs




