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ABSTRACT OF THE DISSERTATION

High Dimensional Spectral Graph Theory and Non-backtracking
Random Walks on Graphs

by

Mark Kempton

Doctor of Philosophy in Mathematics

University of California, San Diego, 2015

Professor Fan Chung Graham, Chair

This thesis has two primary areas of focus. First we study connection
graphs, which are weighted graphs in which each edge is associated with a d-
dimensional rotation matrix for some fixed dimension d, in addition to a scalar
weight. Second, we study non-backtracking random walks on graphs, which are
random walks with the additional constraint that they cannot return to the im-
mediately previous state at any given step.

Our work in connection graphs is centered on the notion of consistency, that
is, the product of rotations moving from one vertex to another is independent of the
path taken, and a generalization called e-consistency. We present higher dimen-

sional versions of the combinatorial Laplacian matrix and normalized Laplacian
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matrix from spectral graph theory, and give results characterizing the consistency
of a connection graph in terms of the spectra of these matrices. We generalize
several tools from classical spectral graph theory, such as PageRank and effective
resistance, to apply to connection graphs. We use these tools to give algorithms
for sparsification, clustering, and noise reduction on connection graphs.

In non-backtracking random walks, we address the question raised by Alon
et. al. ([3]) concerning how the mixing rate of a non-backtracking random walk
to its stationary distribution compares to the mixing rate for an ordinary random
walk. Alon et. al. address this question for regular graphs. We take a different
approach, and use a generalization of Thara’s Theorem to give a new proof of
Alon’s result for regular graphs, and to extend the result to biregular graphs.
Finally, we give a non-backtracking version of Pélya’s Random Walk Theorem for

2-dimensional grids.
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Chapter 1

Introduction

1.1 Preliminaries and Notation

In this section, we will introduce the preliminary definitions and ideas that
will be used through the thesis. We will use notation that is standard in graph
theory. We will begin by defining a graph G, which is a pair of sets (V| E), where
V = V/(QG) is called the vertezx set, and E = E(G) is some subset of the collection
of two element subsets of V. The set FE is referred to as the edge set of GG. Less
formally, the vertex set V is some set of objects, and the edge set E specifies
which of these objects is connected by an edge. Unless otherwise stated, we will
assume throughout that V' and E are finite sets, and we will denote the number of
vertices with n, and the number of edges with m. We will typically denote an edge
{u,v} € E simply as wv. If uv € E, we say that the vertices v and v are adjacent
and write u ~ v, and we say that the edge uv is incident to the vertices u and v.
Unless otherwise specified, all graphs used are simple (meaning no multiple edges
between two vertices, and no loops on single vertices) and undirected. When we
refer to directed graphs, then the edge set E is a set of ordered pairs of vertices
(u,v).

We will also have occasion to discuss weighted graphs, which are graphs in
which each edge uv is associated with a weight w,,. For our purposes, the weight
Wy, Will be a positive real number, and we require that w,, = w,,. A simple

(unweighted) graph can be thought of as a weighted graph in which w,, = 1 for



all wv € E. We define the degree of a vertex v, denoted d,, by d, = >, Wuo-
For an unweighted graph this is simply the number of edges incident to v. If the
degree of every vertex in the graph G is the same, say d, = k for all v € V', then
we say that V is k-regular. For a subset S C V, we define the volume of S as
vol(S) = > cq do-

A walk on a graph is a sequence of vertices (vq,vg, - ,vx) where v; ~ v;11
fori=1,....,k—1. A path is a walk in which every vertex is distinct. The distance
between two vertices v and v in G is the number of edges in a shortest path between
u and v. The diameter of a graph G is the largest distance between any pair of
distinct vertices in G. We say that G is connected if there is a path between any
two distinct vertices of G. A graph is called bipartite if there is a partition of the
vertex set into two subsets V= A U B such that A and B are disjoint, and every

edge uv € F has one vertex in A and one vertex in B.

1.2 Spectral Graph Theory

1.2.1 Matrices and Eigenvalues Associated with Graphs

The goal of spectral graph theory is to understand properties of graphs
using tools from linear algebra, particularly using eigenvalues and eigenvectors of
various matrices associated with graphs.

For a graph GG on n vertices, define the adjacency matriz to be the symmetric
n X n matrix, with rows and columns indexed by V(G), given by

1 ifu~w
Alu,v) =
0 ifuxio
for u,v € V. For a weighted graph, we define A(u,v) = w,, for each edge. To
illustrate the principle of how a matrix can give information about a graph, we

will state the following well-known result from spectral graph theory.

Lemma 1.2.1. Let G be a graph with adjacency matriz A. Then for any two
vertices u,v € V(G), the number of walks of length k from w to v is given by
A*(u,v), the (u,v) entry of the kth power of the adjacency matrix.



Define the diagonal degree matriz D to be the n x n diagonal matrix given

by D(v,v) =d, for v € V. The combinatorial Laplacian matrix is
L=D-A.
The normalized Laplacian is
L=D'?LD V=1 D ?AD™'/?

and so the entries of £ are given by

1 fu=wv
E(u, U) = ﬁ ifun~wv
0 otherwise.

Observe that each of the matrices defined above are symmetric, and thus
have real eigenvalues. One of the main tools for investigating eigenvalues of a
symmetric matrix is the Rayleigh quotient: given a symmetric n X n matrix M
and x # 0 € R", define
2" Mz

R(x) = p

Observe that if = is an eigenvector of M for eigenvalue A then R(z) = A.
Eigenvalues can be computed by investigating the Rayleigh quotient by way

of the well-known Courant-Fischer Min-Max Theorem.

Theorem 1.2.2 (Courant-Fischer, [28]). Let M be an n x n symmetric matric

with eigenvalues Ay < \g < --- < \,. Then for 1 <k <mn,
A= max min R(z)
W zeEWL
dim(W)=k—1" z+£0
where the maximum ranges over all subspaces W of R™ of dimension k — 1.

We remark that the vector achieving the optimization in the Courant-
Fischer Theorem is an eigenvector associated to .
We will now present several facts about these matrices. In general, we will

omit proofs of these well-known facts. Further details can be found in [14]. When



considering matrices associated with a graph G on n vertices, we will think of a
vector in R™ as a function f : V(G) — R, and A, D, L, and L are operators
on the space of such functions. Observe that the action of A as an operator
on this space is given by (Af)(u) = >, Wuwf(v), the action of L is given by
(Lf)(w) = >, , Wuw(f(uw) — f(v)), and the action of L is given by (Lf)(u) =

We will now turn our attention to the normalized Laplacian matrix. Let

g : V(G) — R. The Rayleigh quotient for the normalized Laplacian is

gTﬁg B gTDfl/ZLD71/2g

R p— f—
(9) gg glg

Define f = D~'/2¢, and this becomes

_ fTLf
~ f'Df

When g is an eigenvector of L, then f is called a harmonic eigenfunction of L,

R(g)

and we will often refer to the above quantity as simply the Rayleigh quotient of f.

Direct computation shows that
L= S w(f) - F(0)
weE(G)

and thus we can see that the Rayleigh quotient for a harmonic eigenfunction f for

the normalized Laplacian is given by
ZUUEE(G) wuv(f(u) - f('U))2
ZUGV(G) f(v)2d, .

Let the eigenvalues of £ be A\g < A\ < -+ < \,_1. It can be easily verified
(see [14]) that A\g = 0 and A,_; < 2. Thus L (as well as L) is positive-semidefinite.

R(f) =

The Courant-Fischer Theorem yields the following important characterization of

)\1.
N = i Zweni) W () — T(0)”

i > vevia) f(0)*dy

where 1 denotes the constant vector all of whose entries are 1. It is easily seen that

A1 > 0 if and only if G is connected. The fact can be generalized in the sense that



A1 gives an estimate on the connectivity of GG, by way of the classic result known
as the Cheeger Inequality, which we now present.

For a subset S C V(G), let E(S,S)| denote the set of edges in E(G) that
have one vertex in S and one vertex in S, the complement of S. Define the Cheeger

ratio of S, denoted hg(S), by

[E(S, 5]

ha(S) = min{vol(S), vol(5)}"

The Cheeger constant of the graph G is defined to be

vol(S)S% vol(G)

The Cheeger constant of GG is also sometimes called the conductance of G, or the
1soperimetric constant of G. Finding the Cheeger constant of a graph is analogous
to the classical isoperimetric problem of geometry, in the sense that it measures
the boundary of a subset of the vertex set (the set of edges leaving that subset)
against the measure of the subset itself (the total volume of the subset). In this
way, the Cheeger constant gives a notion of how well connected the graph is: a
small Cheeger constant means there is some subset with relatively few edges leaving
it, and so a community could be disconnected from the rest of the graph by the
removal of a few edges, and a high Cheeger constant means that no such clustered
community exists, so that the edges are fairly evenly spread out, and the graph is
well connected.

The Cheeger Inequality states that A\; gives an estimate of the Cheeger
constant. It was first proved for regular graphs, using the adjacency matrix by
Tanner in [52] and Alon and Milman in [4]. A general proof using the normalized

Laplacian, and without any regularity condition can be found in [14].

Theorem 1.2.3 (Cheeger Inequality). Let G be a graph, let hg denote the Cheeger
constant of G, and let A1 be the second smallest eigenvalue of the normalized Lapla-
cian matrix of G. Then

h2
7G <\ < 2hg.



We end this section with an important result known as the Alon-Boppana
bound which gives a lower bound for the second largest eigenvalue of the adjacency

matrix of a regular graph. The version we give here is due to Nilli in [40].

Theorem 1.2.4 ([40]). If G is a d-reqular graph with diameter 2(k + 1), then the

second largest eigenvalue \ of the adjacency matriz of G satisfies

\/d__z\/ﬂq

A>2vVd—
- kE+1

1.2.2 Random Walks on Graphs

Several important applications of spectral graph theory are in the study of
random walks on graphs. A random walk on a graph G is a walk (vq, ..., v ) in which
v;11 18 chosen uniformly at random from among the neighbors of v;. Random walks
on graphs have been studied extensively, and [38] and [14] provide good surveys of
what is known.

Given a graph G, define the n x n matrix P = D 'A, where D is the
diagonal degree matrix of G and A is the adjacency matrix of G' as defined in the
previous section. So

L ifun~ow

P(u,v) = h
0 ifudw.

Then it is clear the P is the transition probability matrix for a random walk on the
graph G, that is, P(u,v) is the probability of moving from vertex u to vertex v in
one step of the random walk. Thus, given a probability distribution on the vertices
of G, f: V(G) — R (thought of as a row vector in R") satisfying, f(v) > 0 for all
vand Y oy f(v) =1, then the product fP gives the expected distribution after
one step of the random walk. Note that the transition probability matrix for £ steps
of a random walk is simply given by P*. Note that if P is not symmetric, but is
similar to a symmetric matrix D~/2AD~'/2 = [ — £. Thus the spectral properties
of the normalized Laplacian £ are directly related to the spectral properties of P.
Indeed, the eigenvalues of P are real, and if we order them as py > ps > - -+ > pp,
then it is easy to see that uy; = 1 with eigenvector 1, and p, > —1. By Perron-

Frobenius theory, if the matrix P is irreducible, then we have that us, < 1, and



if P is aperiodic, then p, > —1. The matrix P being irreducible and aperiodic
corresponds to the graph GG being connected and non-bipartite.
We define the stationary distribution for a random walk on G' by
d,
m(v) = ol G’
The stationary distribution has the important property the 7P = m, so that a
random walk with initial distribution 7 will stay at 7 at each step. An important

fact about the stationary distribution is the following lemma.

Lemma 1.2.5. If G is a finite connected graph that is not bipartite, then for any

initial distribution fo on V(G), we have

lim (foP")(v) = 7(v)

t—o00

for all v.

In other words, as long as G is connected and non-bipartite, a random
walk will always converge to the graph’s stationary distribution. A proof of this
lemma can be found in [38]. Knowing that a random walk will converge to some
stationary distribution, a fundamental question to consider is to determine how
quickly the random walk approaches the stationary distribution, or in other words,
to determine the mizing rate. In order to make this question precise, we need to
consider how to measure the distance between two distribution vectors.

Several measures for defining the mixing rate of a random walk have been
given (see [14]). Classically, the mixing rate is defined in terms of the pointwise
distance (see [38]). That is, the mixing rate is

p = lim sup max | P*(u,v) — W(v)‘l/t .
oo U
Note that a small mixing rate corresponds to fast mixing. Alternatively, the mixing

rate can be considered in terms of the standard Ly (Euclidean) norm,
IfP" =],

the relative pointwise distance

A(t) = max W;’?@; mv)

I



the total variation distance

S, v) — ()

veEA

Ary(t) = max max
ACV(G) ueV(G)

Y

or the x-squared distance

1/2

Pt _ 2
A,(t) — max Z ( (U,"U) W(U))
ueV(G) 7(v)
veV(G)

In general, each of these measures can yield different distances, but spectral bounds
on the mixing rate are essentially the same for each. See [14] for a detailed com-
parison of each.

We will end this section with a known result tying the mixing rate to the

eigenvalues of P.

Theorem 1.2.6 ([38]). Let G be a connected non-bipartite graph with transition
probability matriz P, and let the eigenvalues of P be 1 = py > pg > -+ > py, > —1.

Then the mizing rate is max{ o, |tn|}-

Thus, the smaller the eigenvalues of P, the faster the random walk converges

to its stationary distribution.

1.3 Overview and Main Results

This thesis touches on two main topics: connection graphs as well as non-
backtracking random walks on graphs. A connection graph is a weighted graph
in which each edge is associated with a rotation matrix, in addition to its scalar
weight. A non-backtracking random walk is a random walk with the additional
restriction that we are not allowed to return to the immediately previous vertex
at any given step.

In Chapter 2, we introduce connection graphs and give higher dimensional
versions of the various matrices associated to a graph. We describe the important
notion of consistency in a connection graph and prove a spectral characterization
of consistency. We give analogues for connection graphs to classical tools in spec-

tral graph theory. In particular we define connection PageRank and connection



resistance in a graph. We generalize a known graph sparsification algorithm to the
case of connection graphs, and use this to also give a noise reduction algorithm for
an inconsistent connection graph.

Chapter 3 generalizes the notion of consistency from Chapter 2 to that
of e-consistency. Bounds on the spectrum of the connection Laplacian are given
for e-consistent connection graphs. We tie this to clustering, and use connection
PageRank vectors to generalize a clustering algorithm to connection graphs.

Chapter 4 addresses questions concerning non-backtracking random walks
on graphs. In particular we investigate the mixing rate of non-backtracking random
walks. We present the idea of turning a non-backtracking random walk into a
Markov chain by walking along directed edges of a graph. We prove convergence to
a stationary distribution in this case, and connect the mixing rate to the eigenvalues
of an edge transition probability matrix. We give a non-backtracking Laplacian,
and compare its spectrum to the classical Laplacian. We also discuss a result
called Thara’s Theorem, and give a weighted version which allows us to compare
the spectrum of the transition matrix for a non-backtracking random walk to that
of an ordinary random walk. In this way, we give an alternate proof to a result
of Alon et. al. ([3]) that in many cases, a non-backtracking random walk on a
regular graph has a faster mixing rate than an ordinary random walk. We further
generalize this result to a class of graphs called biregular graphs. Finally we give
a non-backtracking version of a classical result known as Pdélya’s Random Walk

Theorem for an infinite two-dimensional grid.



Chapter 2

Connection Graphs

2.1 Introduction

In this chapter, we consider a generalization of the notion of a graph, called
a connection graph, in which each edge of the graph is associated with a weight
and also a “rotation” (which is a linear orthogonal transformation acting on a d-
dimensional vector space for some positive integer d). The adjacency matrix and
the discrete Laplace operator are linear operators acting on the space of vector-
valued functions (instead of the usual real-valued functions) and therefore can be
represented by matrices of size dn x dn where n is the number of vertices in the
graph.

Connection graphs arise in numerous applications, in particular for data and
image processing involving high-dimensional data sets. To quantify the affinities
between two data points, it is often not enough to use only a scalar edge weight.
For example, if the high-dimensional data set can be represented or approximated
by a low-dimensional manifold, the patterns associated with nearby data points are
likely to be related by certain rotations [45]. There are many recent developments
of related research in cryo-electron microscopy [26, 44], angular synchronization
of eigenvectors [21, 43] and vector diffusion maps [45]. In many areas of machine
learning, high-dimensional data points in general can be treated by various meth-
ods, such as the Principle Component Analysis [30], to reduce vectors into some

low-dimensional space and then use the connection graph with rotations on edges

10
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to provide the additional information for proximity. In computer vision, there has
been a great deal of recent work dealing with trillions of photos that are now avail-
able on the web [2]. The feature matching techniques [39] can be used to derive
vectors associated with the images. Then the information networks of photos can
be built which are exactly connection graphs with rotations corresponding to the
angles and positions of the cameras in use. The use of connection graphs can be
further traced to earlier work in graph gauge theory for computing the vibrational
spectra of molecules and examining the spins associated with vibrations [19].
Many information networks arising from massive data sets exhibit the small
world phenomenon. Consequently the usual graph distance is no longer very useful.
It is crucial to have the appropriate metric for expressing the proximity between
two vertices. Previously, various notions of diffusion distances have been defined
[45] and used for manifold learning and dimension reduction. Here we consider two
basic notions, the connection PageRank and the connection resistance, (which are
generalizations of the usual PageRank and effective resistance). Both the connec-
tion PageRank and connection resistance can then be used to measure relationships
between vertices in the connection graph. To illustrate the usage of both metrics,
we derive edge ranking using the connection PageRank and the connection re-
sistance. In the applications to cryo-electron microscopy, the edge ranking can
help eliminate the superfluous or erroneous edges that appear because of various
“noises”. We here will use the connection PageRank and the connection resistance
as tools for the basis of algorithms that can be used to construct a sparsifier which
has fewer edges but preserves the global structure of the connection network.
The notion of PageRank was first introduced by Brin and Page [12] in 1998
for Google’s Web search algorithms. Although the PageRank was originally de-
signed for the Web graph, the concepts work well for any graph for quantifying
the relationships between pairs of vertices (or pairs of subsets) in any given graph.
There are very efficient and robust algorithms for computing and approximating
PageRank [5, 10, 29, 11]. In this paper, we further generalize the PageRank for
connection graphs and give efficient and sharp approximation algorithms for com-

puting the connection PageRank, similar to the algorithm presented in [11].
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The effective resistance plays a major role in electrical network theory and
can be traced back to the classical work of Kirchhoff [34]. Here we consider a gen-
eralized version of effective resistance for the connection graphs. To illustrate the
usage of connection resistance, we examine a basic problem on graph sparsification.
Graph sparsification was first introduced by Benczir and Karger [9, 31, 32, 33] for
approximately solving various network design problems. The heart of the graph
sparsification algorithms is the sampling technique for randomly selecting edges.
The goal is to approximate a given graph G on n vertices by a sparse graph G,
called a sparsifier, with fewer edges on the same set of vertices such that every cut
in the sparsifier G has its size within a factor (1 # €) of the size of the correspond-
ing cut in G for some constant €. Spielman and Teng [47] constructed a spectral
sparsifier with O(nlog®n) edges for some large constant ¢. In [50], Spielman and
Srivastava gave a different sampling scheme using the effective resistances to con-
struct an improved spectral sparsifier with only O(nlogn) edges. In this paper, we
will construct the connection sparsifier using the weighted connection resistance.
Our algorithm is similar to the one found in [50].

In recent work of Bandeira, Singer, and Spielman in [8], they study the O (d)
synchronization problem in which each vertex of a connection graph is assigned a
rotation in the orthogonal group O (d). Our work differs from theirs in that here
we examine the problem of assigning a vector in R? to each vertex, rather than an
orthogonal matrix in O (d), (see the remark following the proof of Theorem 2.2.2).
In other words, our connection Laplacian is an operator acting on the space of
vector-valued functions. However, their work is closely related to our work in this
paper. In particular, they define the connection Laplacian, and use its spectrum

to give a measure of how close a connection graph is to being consistent.

2.2 The Connection Laplacian

For positive integers m,n and d, we consider a family of matrices, denoted
by F(m,n,d;R) consisting of all md x nd matrices with real-valued entries. A

matrix in F(m,n,d;R) can also be viewed as a m x n matrix whose entries are
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represented by d x d blocks. A rotation is a matrix that is used to perform a
rotation in Euclidean space. Namely, a rotation O is a square matrix, with real
entries, satisfying O7 = O~! and det(O) = 1. The set of d x d rotation matrices
form the special orthogonal group SO (d). It is easy to check that all eigenvalues
of a rotation O are of norm 1. Furthermore, a rotation O € SO (d) with d odd has

an eigenvalue 1 (see [25]).

2.2.1 The Connection Laplacian

Suppose G = (V, E, w) is an undirected graph with vertex set V', edge set F
and edge weights w,, = w,, > 0 for edges (u,v) in E. Suppose each oriented edge
(u,v) is associated with a rotation matrix O,, € SO (d) satisfying O,,Oy, = Lixa-
Let O denote the set of rotations associated with all oriented edges in G. The
connection graph, denoted by G = (V, E,O,w), has G as the underlying graph.
The connection matriz A of G is defined by:

Wy Oy 1f (u,v) € E,
A(u,v) =

Odxd if (u,v) ¢ E

where 0g4xq4 is the zero matrix of size d x d. In other words, for |V| = n, we view
A € F(n,n,d;R) as a block matrix where each block is either a d x d rotation
matrix O, multiplied by a scalar weight w,,,,, or a d x d zero matrix. The matrix A
is symmetric as Ofv = Oyy and wy, = Wy, The diagonal matrix D € F(n,n,d; R)
is defined by the diagonal blocks D(u,u) = dylgxq for u € V. Here d, is the
weighted degree of u in G, i.e., d, = Z(um)eE Wy -

The connection LaplacianlL € F(n,n,d; R) of a graph G is the block matrix
L = D— A. Recall that for any orientation of edges of the underlying graph G on n
vertices and m edges, the combinatorial Laplacian L can be written as L = BTW B
where W is a m x m diagonal matrix with W,, = w,, and B is the edge-vertex
incident matrix of size m x n such that B(e,v) = 1 if v is €’s head; B(e,v) = —1
if v is e’s tail; and B(e,v) = 0 otherwise. A useful observation for the connection

Laplacian is the fact that it can be written in a similar form. Let B € F(m,n,d; R)
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be the block matrix given by

O v is e’s head,
B(e,v) = —I4xq v ise’s tail,
Ogxd otherwise.

Also, let the block matrix W € F(m,m,d; R) denote a diagonal block matrix
given by W(e, e) = welgxq. We remark that, given an orientation of the edges, the

connection Laplacian also can alternatively be defined as
L = B"WB.

This can be verified by direct computation.
We have the following useful lemma regarding the Dirichlet sum of the
connection Laplacian as an operator on the space of vector-valued functions on

the vertex set of a connection graph.

Lemma 2.2.1. For any function f : V — R%, we have

FLIT = > wu | f(@)Ou — F)]3 (2.1)

(u,v)eE
where f(v) here is regarded as a row vector of dimension d. Furthermore, an

eigenpair (N, ¢; has \; = 0 if and only if ¢;(uw)Oy = ¢;(v) for all (u,v) € E.

Proof. For equation 2.1, observe that for a fixed edge e = (u,v),

fBY(e) = f(u)Ou — f(v).

Thus,

LT = (fBNW(BST)
= (fB")W(fB")”
= w(u, v) || f(1u)Ou — F(0)]3-

(u,v)€E
Also, L is symmetric and therefore has real eigenfunctions and real eigen-

values. The spectral decompositions of L is given by

Z AZQSZ ’L
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By Equation (2.1), Ay > 0 and A; = 0 if and only if ¢;(u)Oy, = ¢i(v) for all
{u,v} € E and the lemma follows. O

2.2.2 Consistency

For a connection graph G = (V, E, O, w), we say G is consistent if for any
cycle ¢ = (vg, v1, 09, . .., v;) the product of rotations along the cycle is the identity
matrix, i.e. Oy, [[oo) O

v, the products of rotations along different paths from u to v are the same. In the

vivier = laxd. In other words, for any two vertices v and
following theorem, we give a characterization for a consistent connection graph by

using the eigenvalues of the connection Laplacian.

Theorem 2.2.2. Let G be a connected connection graph on n vertices having con-
nection Laplacian 1L of dimension nd, and let L be the Laplacian of the underlying

graph G. The following statements are equivalent.

(i) G is consistent.
(i) The connection Laplacian L of G has d eigenvalues of value 0.
(iii) The eigenvalues of . are the n eigenvalues of L, each of multiplicity d.

(iv) For each vertex u in G, we can find O, € SO(d) such that for any edge (u,v)
with rotation Oy,, we have Oy, = O;'0,.

Proof. (i) = (ii). For a fixed vertex u € V and an arbitrary d-dimensional vector
Z, we can define a function f: V — RY, by defining fA(u) = 7 initially. Then we
assign f(v) = f(u)Ouv for all the neighbors v of u. Since G is connected and G is
consistent, we can continue the assigning process to all neighboring vertices without
any conflict until all vertices are assigned. The resulting function f: V — R4
satisfies fILfT = > (uwyer Wuo F(w)Ou — f(v) ‘ z

of IL with eigenfunction f. There are d orthogonal choices for the initial choice of

= 0. Therefore 0 is an eigenvalue

T= ]?(u) Therefore we obtain d orthogonal eigenfunctions ]/”\1, s fd corresponding
to the eigenvalue 0.
(17) = (di7). Let us consider the underlying graph G. Let f; : V —

R denote the eigenfunctions of L corresponding to the eigenvalue \; for i € [n]
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respectively. Let fk, for k € [d], be orthogonal eigenfunctions of LL for the eigenvalue
0. By Lemma 2.2.1, each ﬂ; satisfies ﬁ(u)Ouv = ﬁ(v) Our proof of this part

follows directly from the following claim.

Claim 2.2.3. Functions f; ® fi : V — R? fori € [n],k € [d] are the orthogonal
eigenfunctions of I corresponding to eigenvalue \; where f; ® fk(v) = fi(v)]?k(v).

Proof. First, we need to verify that functions f; ® ﬁ are eigenfunctions of .. We

note that

vNU

— AW i) — 3w i) /i ()0,

vNU

= () fi(w)fu(w) = 3w fi(v) fulu)

v~u

- (d(u)fi(u) - waﬁ(v)> Fir(w).

v~U

Since f; is an eigenfunction of L corresponding to the eigenvalue \;, we have

Y

(d(u)fl(u) - Zwvufi(v>> = N fi(u).
Thus,
[fi ® J?kL](u) = )‘zfz(u)ﬁf(u) =ANifi ® J?k(u)

and f; ® ﬁ, 1 <i<n,1 <k <d are the eigenfunctions of I with eigenvalue ;.
To prove the orthogonality of f; ® J?k’s, we note that if k #£ [,

(i futioh) = Y (i®h), fi® h)

= 3 @G, Fw)
= 0
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since {f(v), fi(v)) = 0 for k # I. For the case of k = [ but i # j, we have

> @) L@ Filw), fuv))
= > fi)f(v)

=0
because of (f;, f;) = 0 for i # j. The claim is proved. O
(13i) = (iv). Since 0 is an eigenvalue of L, we can let fiooo fabed

orthogonal eigenfunctions of L corresponding to the eigenvalue 0. By Lemma
2.2, ﬁ(u)Ouv = ﬁ(v) for all k € [d], uv € E. For two adjacent vertices u and v,
we have, fori,7 =1, ...,d,
(Filw). Fi(w) =(fi(w)Ous, f5(u)Ous) = {Fi(w). F(v)
Therefore, ﬁ(v), ce J/C;(U) must form an orthogonal basis of R for all v € V. So
for v € V, define O, to be the matrix with rows ﬁ(v), - f;(v), and if necessary
normalize and adjust the signs of these vectors to guarantee that O, € SO (d).
Then O, is an orthogonal matrix for each d, and for an edge uv € E, O,0,, = O,,
which implies O,, = 0,10,
(tv) = (7). Let C' = (v1, v, ..., vk, v1) be a cycle in G. Then

k—1 k—1
kavl H Ov¢v¢+1 = 01;6101}1 H O;lOvi+1 = [dXd'
i=1 i=1
Therefore G is consistent. This completes the proof of the theorem. n

We note that item (iv) in the previous result is related to the O (d) synchro-
nization problem studied by Bandeira, Singer, and Spielman in [8]. This problem
consists of finding a function O : V(G) — O (d) such that given the offsets O,, in
the edges, the function satisfies O,, = O,'0,. The previous theorem shows that
this has an exact solution if G is consistent. Particularly, [8] investigates how well
a solution can be approximated even when the connection graph is not consistent.
Their formulation gives a measure of how close a connection graph is to being

consistent by looking at the operator on the space of functions O : V(G) — O (d)
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given by > Wy |OyOuy — Ong. In order to investigate this, they also consider
the operator on the space of vector valued functions f : V(G) — R? given by
> uow Wuw || fuOup — vag, which is what we are using to investigate the connection

Laplacian.

2.2.3 Random Walks on Connection Graphs

Consider the underlying graph G of a connection graph G = (V, E, O, w).
A random walk on G is defined by the transition probability matrix P where
P,, = wy,/d, denotes the probability of moving to a neighbor v at a vertex u. We
can write P = D' A, where A is the weighted adjacency matrix of G and D is the
diagonal matrix of weighted degree.

In a similar way, we can define a random walk on the connection graph G by
setting the transition probability matrix P = D~'A. While P acts on the space of

real-valued functions, P acts on the space of vector-valued functions f : V — R

Theorem 2.2.4. Suppose G is consistent. Then for any positive integer t, any
vertex u € V and any function 3 : V — R? satisfying s(v) = 0 for all v € V\{u},
we have |[5(u)lly = 32, 15 P(v)]], -

Proof. The proof of this theorem is straightforward from the assumption that G
is consistent. For p = 5§ P*, note that p(v) is the summation of all d dimensional
vectors resulted from rotating $(u) via rotations along all possible paths of length
t from u to v. Since G is consistent, the rotated vectors arrive at v via different
paths are positive multiples of the same vector. Also the rotations maintain the

2-norm of vectors. Thus, Hg&;”Q is simply the probability that a random walk in
2

G arriving at v from wu after ¢ steps. The theorem follows. O
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2.3 Connection PageRank and Connection Re-

sistance

2.3.1 Connection PageRank

The PageRank vector is based on random walks. Here we consider a lazy
walk on G with the transition probability matrix Z = %. In [5], a PageRank

vector pr, . is defined by a recurrence relation involving a seed vector s (as a

a,s
probability distribution) and a positive jumping constant o < 1 (or transportation
constant). Namely, pr, , = as + pr, (1 —a)Z.

For the connection graph G, the PageRank vector pr,;: V — R? is defined
by the same recurrence relation involving a seed vector 5: V — R% and a positive

jumping constant o < 1:

where Z = % (Inaxna + P) is the transition probability matrix of a lazy random walk
on G. An alternative definition of the PageRank vector is the following geometric

sum of random walks:
i, =aY (1—a)'52Z' =as+ (1-a)pt, . (2.2)

By Theorem 2.2.4 and Equation (2.2), we here state the following useful fact

concerning PageRank vectors for a consistent connection graph.

Proposition 2.3.1. Suppose that a connection graph G is consistent. Then for
any u € V, a € (0,1) and any function 5 : V — R? satisfying ||5(u)||l, = 1 and
S(v) = 0 for v # u, we have Hfﬁrag(v)Hz = pr,,,(v). Here, x, : V. — R denotes
the characteristic function for the vertez u, so xu(v) =1 for v =wu, and x,(v) =0

otherwise. In particular, Y, .\, H[S\rag(v)HQ = ||pra7Xu||1 =1.

Proof. Since function s satisfies ||s(u)||, = 1 and 5(v) = 0 for v # wu, by Theorem

2.2.4, for a fixed v € V, [SZ'](v) are all equal to each other for all ¢ > 0. By the
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geometric sum expression of PageRank vector, we have

[Bras()ll, = |l (1 —a) [(Z(0)
t=0 2
= a) (1-o)[BZ0)],
t=0
= ay (1-a) [uZ)
t=0
= DPlay, (V).
Thus,
Z Hf)\ra,fs\<v)H2 - ||pra,Xu||1 = 1.
veV
]
We will call such a PageRank vector pr, ; a connection PageRank vector
on u.

We next examine the problem of efficiently computing connection PageRank
vectors. For graphs, an efficient sublinear algorithm is given in [11], in which
PageRank vectors are approximated by realizing random walks of some bounded
length. We here develop a version of their algorithm to apply to connection graphs.
Our proof follows the template of their analysis, but uses the connection random
walk.

For our analysis of the algorithm, we will need the following well known

concentration inequalities.

Lemma 2.3.2. (Multiplicative Chernoff Bounds) Let X; be i.i.d. Bernoulli random
variable with expectation p each. Define X =>""" | X;. Then

o For0 < A<1,Pr(X < (1—M\un) < exp(—uni?/2).
e For0 < A<1,Pr(X > (1+ANun) < exp(—uni?/4).
o For A>1, Pr(X > (1+ Aun) < exp(—uni/2).

Theorem 2.3.3. Let G = (V, E,O,w) be a connection graph and fix a vertex

veV. Let 0 < e <1 be an additive error parameter, 0 < p < 1 a multiplicative
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p = ApproximatePR1(v, 5, a, €, p)
1. Initialze p = 0 and set k = log%(é) and r = #32d10g(n\/3).
2. For r times do:

a. Run one realization of the lazy random walk on G starting at
the vertex v : At each step, with probablilty «, take a
‘termination’ step by returning to v and terminating, and with
probability 1 — a, randomly choose among the neighbors of the
current vertex. At each step in the random walk, rotate s(v)
by the rotation matrix along the edge. The walk is artificially
stopped after k steps if it has not terminated already.

b. If the walk visited a node u just before making a termination
step, then set p(u) = plu) + 3(v) [T, Ouv,,1, Where
(v =w1,v2,...,0j_1,v; = u) is the path taken in the random

walk.
3. Replace p with %ﬁ

4. Return p.
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approzimation parameter, and 0 < o < 1 a teleportation probablilty. Let's:V —
R be a function satisfying |[S(v)|]s = 1 and s(u) = 0 for u # v. Then with
probablility at least 1 — © (#), the algorithm ApproximatePR1 produces a vector p
that satisfies

) = Brastwl, < o s, + §

for vertices uw of V' for which Hﬁrag(u)HQ > 5, and satisfying ||p(u)|l, < § for
vertices u for which HIS\I'ag(u)||2 < . The running time of the algorithm is

10, <d3 log(nv/d) log(1/e€) )
ep?log(1/(1-a)) )~

Proof. We have from Equation 2.2 that

We observe the the tth term in this sum is the contribution to the PageRank vector
given by the walks of length ¢t. We will approximate this by looking at walks of
length at most k. Define

We then observe that by choosing k large enough so that (1 — a)* < 7, we have

~ k
Hpra,A - ﬁg%

The output of the algorithm p gives an approximation to ) - by realizing

< - The choice of k =log 1_ (1) will guarantee this.

walks of length at most k. The algorithm does so by taking the average count over
EP%?)Zd log(ny/d) trials. Note that ﬂak%(u) is the expected value of the contribution

of an instance of the random walk of length k. We will take an arbitrary entry of

p(u), say p(u)(j), and compare it to ]/?\ka%(u)(j) Assuming that for at least one j

we have ﬁgﬂé(u) (7) > €/4d, then we get by the multiplicative Chernoff bound that

Pr (B(u)(j) < (14 )PLUw)()) ) < exp(~2log(n/d))

and
Pr (B(u)(j) < (1= p)F2wW) (7)) < exp(~2log(nVad)).

which implies

Pr ([p(u) () — P4w) ()] > pPAw) (7)) < 2exp(~2log(nv)).
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Note that this difference will be the same for all the entries of p(u), therefore,

Pr (|[pw) ~ 553w, > |

j)ﬁk%(u) H2> < 2d exp(—2log(nVd))

n?’

In a similar manner, if f?ff)g(u) (7) < 45 then by the Chernoff bound

Pr (5(u)(5) > 5;) < exp (~2log(nVd) ).

so Pr (||p(u)]l, > £) < dexp <—2log(n\/3)> =15
For the running time, note that the algorithm performs E#32al log(n\/d)
rounds, where each round simulates a walk of length at most log N (), where

each walk multiplies 5(v) by the d x d rotation matrices. Thus the running time
is O <d3 log(nv/d) 10g(1/e)>. 0

ep?log(1/(1-a))

We remark that there is another algorithm that computes an approximate
PageRank vector called ApproximatePR that has a different type of error bound.
The specifics of the algorithm as well as its run-time analysis can be found in [16]
and a version for connection graphs is found in [59]. For completeness, we will
state their algorithm here, as well as the theorem providing its analysis, as this
algorithm will be used in the next chapter. For the algorithm we need the following

subroutine called Push and Lemma 2.3.4.

Push(u, a) :

Let p' = p and 77 = T, except for these changes:

1. Let p'(u) = p(u) + o7 (u) and 7' (u) = 527(u).
2. For each vertex v such that (u,v) € E:

(1 — @)Wy,

() =7) + 20 7(u) Oyy.

Lemma 2.3.4. Let D' and 7' denote the resulting vectors after performing operation

Push(u) with p and 7. Then P’ + Ptz = P+ Py 7
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(p,7) = ApproximatePR(s, a, €)
1. Let p(v) = 0 and 7(v) = s(v) for all v € V.
2. While ||7(u)]|, > ed,, for some vertex u:

Pick any vertex u where ||7(u)||, > ed, and apply operation
Push(u, a).

3. Return p and 7.

Theorem 2.3.5. For a vectors with ) ., [|5(v)|l, < 1, and a constant 0 < e < 1,
the algorithm ApproximatePR(S, «, €) computes an approximate PageRank vector
P = DPi,s_r such that the residual vector T satisfies ”?(dﬂ <€, forallveV and

v

Zv:||ﬁ(v)||2>o d, < i The running time for the algorithm is O (%)

2.3.2 Connection Resistance

Motivated by the definition of effective resistance in electrical network the-
ory, we consider the following block matrix ¥ = BL:B? € F(m,m,d; R) where
L™ is the pseudo-inverse of .. Note that for a matrix M, the pseudo-inverse of M
is defined as the unique matrix M satisfying the following four criteria [25, 41]:
(i) MM*M = M; (i) MTMM* = M*; (i) (MM*)* = (MM™"); and (iv)
(M*TM)*=M*+M.

We define the connection resistance Reg(e) as Reg(v, u) = ||[¥(e, €)]|,. Note
that block ¥(e,e) is a d x d matrix. We will show that in the case that the con-
nection graph G is consistent Re(u, v) is reduced to the usual effective resistance
Resi(u, v) of the underlying graph G. In general, if the connection graph is not con-
sistent, the connection resistance is not necessarily equal to its effective resistance
in the underlying graph G.

Our first observation is the following Lemma.

Lemma 2.3.6. Suppose G is a consistent connection graph, where the underlying

graph is connected. For two vertices u,v of G, let py, = (v = u, Vg, ..., 0p = V)
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k-1

be any path from u to v in G. Define O,,, = HOvjvj+1' Let 1L be the connection
j=1

Laplacian of G and L be the discrete Laplacian of G respectively. Then

L (u,0) = LT (u,v)0,,, 1 # 7,
Lt (u,v)lgxq ©=].
Proof. We first note that the matrix O, is well-defined since G is consistent.
Also note that if v and v are adjacent, then O,, = O,,. Also observe that for
L(u,v) = L(u,v)0,,, since if uv is not an edge, L(u,v) = 0, and if u, v is an edge,
Opyy = Ouy. To verify LT is the pseudoinverse of L, we just need to verify that
L7 (u,v) satisfies all of the four criteria above.
To see (i) LLTLL = L, we consider two vertices u and v and note that

(LLYL)(w,0) = > L(u,2)L* (2, y)L(y, v)

z,y

= Z L(u7'r)L+(x7y)L(y7 U)OpumopwyOpyv

x?y

= ZL(u,x)Lﬂx,y)L(y,U)Opw

-T,y

where the last equality follows by consistency. Since LT is the pseudoinverse of L,
we also have LLTL = L which implies that
L(u,v) =Y L(u, z)L* (2, y) L(y, v).

:I:,y

Thus,
(LL"L)(u, v) = L(u,v)O,,, = L(u, v)

and the verification of (i) is completed.
The verification of (7i) is quite similar to that of (i), and we omit it here.
To see (i) (LLT)* = (LL*), we also consider two fixed vertices v; and v,.

Note that
(LL*)(u,v) = ZL(u,x)L+(x,U)
= 3 L)L (2,0)0,..0,..

= Z L(u, z) Lt (2,0)0,,,.
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On the other side,

(LLY)(v,u) = Y L(v,2)L*(z,u)0,,,

= Z L(v, )L (x, u)O;FW.

Since Lt is the pseudoinverse of L, we also have (LLT)* = LL* which implies that
ZLuxL*xv ZLU$L+(:UU)

and thus (LL*")* = (LL").
The verification of (i) (LTL)* = L*L is also similar to (iii), and we omit

it here. For all above, the lemma follows. O

By using the above lemma, we examine the relation between the connection
resistance and the effective resistance for a consistent connection graph by the

following theorem.

Theorem 2.3.7. Suppose G = (V, E,O,w) is a consistent connection graph whose
underlying graph G is connected. Then for any edge (u,v) € G, we have

Rese(u, v) = Regl(u, v).

Proof. Let IL be the connection Laplacian of G and L the Laplacian of the under-
lying graph G. Let us fix an edge e = (u,v) € G. By the definition of effective

resistance, Reg(u,v) is the maximum eigenvalue of the following matrix

L (u, ) L+(u,v)][ Ouy ]

\Il(eu 6) = Ovu _]d><d ] LJF(’U,U) L+(U7’U)

—Iixa

where O,, is the rotation from u to v. By Lemma 2.3.6, we have

Lt (u,u) = LT (u,u)lgxa,
L*(u,v) = LY (u,v)0,,,,
L*(v,v) = L*(v,v)Igxa,
L*(v,u) = LY(v,u)0,,, = Lt (u,v)0,,,.



27

Thus, by the definition of matrix W,
U(e,e) = (L, + L},) Laxa — Ly (0p,,Ouw + OOy, -
Note that O,,,Op, = 0,,OF = I and similarly O,,0,,, = I, so
(e e) = (L*(u,u) + L*(v,0) = 2L" (u, v)) Laxa.

Note that (L (u,u) + LT (v,v) — 2L T (u,v)) is exactly the effective resistance of e,
SO

[T (e, e)ll, = LT (u,u) + LT (v,0) — 20" (u,v) = Rege(u, v).

Thus, the theorem is proved. O]

2.4 Sparsification and Noise Reduction

2.4.1 Edge Ranking Using Effective Resistance

A central part of a graph sparsification algorithm is the sampling technique
for selecting edges. It is crucial to choose the appropriate probabilistic distribution
which can lead to a sparsifier preserving every cut in the original graph. In [50],
the measure of how well the sparsifier preserves the cuts is given according to
how well the sparsifier preserves the spectral properties of the original graph. We
follow the template of [50] to present a sampling algorithm that will accomplish
this. The following algorithm Sample is a generic sampling algorithm for a graph
sparsification problem. We will sample edges using the distribution proportional

to the weighted connection resistances.

Theorem 2.4.1. For a given connection graph G and some positive & > 0, we

consider G = Sample(G,p',q), where p., = w.Ren(e) and q = 4nd(log("i)2+l°g(l/§)).

Suppose G and G have connection Laplacian Lg and Lg respectively. Then with

probability at least 1 — &, for any function f:V — R%, we have
(1-ofLef" < fLgf" < (1+¢)fLaf". (2.3)

Before proving Theorem 2.4.1, we need the following two lemmas, in par-

ticular concerning the matrix A = WV 2IB%LEIB%TW1/ 2,
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(G = (V, E,0,@)) = Sample(G = (V, E,0,w),p/, q)

1. For every edge e € E, set p, proportional to p..

2. Choose a random edge e of G with probability p., and add e to G

— We

with edge weight w, = =

Take ¢ samples independently with replacement, summing weights

if an edge is chosen more than once.

3. Return @

Lemma 2.4.2. The matriz A is a projection matriz, i.e. A*> = A.
Proof. Observe that
A? = (WY2BLEIBTWY2)(WY/2BLEBYW/2)
= W'/ BLILGLEB W!/2
= W'/’BL{B"W'?
= A
Thus, the lemma follows. m

To show that G = (V, E, O, @) is a good sparsifier for G satisfying (2.3), we
need to show that the quadratic forms fLzf? and fLgf” are close. By applying
similar methods as in [50], we reduce the problem of preserving flLgf? to that
of gAg™ for some function g. We consider a diagonal matrix S € F(m,m,d;R),
where the diagonal blocks are scalar matrices given by S(e,e) = g—zldxd = %Idxd

and N, is the number of times an edge e is sampled.

Lemma 2.4.3. Suppose S is a nonnegative diagonal matriz such that [[ASA — AA||, <
e. Then, Vf : V. — R4 (1 — e)fLgfT < fLzf" < (14 €)fLef?, where Ly =
BTW!/2SW'/?B.

Proof. The assumption is equivalent to

IRIECE Y
FERMA, F£0 frr

<e
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Restricting our attention to vectors in im (BTW'/2),

wp  TAE— DA
feim(BTW/2),£70 frr

<e

Since A is the identity on im (B?W/2), fA = f for all f € im (BYW'/2). Also,
every such f can be written as f = gBTW2 for ¢ € R". Thus,

wp  TAE=DAST]
feim(BTW/2),£70 frr
_ [f(S=1)f"]
= sup Py /210

feim(BTW/2),f£0 frr
|gBTW/2SW!/2Bg” — gB"WBg” |
= sup
gERnd gBTW1/2:£0 gBTWBgT
"]

l9Lzg" — gLgg
= sup

<e
T
geRnd gBTW1/2:£0 9Leg

Rearranging yields the desired conclusion for all g € R™. m

We also require the following concentration inequality in order to prove
our main theorems. Previously, various matrix concentration inequalities have
been derived by many authors including Achiloptas [1], Cristofies-Markstrom [20],
Recht [42], and Tropp [53]. Here we will use the simple version that is proved in
[54].

Theorem 2.4.4. Let X, X,,..., X, be independent symmetric random k x k ma-
trices with zero means, Sq =Y . X, || Xillo < 1 for all i a.s. Then for every t >0

we have

Prisil, > 1) < ks (o0 (=) o (3))

A direct consequence of Theorem 2.4.4 is the following corollary.

Corollary 2.4.5. Suppose X1, X, ..., X, are independent random symmetric kxk

matrices satisfying

1. foralll <i<gq,||X;|l, <M as.,
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2. forall1 <i<gq,|Var(X;)|, <M |E[X;]|,.

Then for any € € (0,1) we have

Pf[ ZXZ-—ZE[X@-] >eZHE[X,-]H2] < kexp (_6 Zim[&]\b)

Proof. Let us consider the following independent random symmetric matrices
X; —E[X]]
M

for 1 < i < ¢q. Clearly they are independent symmetric random k x k matrices

with zero means satisfying

<1

HXi —E[X]]
M 2

for 1 <i < gq. Also we note that

Thus, by applying the Theorem 2.4.4 we have

Pr { 'ZiXiA_/[E[Xi] 2 - t}

= Pr ”ZXi—ZE[XZ-]

< s (e (5= mzxau) e (-3)) 24)

Note that by condition (2) we obtain

Z [[Var (X3)[l, < MZ IE Xl -

- tM]

Thus if we set

Y LRSI
M Y
the left term in the right hand side of Equation (2.4) can be bounded as follows.
EM (XL, B

4570 IVar (Xa)ll, — 4M 30 [IE[X],
e ;‘1:1||E[Xi]||2
AM '

Thus, the corollary follows. O]
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Proof (of Theorem 2.4.1). Our algorithm samples edges from G independently with
replacement, with probabilities p. proportional to w.Res(e). Note that sampling ¢

edges from G corresponds to sampling ¢ columns from A. So we can write

ASA = ST A, 8(e A( o = 3

1 q
A e)A(e)t == L
e qpe( JA(- €) q;lyy

for block matrices yy, . .., y, € R"¥*? drawn independently with replacements from
the distribution y = \/%A(-, e) with probability p.. Now, we can apply Corollary
2.4.5. The expectation of yy! is given by E [ny] = ZepepieA(-,e)A(-,e)T =A

which implies that ||E [yy”] H2 = ||A]|, = 1. We also have a bound on the norm of

A(e)TACe w, e . .
vyl vyl < max, (H()p—()||2> = max, (Ji;j()) . Since the probability p,

. . : eRe A 2
is proportional to w.Rek(e), i.e. p. = Zi’weﬁi;ze) = 2”6”5\6(23)2”2, we have HyzszHQ <

Yo A (e e)|ly, < 5. Tr(Ale,e)) = Tr(A) < nd. To bound the variance observe
that

|Var (yy")||, = HE lyy"yy"] — (E [?JyTDQHQ

& [y vy 1], + || (B [v9"])°

IN

)
Since the second term of the right hand of above inequality can be bounded by
2
H (E [nyD H = ||A2H2 (as property (1))

2
= [|All
= 1,

it is sufficient to bound the term HE [nyny} ||2 By the definition of expectation,

we observe that

IE [ v ||, = Zpe]%/\(., eA(, e)TA(, e)A(-, e)”

2

= Zp%A(-,e)A(e,e)A(-,e)T

2
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This implies that

1E [yy"yy" ],
1 fTA(-, e)A(e, e)A(-, e)T
e 2 YRS G0

feim(W1/2B) <= Pe fTf
— max 3 LITAGOAC NG TS FTAC A )]
rem(wiee) S pe - fTAC )AC )T f /Tf
||Aee)|!2fTA( A, e)Tf
= fenfl(l@}l{/m Z fo :

Recall that the probability p. is proportional to w.Reg(e), i.e

- weRei(e)  [[Ale,e)ll,
© Y eweRe(e) X (A(ese)lly
we have
fTA(- o) f
”E[nyny”b < EHA(Q‘B)”z <fe|mm@}1(/213 Z fo( L )
= > A e)lly 1A,
= > lIA(e el
< ZTr(A(ee
= Ti(A)
< nd.
Thus,

[Var (yy") |, < nd+1<2nd|E[yy"]]],.

To complete the proof, by setting ¢ = 4nd(log("?jl°g(1/ 9) and the fact that

2 ¢ 2T
nd exp <_€ 1 |1 [iy] ||2)

4nd

dimension of yy” is nd, we have

1
Pr [ — T} > e]
q =1 2

IA

v —E [yy

IA
3
IS
e
>
o
|

‘ s

<

N———
IN
o
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for some constant 0 < £ < 1. Thus, the theorem follows. O]
In [36], a modification of the algorithm from [50] is presented. The over-
sampling Theorem in [36] can further be modified for connection graphs and stated

as follows.

Theorem 2.4.6 (Oversampling). For a given connection graph G and some pos-
itive £ > 0, we consider G = Sample(G,p',q), where p, = wReple), t = > D,

and q = D, Suppose G and G have connection Laplacian Lg and Lg

respectively. Then with probability at least 1 — &, for all f : V — R, we have
(1—e)fLef" < fLgfm <(1+¢)fLef™.

Proof. In the proof of Theorem 2.4.1, the key is the bound on the norm Hyl;y;[HQ
If p. > weRek(e), the norm HyzszHQ is bounded by )" . p.. Thus, the theorem
follows. 0

Now let us consider a variation of the connection resistance denoted by
Rer(e) = Tr(¥(e,e)). Clearly, we have Reg(e) = Tr(¥(e,e)) > [|¥(e, €|, =
Rerr(e) and Y, weRerr(e) = >, Tr (A(e, €)) = Tr(A) < nd. Using Theorem 2.4.6,
we have the following.

Corollary 2.4.7. For a given connection graph G and some positive & > 0, we

4nd(log(nd)2+log(l/§)) '

consider G = Sample(G, ', q), where p, = wRere) and q =
Suppose G and G = Sample(G,p', q) have connection Laplacian Lg and Lg re-
spectively. Then with probability at least 1-¢, for all f : V. — RY, we have
(1—e)fLef" < flgfm <(1+e)fLef.

We note that edge ranking can be accomplished using the quantities known
as Green’s values, which generalize the notion of effective resistance by allowing a
damping constant. An edge ranking algorithm for graphs using Green’s values was
studied extensively in [16]. Here we will define a generalization of Green'’s values
for connection graphs.

For ¢+ = 0,....,nd — 1, let q?l be the ith eigenfunction of the normalized

1/2

connection Laplacian D~Y2LD~/2 corresponding to eigenvalue );. Define

— 1
i=0 "*
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We remark that Gg can be viewed as a generalization of the pseudo-inverse of
the normalized connection Laplacian. Define the PageRank vector with a jumping

constant « as the solution to the equation

. g 2
Igs = s+ g 5.
Plos= o1 5" T ag P

with 8 = 2a/(1 — a). These PageRank vectors are related to the matrix Gg via

the following formula that is straightforward to check,
DPrgs
g

Now for each edge e = {u,v} € E, we define the connection Green’s value gs(u, v)

= sD~/2G4D'2.

of e to be the following combination of PageRank vectors:

/g\ﬂ(u, U) - ﬁ(Xu - XU)D_l/QGBD_1/2(Xu - Xv)T

_ ﬁ\rﬁ,xu (u) _ f)\rB,Xu(U> + ﬁrﬂ,xu (v) _ ﬁ\rﬁ,xv (u)
d, d, d, dy

This gives an alternative to the effective resistance as a technique for ranking

edges. It could be used in place of the effective resistance in the edge sparsification

algorithm.

2.4.2 Noise Reduction in Connection Graphs

In forming a connection graph, the possibility arises of there being erroneous
data or errors in measurments, or other forms of “noise.” This may be manifested
in a resulting connection graph that is not consistent, where it is expected that
it would be. It is therefore desirable to be able to identify edges whose rotations
are causing the connection graph to be inconsistent. We propose that a possible
solution to this problem is to randomly delete edges of high rank in the sense of
the edge ranking. In this section we will obtain bounds on the eigenvalues of the
connection Laplacian resulting from the deletion of edges of high rank. This will
have the effect of reducing the smallest eigenvalue, thus making the connection
graph “closer” to being consistent, as seen in Theorem 2.2.2.

To begin, we will derive a result on the spectrum of the connection Laplacian
analogous to the result of Chung and Radcliffe in [15] on the adjacency matrix of

a random graph.
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Theorem 2.4.8. Let G be a given fixed connection graph with Laplacian 1L. Delete
edges ij € E(G) with probability p;;. Let G be the resulting connection graph, and
L its connection Laplacian, and L = E(TI:) Then for e € (0, 1), with probability at
least 1 — €

IX(L) = N(D)| < /6AIn(2nd/e)
where A is the maximum degree, assuming A > %ln(Qnd/e).

To prove this we need the concentration inequality from [15].

Lemma 2.4.9. Let X1, ...X,, be independent random n x n Hermitian matrices.
Moreover, assume that || X; — E(X;)|l, < M for all i, and put v* = ||} Var(X;)]|,.
Let X = > X;. Then for any a > 0,

a2
Pr(|| X — E(X <2 T 9.2 L 9NMa/3 )
{1 = B, > 0) < 2nes ()

Proof of Theorem 2.4.8. Our proof follows ideas from [15]. For ij € E(G)
define A¥ to be the matrix with the rotation Oy; in the 4, j position, and O;; = OF;
in the j,% position, and 0 elsewere. Define random variables h;; = 1 if the edge
ij is deleted, and 0 otherwise. Let A% be the diagonal matrix with I .4 in the
ith diagonal position and 0 elsewere. Then note that L = L + > ijen gAY —

Doy 2 hijA" and L=L+ > igen DAY =370 S0 piAY, therefore
L—L =2 (hj—pis)A7 =D > (hij — pij) A"
i,jeE =1 jri
To use Lemma 2.4.9 we must compute the variances. We have
Var ((hi; — pij) A7) = E ((hij — pi;)*(A7)?)
= pij(1 — pig) (A" + A7)

and in a similar manner

Var ((hi; — pij ) A™) = pi (1 — pij) A"
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Therefore

= Z pl] pl] A” + A]J + Z sz] pz] A”

1,j€E i=1 i~y

2|3 (S -n )

2

2

=2 maX Z pz] pij

< Qm?XZpij < 2A.

j=1
Each AY clearly has norm 1, so we can take M = 1. Therefore by Lemma 2.4.9,
taking a = \/6AIn(2nd/e€), we see that

L ’ Aln(2nd
Pr (‘ - > a) < 2nd exp (_a—) < 2nd exp (_6 n(2n /6)) .
2 A

202 +2Ma/3 6A
By a consequence of Weyl’s Theorem (see, for example, [28]), since L and L are
)\Z(IE) —N(D)| < HI/L: —L|| . The result then follows. O
2

Hermitian, we have

We now present an algorithm to delete edges of a connection graph with

the goal of decrerasing the smallest eigenvalue of the connection Laplacian.

(H = (V, E',O,w")) = ReduceNoise(G = (V, E,O,w),p', q,«)

1. Select ¢ edges in g rounds. In each round one edge is selected.

effective resistence. Then the chosen edge is assigned a weight

w!, = we/(qpe).

2. Delete ag = ¢’ edges in ¢’ rounds. In each round one edge is
deleted. Each edge e is chosen with probability p, proportional to
the weight w.

3. Return H, the connection graph resulting after the edges are

deleted.
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Our analysis of this algorithm will combine Theorem 2.4.1 and Theorem
2.4.8. Given a connection graph G, define Ag to be the smallest eigenvalue of its

conncection Laplacian.

Theorem 2.4.10. Let £, ¢, € (0,1) be given. Given a connection graph G with

4”d(1°g("?2+1°g(1/£)), a <, let H be the connection graph resulting

from the ReduceNoise algorithm. Then with probability at least (1 —&)(1 — §) the

m edges, m > q =

subgraph H satisfies

A < (1 —a+€)rg +/6AIn(2nd/d)
provided the mazimum degree A satisfies A > 2 In(2nd/é).

Proof. We first note that with &, €, and ¢ as specified, the edge selection procedure
described in step 1 of the algorithm is the same procedure as described in the
algorithm Sample and in Theorem 2.4.1. Let G be the weighted graph resulting
from the edge selection, and let L be its connection Laplacian. Then by Theorem

2.4.1 we know that with probability at least &, for any f : V — R¢ we have
(1 —e)fLef” < fLzfm < (1+¢€) fLaf”. (2.5)

Now let H be the connection graph resulting after the deletion process in
step 2 of the algorithm, and let Ly be its connection Laplacian. We note the H is a
random conncetion graph resulting from the deletion of edges of a fixed connection
graph, as described in Theorem 2.4.8. Let Ly be the matrix of expected values of
the entries of Ly, Ly = E(Ly). Note that the deletion procedure deletes aq of the
q edges from G with probability proportional to the weight on each edge, so that

the expected value Ly = Lg — allz. From equation 2.5 it follows that
fLef" — (1 +e)afLef < f(Lg —olg)f" < fLef" — (1 — €)afLgf”
and thus
flef" — (1 + eafLef" < fLuf" < fLef" — (1 — €)afLef".
In particular, it follows that

fTaf”
T

fLgf*

(1—a+e) G
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for any f:V — RY, and therefore that
)\O(EH> S (1 —a+ 6))\0(]14(;).

Finally, by Theorem 2.4.8, we have, given any ¢ > 0, with probability at least
A < (1 —a+e)rg + /6AIn(2nd/§).

]
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Chapter 3

A Clustering Algorithm for

Connection Graphs

3.1 Introduction

For high dimensional data sets, a central problem is to uncover lower di-
mensional structures in spite of possible errors or noises. An approach for reducing
the effect of errors is to consider the notion of inconsistency, which quantifies the
difference of accumulated rotations while traveling along distinct paths between
two vertices. In many applications, it is desirable to identify edges causing the
inconsistencies, or to identify portions of the graph that have relatively small in-
consistency. In [17], an algorithm is given, utilizing a version of effective resistance
from electrical network theory, that deletes edges of a connection graph in such a
way that reduces inconsistencies. In this paper, rather than deleting edges, our
focus is on identifying subsets of a connection graph with small inconsistency. The
notion of e-consistency of a subset of the vertex set of a connection graph will be
introduced, which quantifies the amount of inconsistency for the subset to within
an error €. This can be viewed as a generalization of the notion of consistency.

One of the major problems in computing is to design efficient clustering
algorithms for finding a good cut in a graph. That is, it is desirable to identify a

subset of the graph with small edge boundary in comparison to the overall volume

39
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of the subset. Many clustering algorithms have been derived including some with
quantitative analysis (e.g., [5, 6]). As we are looking for e-consistent subsets, it
is natural that clustering and the Cheeger ratio should arise in examining local
subsets of a graph. In this paper, we will combine the clustering problem and the
problem of identifying e-consistent subsets. In particular, we will give an algorithm
that uses PageRank vectors to identify a subset of a connection graph which has
a small cut, given that there is a subset with small cut that is e-consistent.

The notion of PageRank was first introduced by Brin and Page [12] in 1998
for Google’s web search algorithms. It has since proven useful in graph theory
for quantifying relationships between vertices in a graph. Algorithms from [5] and
[6] utilize PageRank vectors to locally identify good cuts in a graph. In [17], a
vectorized version of PageRank is given for connection graphs. Here we use these
connection PageRank vectors in a manner similar to [6] to find good cuts under

the assumption of an e-consistent subset.

3.2 (Generalizing Consistency

We define the normalized connection Laplacian L to be the operator on

F(V,RY) given by
ﬁ _ D—I/QLD—I/Q = Ludxnd — D_l/QA]D)_l/Q.

We remark that L and £ are symmetric, positive semi-definite matrices. Using the
Courant-Fischer Theorem (see, for example, [28]), we can investigate the eigenval-
ues of £ by examining the Rayleigh quotient

~ gLg”

e

where ¢ : V — R? is thought of as a 1 x nd row vector. Defining f = gD~'/2, we
see that

R(g)

uv Ouv - 2
_ fLf" (u%:eEw I £(u) O

- /DT > do [l f ()5

veV
It is not hard to see that R(f) < 2. In particular, letting 0 < A\; < Ag < -+ < Ay

R(9)

denote the eigenvalues of L, we see that A, < 2 for all k.
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3.2.1 e-consistency

For a connection graph G = (V, E, O, w), we say that G is consistent if

inf Y wellf(@)0w — fW)5=0.
[:V=R
[ fllz=1 (wV)EE

As seen in the previous chapter, an equivalent definition for consistency is that
there exists a function f : V — R? assigning a vector f(u) € R¢ to each vertex
u € V such that for all edges uwv € E, f(v) = f(u)Oy. Therefore for any two
vertices u, v in a consistent graph, any two distinct paths starting and ending at
wand v, P, = (u = uy,us,....,u = v) and P, = (u = vy,vs,...,uy = v), then the

product of rotations along either path is the same. That is,

k—1 -1
I | Ouiui+1 = I | Ovjvj+1-
i=1 j=1

For any cycle C' = (vy, vg, ..., Ug, Ug+1 = v1) of the underlying graph, the product of
rotations along the cycle C' is the identity, i.e. Hle Ovivie = Lixa-

For ease of notation, given a cycle C' = (vy,vg, ..., U, Upy1 = v71), define
Oc = Hle Ou,v,,1, and for a path joining distinct vertices u and v, P,, = (u =

k-1
U1, Vg, ..., 05 = v), define Op,, = [[,Z; O

—1 Ou,v;,,- Therefore consistency can be char-

acterized by saying O¢ = I4y4 for any cycle C, or given any two vertices v and v
of G, then Op,, = Op; for any two paths P,,, P,, connecting u and v.

In this section, we will generalize the notion of consistency, and general-
ize the theorem from the previous chapter giving a spectral characterization of
consistency.

We say a connection graph G is e-consistent if, for every simple cycle
C = (v, v2, ..., U, Ugy1 = v1) of the underlying graph G, we have ||Oc — Ijxall, < €
where O¢ = Hle Oyppviy,- That is, the product of rotations along any cycle
is within e of the identity in the 2-norm. An equivalent formulation is as fol-
lows. Given vertices u and v, and two distinct paths from u to v, P, = (v; =
U, Vg, ey U = 0) and Py = (uy = u,ug, ...,u; = v), define Op, = Hf:_ll Ouv,,, and
Op, = 1.5 Ouus,,- Then G is e-consistent if and only if [[Op, — Op,||, < e. This
follows from the observation that O¢ = Op, 01321 = Op, O}QZ and the fact that the
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2-norm of a rotation matrix is 1. For ease of notation, we will simply use || - || to
denote the 5 norm || - |5.

We observe that the triangle inequality implies that any connection graph is
2-consistent, and that a consistent connection graph is O-consistent. We generalize
the first part of the above mentioned result from [17] with the following theorem,
which bounds the d smallest eigenvalues of the normalized connection Laplacian

for an e-consistent connection graph.

Theorem 3.2.1. Let G be an e-consistent connection graph whose underlying graph
is connected. Let L be the normalized connection Laplacian and let 0 < \; < -+ <

Ana be the eigenvalues of L. Then fori=1,..,d,
2
A< o
-2

Proof. We will define a function f : V — R¢ whose Rayleigh quotient will bound
the smallest eigenvalue. For a fixed vertex z € V', we assign f(z) = x, where z is a
unit vector in R?. Fix a spanning tree 1" of G, and define f to be consistent with 7.
That is, for any vertex v of G assign f(v) as follows. Let P,, = (z = v1vq...05 = v)
be the path from z to v in T'. Then let f(v) = f(2)Op,,. Notice that ||f(v)|| =1
for all v € V. We will examine the Rayleigh quotient of this function. Notice that

for uv an edge of T', we have

1£ ()0 — F(0)]| = I£(v) = F@)| =0

by construction. For any other edge uv of G, consider the cycle obtained by taking
the path P,, = (v = vjvs...txy = u) in T, and adding in the edge wv. Then by

construction of f and the e-consistency condition, we have

1/ (@)Ouw = f(0)|| = lf (v)Op,,Ou — f(0)]

k—1
= Hf(v> (H O'UiviJrlkavl - [> H
1=1

<elf@)l=e
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Therefore
Z wuv”f(u)ouv - f(U)HQ
(u,v)EE
Yo du|[f(v)]?
2
DT wWype ,

(u,v)eE €

- Yd, 2

M SR(f) =

The initial choice of the unit vector z € R in the construction of f was arbitrary.
We thus have d orthogonal choices for the initial assignment of x, which leads to d
orthogonal functions satisfying this inequality. Therefore, by the Courant-Fischer

Theorem, Ay, ..., \g all satisfy this bound. m

The following result concerns the second block of d eigenvalues of L for
an e-consistent connection graph, and gives an analog to the upper bound in the

Cheeger inequality.

Theorem 3.2.2. Let £ be the normalized connection Laplacian of the e-consistent
connection graph G, with eigenvalues Ay < -+ < A\nq, and let hg denote the Cheeger
constant of the underlying graph. Then fori=d+1,...,2d,
Ai < 2hg + i
2

Proof. Let f1, ..., f4 be the orthogonal set of vectors defined in the proof of Theorem
3.2.1, each with R(f) < €2/2. Then || f(v)||?> = 1 for allv. Given A C V and B = A,
define g; : V — R? by

—fi(v) forve A
——5/filv) forveB

gi(v) =

For ease of notation we will simply write g and f for ¢g; and f;. Note that if

both u,v € A7 then Hg(u)OUU - g(U)HQ = ||VO%A (u)OU” - VOlAf || (volA

Similarly, if both u,v € B, ||g(u)Oy, — g(v)||* < me . Foru € Aand v € B,
2 2

we have Hg(u)OUU - g(U)H2 - ||V011A (u)O“v + ﬁf@)u < (VO}A + VO%B) by the

triangle inequality.
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Therefore

> wullg(w)Ou — g(v)|?

(u,v)EE

2 llg(v)l[*d,

veV
2
%VOIA(VOIIA)2€2 - %VOIB(VOIIB)QEQ + (s + wip) [E(A, B
1 1

2 faapte t 2 cappde

vEA vEB
1 1 1 1 1 \2
562 (volA + VolB) + (volA + volB) |E(A, B)|

1 1
vol A + vol B

R(g) =

IN

1
S 562 + Qh(;(A)

Therefore we have d orthogonal vectors ¢y, ..., g4 satisfying this bound, each or-

thogonal to f1, ..., f4 which clearly satisfy the bound, so the result follows. O

We remark that the paper of Bandeira, Singer, and Spielman [8] gives a
different, but related notion of “almost consistent” for a connection graph which

they call the frustration constant, denoted ng, defined by

> wullf()Ou = f(0)[]”

. (uv)eE
Ng = min

SVt 2 dul[f(0)]]?

where S9! denotes the unit sphere in R%. So the frustration constant restricts
only to functions whose entries have norm 1, and as remarked in [8], computation
of A1(£) is a relaxation of the computation of ng. The proof of Theorem 3.2.1 only
utilized functions f : V — R whose entries have norm 1, so the proof shows that
if G is an e-consistent connection graph, then

62

UG§E~

3.2.2 Consistent and e-consistent Subsets

In this section, we will consider the case where a connection graph has been
created in which some subset of the data is error-free (or close to it), leading to a
consistent or e-consistent induced subgraph. We will define functions on the vertex

set in such a way that the Rayleigh quotient will keep track of the edges leaving
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the consistent subset. In this way, we will obtain bounds on the spectrum of the

normalized connection Laplacian involving the Cheeger ratio of such subsets.

Theorem 3.2.3. Let G be a connection graph of dimension d with normalized
connection Laplacian ﬁ, and S CV a subset of the vertex set that is e-consistent
for given € > 0. Then fori=1,...,d,

2

N(L) < 5 + ha(S).

Proof. Fix a spanning tree T of the subgraph induced by S. Define f as follows.
For a fixed vertex u of S, define f(u) = = where ||z|| = 1, and for v € S5, define f to
be consistent with the subtree T'. For v ¢ S, define f(v) = 0. Fix an edge uv € E
and note that for u,v € S, || f(u)Ou — f(v)|]| = 0, for u,v € S, ||f(4)Ouy — f(v)|]| =
|| f(v) (Op,,Ouw —I)|| <€ and forue S,v &S, ||f(u)Ou — f(v)|| = 1. Therefore

> Wl f(1)Ouw — f(U)HQ
(u,v)EE
>l f()|?
Z wuv€2 E Wy

R(f) =

wel weE

u,VES + u€S,WES
vol(.S) vol(.S)

62

E + ha(9).

There are d orthogonal choices for the initial choice of x leading to d orthogonal
vectors satisfying this bound, so by the Courant-Fisher Theorem, the result follows.

]

In the next result, we consider the situation where most of the edges are

close to being consistent except for some edges in the edge boundary of a subset.

Theorem 3.2.4. Suppose G is an e;-consistent graph for some e, > 0, and suppose
that S C V is a set such that the subgraphs induced by S and S are both €,-
consistent, with 0 < e, < e, and vol(S) < 1vol(G). Let L be the normalized
connection Laplacian. Then fori=1,...,d,

2 2
€ €1

(L 241
ML) < 2+ Tha(S)
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Proof. We will construct a function f : V — R? whose Rayleigh quotient will
bound \;. Fix a spanning tree T of S and 7" of S, and fix a vertex w € S.
Choose a unit vector x € RY, and assign f(w) = x. For v € S, assign f(v) for
each vertex v € S such that f(v) = f(u)O,, moving along edges uv of T. Now
choose an arbitrary edge e = yz € E(S,S) such that y € S and z € S. Assign
f(2) = f(y)O,.. Assign the remaining vertices of S so that f(v) = f(u)O.,, moving
along edges uv of T”. Note that f is consistent with both 7" and T".

Let us examine the Dirichlet sum > o wy,|| f(w)Ouw — f(v)]2. Consider
an edge f = wv € E(S,S), f # e. We may, without loss of generality, assume
that both S and S are connected. (If one or both is not, then we may alter our
definition of f to be consistent along even more edges). Therefore, there is a cycle,
C = v1vy...v5v1 where v; = u, v, = v, C' contains the edges e and f, and all other
edges have endpoints lying in either S or S. By construction, f(v) = f(u)Op,,, S0

by the e-consistency condition, we have

[1f () Oup = f ()| = 1f (v)Or,, Ouw — f (V)]

k—1
= ||f(1)) (H vaz’Hkavl - I> ||
=1

< allf)ll =«
In a similar manner, we have that || f(u)Ou, — f(v)|| < € for each edge uv

with both u and v in S or both in S.

Therefore

( Z):eEwuva(U)Ouv — f)II?
> dof | f(0)][?
Z wqu% Z wmﬁ%

U~y _
(uv)EE ueSves

> dy > dy
BB | lB(S.S)
vol(G) 2vol(9)

M SR(f) =

IN

IN

We have d orthogonal choices for the initial assignment of z, which leads to d
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orthogonal vectors satisfying this inequality. Therefore Ay, ..., \; all satisfy this
bound. O

Our next result is similar to Theorem 3.2.2, but in a setting similar to the

previous theorem.

Theorem 3.2.5. Let G be a connection graph, and suppose S C V is a set such
that the subgraphs induced by S and S are e-consistent, with vol(S) < 1vol(G).
Let L be the normalized connection Laplacian with eigenvalues Ay < -+ < Apq.
Then fori=d+1,...,2d,

2

A < % + 2he(S).
Proof. Let fi,...f4 be d orthogonal vectors defined as in the proof of the preceding
theorem. Each of these has R(f;) < % +2hg(S) and || f(v)|]* = 1 for all v. Define
gi:V — R% by
—<fi(v) forve S
gi(v) = _
——=fi(v) forvels.

For ease of notation we will simply write g and f for g; and f;. Then

2w Wun[l9(4) Ouw — g(0)13
2 ey lg()|*d,
G tas) @t X vwlgs/(@0w + Gl

u~Y
uES,WES

R(g) =

IN

1 1
vol S +_wﬂ5

S (R |E(S§)|<€2+2h (S)
2 volS  vol S T2 A

We have d orthogonal vectors gy, ..., g4 satisfying this bound, and observe that each
is orthogonal to the vectors fi, ..., f4. Therefore the result follows.

]

We remark that this theorem is a stronger result than Theorem 3.2.2, as
the hypothesis does not require that the full graph be e-consistent. That is, the
result still holds even if the edges going from S to S involve inconsistencies that

cause the full graph to fail to be e-consistent.
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3.3 Identifying Subsets

In this section, we follow ideas from [5] and [6] to relate connection PageR-
ank vectors to the Cheeger ratio of e-consistent subsets of a connection graph. We
will give an algorithm, which runs in time nearly linear in the size of the vertex set,
which outputs a subset of the vertex set (if one exists) which has small Cheeger

ratio and is e-consistent.

3.3.1 PageRank Vectors and e-consistent Subsets

We define, for S C V, f(S) = > cq||f(v)|]2. Given a vertex v of G, define
a connection characteristic function y, to be any vector satisfying ||x.,(v)|l2 = 1
and x,(u) = 0 for u # v. Likewise, for a subset S of V, define a characteristic
function ys to be a function such that ||xs(v)||2 =1 for v € S, and yg(v) = 0 for
vegS.

Recall the definition of connection PageRank (see [17]). Given a seed vector
§:V — R%is the vector pr(a, 8) : V — R? that satisfies

pr(a, §) = as + (1 — a)pr(a, 8)Z
where Z = (I + D™'A) is the matrix for the random walk. Define R, = a(I —
(1-a)Z) ' =ad 2,(1 —a)'Z' and note that pr(w, §) = §R,.
Lemma 3.3.1. Let S CV be a subset of the vertex set of a connection graph, and
let xs be a characteristic function for S. Then
[xsDRa(0)]| < do

forallveV

Proof. First, we will show that
| xsDZ*(v)|| < d,
for all k& by induction. For k =1,

dv"'zwuvHXS(u)OuvH S dv-

u€esS
u~v

IxsDZW)] = 3 IxsDU + DAY )] <

N | —
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By the induction hypothesis
s DZE (o) = [[xsDZ*Z ()]

Z xsDZF (u)Z(u, v)

ueV
< 3 |xsDZE @), 12w, v) |
ueV
1
S Z du§||j(ua U) + D_lA(u7 U)”
ueV
d, 1 1
< V4 Z
=79 9 Z du duwuvouv
ueV
d, 1
- ? + 5 Wypy = dv
ueV

so this claim follows by induction.

Then from this claim,

[xsDRq(v)]| =

xsDa Z(l —a)kzk
k=0

< aZ(l —a)k HXS]DZk(U)H < d,.
[l

Lemma 3.3.2. Let S C V be a subset of the vertices such that the subgraph of
G induced by S is e-consistent. Let xs be some connection characteristic function
for S that is consistent with some spanning subtree T' of S. Define fs by fs(v) =
%&’S)XS(U). The function fs 1s the expected value for a characteristic function x.,

when a vertez u is chosen from S at random with probability d,,/vol(S). Then

pr(a,fg)(S) >1-— L—a

(R(S) +¢).

«

Proof. We have
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pr(a, fs)(S) =Y llpr(a, fs) ()|l = D llpr(a, fs) (@)[Ixs(0)]

ves vES
> Z pr(a, fS)(U)XS(U) (a fS) fSRaXS
veES
_f (1—CY)(]—Z) T (1_CY>(I—Z) .
_fs(l_ ]—<1—04)Z)X5 (fs (1—a)Z)XS
(1-a)xsD  af i
- ( Oévol(5§ I—(1- Q)Z(I - Z)) Xs
=1- alvgl(OéS) (XS]DRQD_I (D ; A)) th
o 2041‘/;01?5) > (o (xsDRD™ (@)0u — XsDRD ™ (v))

uwek
((xs()Ow)” = xs(0)")).
Here the first inequality follows from the Cauchy-Schwarz Inequality. Note that yg
is a characteristic function, so all the terms in the sum corresponding to u,v & S
are 0, for v € S and u ¢ S we are left with just x,(v), and for u,v € S, since S is
e-consistent and yg was chosen to be consistent with a spanning subtree of S, then
we have xg(4)Oyp—xs(v) has norm less than e. Applying this, the Cauchy-Schwarz

Inequality, and the triangle inequality to the above, we have

pr(a, fs)(S)

-« -1 -1
>1 - m( ; Wy HXSDRa]D) (4)Oup — xsDR,D (U)H
veSues
+ 3 e x5 DRaD™ ()0 — x5 DRaD™ ()| [ x5(4)Oue = x5(0)]| )
uqvaGUS
1l -«
- uv ID)RO(]D)il Ouv DRQ]D)il
raval(s (2o W (IXsDRaD ™ (@)Oul + IxsDRD™ ()]
veES,uES
+ 3" waw (IIxsPRaD ™ (@)Ou | + [ xsDRD ™ (v))]) e).
u'L,L{)VEUS

Using Lemma 3.3.1 we can conclude that

pr(a, fo)(8) 21— - 57 051+ (S, 8)) > 1 - <

(h(S) +e€).
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Theorem 3.3.3. Let S C V be a subset of the vertex set such that the subgraph
induced by S s e-consistent. Let xs be some connection characteristic function for
S that is consistent with some spanning subtree T' of S. For each vertex v € S,
define xo : V. — R by x,(v) = xs(v) and x,(u) = 0 for u # v. Then for any
a € (0,1], there is a subset S, C S with volume vol(S,) > vol(S)/2 such that for
any vertex v € Sy, the PageRank vector pr(a, x,) satisfies

pr(a, () > 1 - 2MIED

Proof. Let v be a vertex of S chosen randomly from the distribution given by fs of
the previous result. Define the random variable X = pr(a, x,)(S) and note that the
definition of PageRank and linearity of expectation implies that E[X] = pr(a, fs).

Therefore, by the preceding result,

Define

Then Markov’s inequality implies

Prlv € S,] < Pr[X > 2F[X]] <

DN | —

Therefore Prlv € S,] > 3, so vol(S,) > 3 vol(S).

3.3.2 A Local Partitioning Algorithm

We will follow ideas from [6] to produce an analogue of the Sharp Drop
Lemma. Given any function p : V' — R9, define ¢®) : V — R? by ¢P)(u) = p(u)/d,
for all u € V. Order the vertices such that [|¢® (v1)|| > [|¢® (vo)|| > --- >

1¢"?) (v,)|. Define S; = {vy,...,v;}. The following lemma will be the basis of our

algorithm.

Lemma 3.3.4 (Sharp Drop Lemma). Let v € V(G) and let p = pr(a, x,) for some
a € (0,1), let ¢ = ¢ and let ¢ € (0,1) be a real number. Then for any index



J € [1,n], either S; satisfies
h(S;) < 29,

or there exists some index k > j such that

2a

vol(S1) 2 vol(7)(1 +96) and o) 2 late)l = 5 e

Proof. Let S C V be a subset of the vertex set that contains v. We have

PZ(S) =Y _ |IpZ(u)|

= 3| 3pt + gonco

<3 (Sl + T[S awo. )

<3 ( S+ X% Hq(v)H)

=122 le@l = > (la@l — lla@)ll)
et

—p(S) =5 S ()l - ).

(u,v)€E(S,S)

Since p = pr(a, x,), we have that p satisfies pZ = ay, + (1 — a)pZ, therefore

1

IpZ(w)]| = ——

Ip(w) = exeo(u) | = [Ip(u)]| = afxu(w)]]

for any u. Therefore

pZ(S) > p(S) — .

Combining these, we see that

S (la(w)] — llgw)]) < 2a

(u,w)EE(S,S)

Now we will consider S;. If vol(S;)(1 + ¢) > vol(G), then

|E(S;,5;)| < vol(S;) < vol(G) (1 + ﬁ) < ¢vol(S;)

52

(3.1)
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and the result holds. Assume vol(S;)(1+ ¢) < vol(G). Then there exists a unique
index k > 7 such that

VOl(Skfl) S VOI(Sj)(l + ¢) S VOI(Sk)

If e(S;, S;) < 2¢vol(S;), then we are done. If e(S;,S;) > 2¢ vol(S;), then we note

that we can also get a lower bound on e(S;, S;_1), namely
B(Sj, Sk:—l) 2 6(5]', S]) — VOl(Sk_l \ S]) Z 2¢VOI(S]) — ¢V01(Sj) = d)VOl(Sj).
Therefore, by equation (3.1)

20> Y (la@l — lla)I)

(u,’l})EE(Sj,Sj)

> > (la@)ll = llg(w)l)

(u,v)GE(S’j,Sk,l)
> e(S;, Se—1)(la(v)|l = lla(ww)ll)
> ¢ vol(S;)([lq(w;) |l — lla(vr) D).

This implies that ||¢(v;)|| — |l¢(vi)| < 2a/@vol(S;), and the result follows.
[

For our algorithm, we will employ the algorithm ApproximatePR from Chap-
ter 2 to compute an approximate connection PageRank vector. We note that if
p is the approximate connection PageRank vector resulting form ApproximatePR,

then )
D] o [lpr(e, xo) ()]
d, dy

for all u.
We are now ready to present the algorithm ConnectionPartition that utilizes

PageRank vectors to come up with an e-consistent subset of small Cheeger ratio.

Theorem 3.3.5. Suppose G is a connection graph with a subset C' such that
vol(C) < 3vol(G), and h(C) < /64y with o as chosen in the algorithm. As-
sume further that C' is e-consistent for some € < h(C). Let

24(0)+9},

C, = {’U € C :pr(a, x,)(0) < -
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ConnectionPartition(v, ¢, x):
The input into the algorithm is a vertex v € V', a target Cheeger ratio

¢ € (0,1), and a target volume z € [0, 2m].

1. Set vy =3+ S £ where m is the number of edges, a = g,
and 0 = 161%:‘

2. Compute p = ApproximatePR(v, o, ) (which approximates
pr(e, Xv))-
Set q(u) = p(u)/d, for each u and order the vertices vy, ..., v, S0
that [|q(v1)| > [lg(v2)|| > -+ > |lq(v,)|| and for each j € [1,n] define
S; =A{v1,...,v;}.

1

3. Choose a starting index ko such that ||q(vk,)|| > ——5—-
7y vol(Skq)

If no such starting vertex exists, output Fail: No starting vertex.

4. While the algorithm is running;:

(a) If (1 + @) vol(Sk,) > vol(G), output Fail: No cut found.

(b) Otherwise, let k; ;1 be the smallest index such that
vol(Sk,.,) = (14 ¢) vol(Sk,).

<C> If HQ<vki+1)H < HQ(UICZ)
and quit.

— 2a/¢vol(Sk,), then output S = Sy,

Otherwise repeat the loop.
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Then forv € C,, ¢ < 1, and x > vol(C'), the algorithm ConnectionPartition outputs
a set S satisfying the following properties:

1. h(S) < 2¢.
2. vol(S) < (2/3) vol(G).
3. vol(SNC) > (3/4) vol(S).
Proof.
Claim 3.3.6. There exist an index j such that ||q(v;)|| > W

Proof. Suppose that ||g(v;)] < 'yvol Vol for every index j. Since v € C,, € < h(C),
and h(C) < /64~ then we know that

p(C) > pr(a, x,)(C) — dvol(C)
~ 2(h(C) +¢) 1

>1 — 1(C
- « 16fyxvo( )
> b1

- 16y 167

B 1

= 5

since x > vol(C).

On the other hand, under our assumption,

p(C) <p(V) = Z lp(va)ll = Z lg(vi) |,

d,,
< Z ”yvol(Sj)

131
_;_

\g
PT‘

Putting these together, we have
2m
1 1 1
1l——< - —.

With the choice of v = l + Ziml ,lc as in the algorithm, this yields a contradiction.

Therefore there exists some index j with ||g(v;)|| > W and the claim is proved.
[
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It follows from Claim 3.3.6, that the algorithm will not fail to find a starting

vertex.

Let k¢ be the final vertex considered by the algorithm.

Claim 3.3.7. If ko, ..., ks 1s a sequence of vertices satisfying both

d ||Q(Ukz+1>|| > ||q(vk1) - ¢>v021215ki)

o vol(Sk,,,) > (1 + ¢)vol(S,)

then
4o
> _——.
otk > ko)l = i
Proof. We note that vol(Sk,,,) > (14 ¢)" vol(Sk,), and so we have
2 2 2a
E > Nla(ko)ll — — =
Nl = ool = Gai(s) ~ dvel(se) " avollS,, )
2cv 1 1
> k - (14— —4+ o —
2 Il = g, ( v T (1+¢>f—1>
20 1+ ¢
> |lg(ko)|| —
> kol = S5
4o
> |lg(ko)|| — 5——5—
> ko)l = o
and the claim follows. ]

Now we will use this claim, the choice of a = ¢?/87, and the condition on

the starting vertex ||g(ko)|| > 1/~ vol(Sk,) to obtain a lower bound on ||q(k;)||,

4o
S ™
laCk)ll = llaCkolll = Z5300 5
1 1
> _
— yvol(Sk,) 27y vol(Sk,)

> —1 .
~ 2y vol(Sk,)

As in the proof of Claim 3.3.6, we have that p(C) > 1 — %, and therefore
p(C) < 5 )
p(C)

Now observe that vol(Sy, N C) < ekl This follows since
f

lg(kp)lvol(Se, NCY = >~ llatkp)ldo < Y Nla()lldu <> lIp()]| = p(C).

veskfmé veskfmC‘ vel
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Thus

-~ _ p(0)
Vol 1) = i)
- 27y vol(Sk;)

< 5
1
= Z VOl(Skf).
Therefore vol(Sy,) < vol(C) + vol(Sg, N C) < vol(C) + ; vol(Sy,), implying that
vol(S,) < 3 vol(C). Using that fact that vol(C) < 3 vol(G),

vol(G)
1+¢°

This last step follows under the assumption that ¢ < 1/2. We can do this without

4 2
vol(Sk,) < gvol(C’) < gvol(G) <

loss of generality since the guarantee on h(S) in the theorem is trivial for ¢ > 1/2.

The above shows that the algorithm will not experience a failure due to the
volume becoming too large, and we have seen that conditions (2) and (3) will be
satisfied by the output.

Finally, to show condition (1), we apply the Sharp Drop Lemma. We
know that kj is the smallest index such that vol(Sk,41) > (1 + ¢)vol(Sk,), and
lq(vr, 1) < llg(vk,) || — 20/ @ vol(S,). Therefore the Sharp Drop Lemma guaran-
tees that h(Sk,) < 2¢, and the proof is complete.

0

Theorem 3.3.8. The running time for the algorithm ConnectionPartition is

2
O <d2x loi2m> .

Proof. The running time is dominated by the computation of the PageRank vector.

According to Theorem ??. the running time for this is O ( ) In the algorithm,
and vy = +Ziml z = O(logm). Therefore v = O( )

logm

we have o = 5, 0= 167.@7

and § = O(Ilolgm). Therefore the running time is as claimed.

O
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Chapter 4

Non-backtracking Random Walks
on Graphs

4.1 Non-backtracking Random Walks

Recall that a random walk on a graph is a sequence (vg, vy, ..., vy ) of vertices
v; € V where v; is chosen uniformly at random among the neighbors of v; ;.
Random walks on graphs are well-studied, and considerable literature exists about
them. See in particular [14] and [38] for good surveys, especially in the use of
spectral techniques in studying random walks on graphs.

A random walk on a graph G is a Markov process with transition probabil-
ity matrix P = D™'A, where A denotes the adjacency matrix of G, and D is the
diagonal matrix whose diagonal entries are the degrees of the vertices of G. Given
any starting probability distribution fy on the vertex set V', the resulting proba-
bility distribution f; after applying k& random walk steps is given by f, = foP*.
Here we are considering fy and f; as row vectors in R"™.

A non-backtracking random walk on G is a sequence (vg, vy, ..., Vg ) of vertices
v; € V where v;,; is chosen randomly among the neighbors of v; such that v; | #
vi_q for © = 1,...,k — 1. In other words, a non-backtracking random walk is a
random walk in which a step is not allowed to go back to the immediately previous

state. A non-backtracking random walk on a graph is not a Markov chain since, in

29
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any given state, we need to remember the previous step in order to take the next
step.

Define P%*) to be the n x n transition probability matrix for a k-step non-
backtracking random walk on the vertices. That is P*)(u,v) is the probability
that a non-backtracking random walk starting at vertex w ends up at vertex v
after k steps. Note that P() = P where P = D~ 'A is the transition matrix
for an ordinary random walk on G. However, P*) is not simply P* since a non-
backtracking random walk is not a Markov chain.

The focus of this chapter will be to analyze various aspects of non-backtracking
random walks in comparison to ordinary random walks. In particular, we will com-
pare the mixing rate for a non-backtracking random walk to a classical random
walk. This problem was addressed for regular graphs in [3]. Their main result is
that, in many case, a the mixing rate for a non-backtracking random walk is faster
than for an ordinary random walk. Their proof involves the enumeration of non-
backtracking walks on a graph via a recurrence relation involving the adjacency
matrix. They thus obtain an expression for the transition probability matrix for
a non-backtracking random walk as a polynomial in the adjacency matrix of the
graph. In this way, they analyze directly the mixing rate. We will take a different
approach, viewing the problem in terms of walks along edges of the graph, and
give an alternate proof of the result on regular graphs in [3], and generalize the
result to a wider class of graphs. In the final section, we will review the classical

Pélya’s Theorem for random walk on grids, and give a non-backtracking version.

4.1.1 Walks on Directed Edges

The difficulty in the analysis of non-backtracking random walks is that this
process is not a Markov chain, making the k step transition probability matrix
harder to determine. However, this process can be turned into a Markov chain by
replacing each edge in E with two directed edges (one in each direction), and given
a state at a directed edge (u,v), choose the next state uniformly among directed

edges (v, x) where x # u. Denote the set of directed edges with ﬁ The transition
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probability matrix for this process we will call P. Observe that

L ifv=xandy #u

P((u,v), (z,y)) = *
0 otherwise.

Note that P is a 2m x 2m matrix. Note also that P* is the transition matrix for

a walk with k steps on the directed edges.

Lemma 4.1.1. Given any graph G, the matriz P as defined above is doubly

stochastic.

Proof. Observe first that the rows of the matrix P sum to 1, as it is a transition
probability matrix. In addition, the columns of P sum to 1. To see this, consider
the column indexed by the directed edge (u,v). The entry of this column corre-
sponding to the row indexed by (z,y) is dy+1 if y=wu and if v # z. Since y = u

this is equal to ﬁ. Otherwise, the entry is 0. Thus the column sum is

as claimed. O

Define the distribution 7 : ﬁ — R by
1
vol(G)

where 1 is the vector of length 2m with each entry equal to 1.

T =

Proposition 4.1.2. Let fo : B — R be any distribution on the directed edges of

G. If the matrix P is irreducible and aperiodic, then

as k — 0.

Proof. Tt follows from Lemma 1 that 7 is a stationary distribution for P. This

follows because, since the columns of P sum to 1, we have
7P = 7.
Therefore, if the sequence foﬁ’“ converges, it must converge to 7. Now, P being

irreducible and aperiodic are precisely the conditions for this to converge. O]



62

Let f be a probability distribution on the vertices of G. Then f can be

turned into a distribution f on E as follows. Define

1
Flw,0)) = f(w).
Conversely, given a distribution ¢ on E, define a distribution g on the vertices by

g(w) = Y ilu,v).
(u,v)Eﬁ

Thus, given any starting distribution fy : V' — R on the vertex set of
G, we can compute the distribution after £ non-backtracking random walk steps
fr : V — R as follows. First compute the distribution fo on the directed edges as
above, then compute f, = foP*, then f; is given by fi(u) = Y o fi(u,v). The
following proposition tells us that this converges to the same stationary distribution

as an ordinary random walk on a graph.

Proposition 4.1.3. Given a graph G and a starting distribution fo : V. — R on
the vertices of G, define fr, = foP® to be the distribution on the vertices after
k non-backtracking random walk steps. Define the distribution m : V. — R by
— _dy
m(v) = Vol(G)
walk on G ). Then if the matriz P is irreducible and aperiodic, then for any starting

(note that this is the stationary distribution for an ordinary random

distribution fo on V', we have
fr — mas k — .

Proof. As described above, take the distribution fy on vertices to the correspond-
ing distribution fy on directed edges. Then define f, = foP*. Then by the

1 J—
Vel and observe that 7(u) =

Y o vo+(G) = o T((u,v)). So pulling the distribution 7 on directed edges back

to a distribution on the vertices yields . Thus the result follows. O]

proposition above, f;. converges to 7. Now 7 =

Definition 4.1.4. The y-squared distance for measuring convergence of a random
walk is defined by

1/2

A/(t> — max Z ([N)t(yvm) — 77'(1’))2

vev@) \ S w(z)
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Notice that since 7 = 1/ vol(G),
A'(8)? = max = |6, P = P
y 2m' Y
1 _
— _ - Pt 2
max 5 (x, ~ )P

Theorem 4.1.5. Let jiy = 1, iy, ... ptom be the eigenvalues of P. Then the con-
vergence rate for the non-backtracking random walk with respect to the x-squared

distance is bounded above by max;q |p|.

Proof. We have
1 ~
AN (t)? = — —7)PY%
(1) = max | (x, — ) P'|
Observe that x, — 7 is orthogonal 7, which is the eigenvector for iy, so we see that
A'() < = max |l
—om Al T

Therefore,

lim (A'(#)" < max |

t—o00

4.1.2 The Directed Laplacian

The transition probability matrix P for the walk on directed edges can be
thought of as a transition matrix for a random walk on a directed line graph of
the graph G. In this way, theory for random walks on directed graphs can be
applied to analyze non-backtracking random walks. Random walks on directed
graphs have been studied by Chung in [13] by way of a directed version of the
normalized graph Laplacian matrix. In [13], the Laplacian for a directed graph is
defined as follows. Let P be the transition probability matrix for a random walk
on the directed graph, and let ¢ be its Perron vector, that is, ¢P = ¢. Then
let ® be the diagonal matrix with the entries of ¢ along the diagonal. Then the
Laplacian for the directed graph is defined as

@1/2P(I)71/2 + (1)71/2P*q)1/2
— 5 .

L=1
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This produces a symmetric matrix that thus has real eigenvalues. Those eigenval-
ues are then related to the convergence rate of a random walk on the directed graph.
In particular, the convergence rate is bounded above by 2A;!(—logmin, ¢(z)),
where \; is the second smallest eigenvalue of £ (see Theorem 7 of [13]).

Applying this now to non-backtracking random walks, define P as before.
Then as seen above, ¢ is the constant vector with ¢(v) = 1/ vol(G) for all v. Then
the directed Laplacian for a non-backtracking walk becomes

. P+ pr

‘C:[Qm: 9 .

Then Theorem 1 of [13], applied to the matrix £ as defined, gives the Rayleigh
quotient for a function f : ﬁ — C by

% (Z) (f(% U) - f(v,w))2 p((uvv)> <U>w))
B B f*»CNf B l(u,v)e (G) i;”u
R =57 =3 > w0y

(u0)EE(Q)

From this it is clear that £ is positive semidefinite with smallest eigenvalue \g = 0.
If0=MX <A <--- < Ay are the eigenvalues of £~, then Theorem 7 from [13]
implies that the convergence rate for the corresponding random walk is bounded

above by
2log vol(G)

At
We remark that for an ordinary random walk on an undirected graph G,
the convergence rate is also on the order of 1/A;(L), where £ now denotes the
normalized Laplacian of the undirected graph G. Note that
M(L)= inf R(f)

F£:V(G)—=R
f1lD1

ZuveE(G)<f(u) - f(“))Q

where R(f) = denotes the Rayleigh quotient with respect
E:vGV(G)f(U)2dv
to £, and
M(L) = _inf  R(f)
FE@)—=R
f11

with R given above.
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The following result shows that the Laplacian bound does not give an im-

provement for non-backtracking random walks over ordinary random walks.

Proposition 4.1.6. Let G be any graph, and let L be the normalized graph Lapla-

cian and L the non-backtracking Laplacian defined above. Then we have

M(L) < M(L).

Proof. Let f : V(G) — R be the function orthogonal to D1 that achieves the

minimum in the Rayleigh quotient for £. So

Y wer) (W) = f (v))Q‘

2 Sy =0 and ML) = =57 ey

veV(G)

Define f': E SR by f'(u,v) = f(u). Observe that
Z f'(u,v) = Z flu) = Z f(u)d, = 0.
(u)€E (G) () E(G) ueV(G)

So f’ is orthogonal to 1. Therefore

E Z (f’(u,"u) - f’(v,w))2 P((u,v),(v,w))

1 (uv)eE(G) g;vu)

2 >, f'(u,v)?
(u0)E€B(Q)
> Y () = f0) i
1 (u,v) (v,w)
_ L wH#u
2

> f(w)?
(w0)

ueV(G)
{ }EE(G)(JC(U)—JC(UD2
STy fpa, U
ueV(G)
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4.2 A Weighted Thara’s Theorem

4.2.1 TIhara’s Theorem

The transition probability matrix P defined above is a weighted version of
an important matrix that comes up in the study of zeta functions on finite graphs.
We define B to be the 2m x 2m matrix with rows and columns indexed by the set

of directed edges of G as follows.

1 ifv=zandy#u
B((u,v), (x,y)) =
0 otherwise.

The matrix B can be thought of as a non-backtracking edge adjacency ma-
trix, and the entries of B¥ describe the number of non-backtracking walks of length
k from one directed edge to another, in the same way that the entries of powers of
the adjacency matrix, A*, count the number of walks of length k& from one vertex
to another. The expression det(I — uB) is closely related to zeta functions on
finite graphs which. A result known as Thara’s Theorem further relates such zeta
functions to a determinant expression involving the adjacency matrix. While we
will not go into zeta functions on finite graphs in this paper, the following result

equivalent to Thara’s theorem will be of interest to us.

Thara’s Theorem. For a graph GG, let B be the matrix defined above, let A denote
the adjacency matrix, D the diagonal degree matrix, and I the identity. Then

det(I —uB) = (1 —u?)™ " det(I — uA +u*(D —I)).

Numerous proofs of this result exist in the literature. We remark that the
expressions det(/ — uB) is the characteristic polynomial of B evaluated at 1/u. In
this way the complete spectrum of the matrix B is given by the reciprocals of the

roots of the polynomial (1 — u?)™ " det(I — uA + u*(D — I)).

4.2.2 A Weighted Thara’s Theorem

In this section, we will follow the main ideas of the proof of Thara’s theorem

found in [35] to try to obtain a weighted version of this result.
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To each vertex x € V(G) we assign a weight w(z) # 0, and let W be the
n x n diagonal matrix given by W(z,z) = w(x). Now define S to be the 2m x n
matrix whose rows are indexed by the directed edges of G and whose columns are
indexed by the vertices of GG, given by
1 ifv==z

S((u,v),x) =

0 otherwise

and define S = SW. So S is the endpoint incidence operator, and S is the weighted
version of S. Define T' to be the n X 2m matrix given by
1 ifu==x

T(x,(u,v)) =
0 otherwise

and define T = WT. So T is the starting point incidence operator. We will also
define 7 to be the 2m x 2m matrix giving the reversal operator that switches a

directed edge with its opposite. That is,
1 ifb=ca=d
7((a,0), (c,d)) =

0 otherwise

and define 7 to be the weighted version of 7, that is

wb)? ifb=ca=d
%((avb)7(c’ d)) = ( )

0 otherwise

Finally, define the 2m x 2m matrix P by

: wb)? ifb=ca#d
P((a,b),(c,d)) = (b) +

0 otherwise.
We remark that if we take w(z) = 1/v/d, — 1 for each z € V(G), then P is
exactly the transition probability matrix for a non-backtracking random walk on
the directed edges of G.

Now, a straightforward computation verifies that
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P=ST—*% (4.1)
and
TS = WAW. (4.2)
We will define A = WAW.
From (4.1) and (4.2) we obtain the following equations.
(I —uP)(I —uf) =1—uST 4+ u2ST7 — u*7? (4.3)
(I —uf)(I —uP) =1—uST 4 u?75T — u*7? (4.4)

We define D to be the diagonal n x n matrix D(z,z) = >, w(z)*w(v)?
and observe that T7S = D. Tt then follows that

((1 — uP)(I — uF) + u27~'2> § =3 (1 —uA+ u2f)> (4.5)

T ((1 —uA) (I — uP) + u2%2> (I Yy u2D) T (4.6)

Remark. In the proof in [35], they use T rather than 7, and 72 = I, so that
S and T will factor through 72, so that the u?7? term stays on the right hand
side of the above equations. Here we have 72 is a 2m x 2m diagonal matrix with
72((u,v), (u,v)) = w(u)*w(v)?. This difference from [35] is one of the primary
difficulties in generalizing this result.

We will now perform a change of basis to see how the operator (I —uP)(I —
uT) + u?7% behaves with respect to the decomposition of the space of functions
f ﬁ — C as the direct sum of Image S and Ker ST. To this end, fix any basis
of the subspace Ker S, and let R be the 2m x (2m — n) matrix whose columns
are the vectors of that basis (note that S has rank n). Define M = [S R]. This
will be our change of basis matrix. To obtain the inverse of M, form the matrix

(STS)18T

and observe that

(RTR)~'RT
(STS)~18T | r. (8TS)~18TS  (STS)"'STR I, 0
[S R] - . _ .
(RTR)~'R” (RTR)'RTS (RTR)'RTR| |0 Iy .
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» (ng)—lgT
Therefore we have that M~ = .
(RTR)"'RT
Applying this change of basis, direct computation, applying (4.3) and (4.5),
yields
STS)~18T . N
(575) ((1 —uP)(I —uF) + u2%2> [5 R}
(RTR)™'RT

~ . . ~ (4.7)
I —uA+u’D —uTR+u*TTR

0 I

Thus, a weighted form of Thara’s Theorem can be stated as follows.

Theorem 4.2.1. Given a graph G and a positive weight w(zx) > 0 assigned to each

vertex x, then with P, 7, A, and D as defined above, we have

det ((I —uP)(I —uf) + u2%2> = det(I — uA + u2D).

4.2.3 Regular Graphs

Applying the results of the previous section to regular graphs yields a dif-
ferent proof of the results from [3] on the mixing rate of non-backtracking random
walks on regular graphs.

Let G be a regular graph where each vertex has degree d. Then choosing
w(z) = 1/y/d—1 for all x yields gives us that P is the transition probability matrix
for the non-backtracking random walk on G. We remark that, from the previous
section, we have 7 = ﬁT, 72 = ﬁ], A= ﬁA, and D = ﬁ]. Therefore,
the decomposition in (4.7) becomes
I— A2 .

0 (1- 2551

Noting that 7 can be thought of as block diagonal with m blocks of the
form [ ! t/(d=1)

1/(d—1) 0

R U,2 m ug 2m—n u uQ

(I —uP)(I — uf) ~

] , then taking determinants, we find that
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and hence

daU—uPy:(I—(dﬁ1>ﬁmﬂjg(1—dilu+dilﬁ)

where the product ranges over all the eigenvalues A of the adjacency matrix A. As

remarked above, det(] — uP) is the characteristic polynomial of P evaluated at

1/u, so setting this to zero and taking reciprocals, we see that the eigenvalues of

1 A+ /A —4(d-1)
+

d—1’ 2(d—1)
for A ranging over the eigenvalues of A and +1/(d — 1) each having multiplicity

Aq/A2=4(d—1)

2(d—1)

P are

m — n. We remark that the expression is precisely the expression
derived by Alon et al. in [3] for the mixing rate of a non-backtracking random
walk on a regular graph, and we may proceed with the analysis of the convergence
rate in the same way they do. The convergence rate is given by the second largest
eigenvalue of P, which will be obtained setting A to be the second largest eigenvalue

of A. Let u be this eigenvalue. Note that for 2¢/d — 1 < A < d we have

A A /N —4d—1) A
< <Z.
2(d — 1) 2(d — 1) ~d

For A < 2v/d — 1, p is complex, and we obtain
5 2
B A n Add—-1)—=A\ 1
\2(d—-1) 2(d — 1) S d-1
so || = .

We remark that in this case that A < 2v/d — 1, a classic result of Nilli ([40])

N —4(d—1)
2(d— 1)

ul* =

related to the Alon-Boppana Theorem implies that we are never too far below
this bound. Indeed, the result states that if GG is d-regular with diameter at least

2(k+1), then A > 2v/d—1— Q—ngr}_l. We can thus state the result from [3].

Theorem 4.2.2. Let G be a non-bipartite, connected d-reqular graph on n vertices
ford > 3, and let p and p denote the mizing rates of simple and non-backtracking
random walk on G, respectively. Let X\ be the second largest eigenvalue of the

adjacency matriz of G in absolute value.
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If A\ > 2v/d—1, then

Py
2(d—1) = p —

If X< 2V/d—1 and d = n°Y, then

d
= m + 0(1).

T ™

4.2.4 Biregular Graphs

A graph G is called (¢, d)-biregular if it is bipartite and each vertex in one

part of the bipartition has degree ¢, and each vertex of the other part has degree

d. In the weighted Thara’s Theorem, we have 72((u,v), (u,v) = m, S0 in

the case where G is (c,d)-biregular, then we have 72 = ml . So since 72 is
a multiple of the identity, as with regular graphs, in the decomposition (4.7), the

1272 term can be taken to the other side of the equation. Note that D is diagonal

. ~ o 1 _ c : d 1
with D(u,u) = >, @@ = D@D if u has degree ¢, or TDE@D if

has degree d. Then D — 72 is diagonal with entry o@D (C_l)l( = - or

(6_1)?( sy (0_1)1( eyl ﬁ Hence the decomposition (4.7) becomes

(I — uP)(I—u7) ~

[ 0 M
I —u ¢
L pmT 0

where A =
MT 0
Note that 7 is similar to a block diagonal matrix with blocks of the form

0 M|, : :
is the adjacency matrix of G.

0 1/(c—1) . . :
, so taking the determinant above we obtain
1/(d—1) 0

det(I — uP) (1 - #(Qd—my _ (1 B %)zm_n
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SO

(1+35) 1 M

u T u?
Mt (1 20
in the bipartition of G has size r, and the second part has size s, where without

We will look at the matrix . Suppose the first part

loss of generality, r > s. By row reduction, this has the same determinant as the

matrix
(1 - d“%) I w M

c—1
1

u? o u? T
0 (1 - c—l) 1 1+% (c—l)(d—l)M M

which is

w? \" u? 1 1
1 1 I— MTM
(1+75) det(( ) T Eevaey )

_ (qufl)rsdet«chfl) (1+d7”f1)1— (c—1;b(2d—1)MTM>‘

Now, the above determinant is given by the product of the eigenvalues of

the matrix. Observe that if A is an eigenvalue of the adjacency matrix A, then \2

is an eigenvalue of M7 M. Therefore, in all we have

delt by = (1 - #(Zd—l)ym <1 * dlfly_s
xl:[<(1+cii 1) <1+du_ ) - (C—i\)?d—U)

where the product ranges over the s largest eigenvalues of A (or in other words,

A% ranges of the s eigenvalues of M7 M). Therefore the characteristic polynomial

is given by

xl:[ <(U2+ci1> <u2+di1) - (c_?)zbd_l))
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1
(e—1)(d—-1)
multiplicity m —n each, + \/dlii with multiplicity » — s each, as well as the 4 roots

Thus we can explicitly obtain the eigenvalues of P which are + with

of the polynomial

u4+< S Y )uM;
(c—=1) (d—1) (c—1)(d—-1) (c—=1)(d—1)

for each of the s values of A\. These roots are

i\/)@—(c—l)—(d—l)i\/()\2—(c—1)—(d—1))2—4(c—1)(d—1)
2(c— 1)(d— 1)

. (4.8)

We next ask how these eigenvalues compare to the eigenvalues of P =

0 m
D7 1A= ¢ |. Note that for A an eigenvalue of A, we have
ipvT 0
d
0 M| |x x
=A
MT 0| |y Yy

which implies My = Ax and M7z = \y. Then observe

0 %M %x B ﬁ]\/[y A \/igx
MT 0 | |2yl | M e Ved [ Lyl
d vay ayett b vay

so the eigenvalues of P are \/v/cd where ) ranges over the eigenvalues of A. Note
that the largest eigenvalue of A is v/ed.

Let p equal the expression (4.8) taking the + signs. So p is the second
largest (in modulus) eigenvalue not of modulus 1. Note that the value of A at which
w transitions from real to complex is A = \/(c ~ D+ d-1)+2/(c-1)(d-1) =
Ve —14+/d — 1. Thus, consider the following cases.

If Ve—1++vd—1<\<+ed, then p is real. Direct computation verifies
that, evaluating the expression (4.8) at A\ = Ved yields p = 1 = \/Ved and
w<A/ Ved for X in this range. Therefore, in this case the eigenvalue of P always

has smaller absolute value than the corresponding eigenvalue of P.

If A\ < Vc—1++/d—1, then p is complex, and direct computation shows,

for any A in this range,
1

(c=1)(d—1)

uf® =
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SO
1

M= ey

A version of the Alon-Boppana Theorem exists for (¢, d)-biregular graphs

as well, proven by Feng and Li in [22] (see also [37]).
Theorem 4.2.3 ([22]). Let G be a (c,d)-biregular graph, and let X be the second
largest eigenvalue of the adjacency matriz A of G. Then

20/ (c—D(d—1) -1
K

2
N> (VemT+Vd=1) -

where the diameter of G is greater than 2(k + 1).
We can now give a version of Theorem 4.2.2 for (¢, d)-biregular graphs.

Theorem 4.2.4. Let G be a (c,d)-bireqular graph with ¢,d > 2. Let p = \?/cd be
the square of the second largest eigenvalue of the transition probability matriz P for
a random walk on G, and let p = |u|* be the square of the second largest modulus of
an eigenvalue of P. Let X be the second largest eigenvalue of the adjacency matriz

of G. Then we have the following cases.
If X > Vc—1++d—1, then

cd 1 c—1+d—-1 Sl—)ﬁl-
2(c—1)(d—1) c—142y/(c—=1)d=-1)+d—1 p
If A< e—14+vd—1 and both ¢ and d are n°Y, then

cd
2(c—1)(d—1)

+o(1).

2 <

p
Proof. For the first case, for the upper bound, we already remarked above that
w<A\ Ved implying 5 < p. The lower bound follows from 4.8 ignoring the square
root inside.

For the second case, observe that certainly the diameter is at least log,.;n,

so that the condition on the degrees and Theorem 4.2.3 imply that

M >2¢/(c—1)(d—1)(1—o(1)).

1

——=—=— 50 this gives the result. []
(c—1)(d—1)

We remarked above that in this case, |u|* =
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4.3 A Non-backtracking Pdlya’s Theorem

4.3.1 Podlya’s Theorem

We will now turn our attention to infinite graphs. Suppose G is a graph
with infinitely many vertices. Consider a random walk on G starting at some initial
vertex vy. The random walk on G is called recurrent if the probability that the
walk eventually returns to vy is 1. If this probability is less than one, the random
walk is called transient. A famous result on recurrence and transience is referred

to as Pdélya’s Theorem.

Theorem 4.3.1 (Pélya’s Theorem). A random walk on the infinite grid Z2 is

recurrent for d = 1,2 and transient for d > 3.

Polya’s Theorem is well know, and numerous proofs exist in the literature.
See for example [46]. The goal of this section will be to obtain a non-backtracking
version for the case d = 2. We remark that for the d = 1 case, a non-backtracking
walk on Z is clearly transient, as a walk returning to its starting vertex on Z
requires backtracking.

Let p(t) denote the probability that a walk returns to its starting vertex
after t steps. The key to the proof of Pdlya’s Theorem is to investigate the series

of p(t).

Proposition 4.3.2 (Theorem 1.2 in [46]). If the sum

> ()

15 convergent, then the random walk is transient. Otherwise, it is recurrent.

Therefore, to prove recurrence or transience of a random walk, one approach
is to enumerate the total number of walks of length ¢ on the graph, and enumerate
the total number of walks of length ¢ that return to the initial vertex at step ¢,

then from this obtain the probability p(t), and analyze the series. For the grid Z¢,

< __
(ﬂ't)d/2 9

With this in mind, we will start by enumerating the total number of closed

it turns out that p(t) ~ (see [46]), and from this, Pélya’s Theorem follows.

non-backtracking walks of a given length.
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4.3.2 Non-backtracking Walks on Infinite Regular Graphs

We consider the matrix A® = A®)(G) by defining A® (u,v) to be the
number of non-backtracking walks of length k from vertex u to vertex v. As

described in [3], the matrices A®) satisfy the recurrence
AN = A
AP =4A2-D
Ak+2) = AAGRFD) (D — [)AR)

where A denotes the adjacency matrix of G. For convenience we will define A =

I. Define the generating function

Flz)=Y A®gk

W

B
Il

0

then from this recurrence we can determine the generating function
F(z)=(1—a®) (I -2A+2*D-1))".

Expanding this as a geometric sum, we obtain

o0

F(z)=(1-2")) (A—(D- D) 2"

k=0
Now, if G is d-regular, then D — I = (d —1)I, and the above can be further
expanded, yielding

oo k
F — (1 — 2 —1)* d_lek—z k—i—z'
@ ==Y (F)a-va
Thus, a general formula for A™ can be obtained by extracting the 2" coefficient.

AW =[2"]F(x)
/2]

= ZO (=1) (" . Z) (d—1)'Am2
_ Lngiu(—l)i(n _Z' — 2) (d— 1)iAn2-2
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Therefore, the number of non-backtracking random walks of length n from a vertex

u to a vertex v in a regular graph can be expressed explicitly as

2l -
A<”>(u,u)_Z(—1y< , )(d—l)’A"‘QZ(u,U)

im/2-1] - (4.9)
-y <—1>’(”‘2.‘ )<d_1mn—%—2(u,v>,

, 1
=0
We remark that the expression A*(u,v) is simply the total number of walks of

length k& from u to v, so we have expressed the number of non-backtracking walks

in terms of the total number of walks.

4.3.3 The Infinite Grid Z2

In this section, we will use the above tools to obtain a non-backtracking

version of Pélya’s Random Walk Theorem for the two-dimensional grid Z2.

Lemma 4.3.3 ((1.68) in [46]). The total number of closed walks of length 2n from

a vertex to itself in Z2 is (2:)2.

We therefore know that, if A is the adjacency operator on Z2, then any
diagonal entry of A" is (2:)2. Thus if we wish to count the number of closed
non-backtracking walks of length 2n on Z? from a vertex to itself, then by way of

(4.9), setting d = 4 since Z? is 4-regular, we obtain the diagonal entry of A",

Proposition 4.3.4. The total number of closed non-backtracking walks of length

2n from a vertex to itself in Z* is
Z”:( gy (2 =) (2 =2 2 "Z‘i( gy i %) (=22 2
: i n—i : i n—i1—1 )"
=0 =0

Changing the indices, this can alternatively be expressed as

S () () S () ()

k=0 =0
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. kY 2K\
It so happens that the expression Z(—S)”_k (n;]; ) ( k) shows up in
k=0

the study of the central trinomial coefficients, T,, which are defined to be the

largest coefficient in the expansion of (1 + x + z?)". Formally, that is
T, = [#"](1 4+ x + 2"
From the definition, one can derive the formula

ne 3 () ()

k=0

In a paper of Zhi-Wei Sun ([51]), it is proven that 7T, satisfy the following

relationship with the above sum.
Lemma 4.3.5 (Lemma 4.1 of [51]). For any n € N we have

7 Z (n 2+1<; k:) (2:)2 3y

k=0
From this we obtain an expression for the number of closed walks from a

vertex to itself on Z? in terms of the squares of the central trinomial coefficients.
Corollary 4.3.6. For any n € N and any vertex v € Z?, we have
AP (y v) =T2 -T2,
The asymptotics of the numbers 7, are investigated in [56].
Lemma 4.3.7 ([56]). The asymptotics for the numbers T,, are given by

V3 3 1
T, = O (S ).
" 2\/n7r3 ( 16n O (n2)>

Corollary 4.3.8. Asymptotically, the number of closed non-backtracking walks

from a vertex to itself on the grid 7?2 is given by

A(Zn) (U,’U) ~ 1321171.
m™wn
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Proof. Using Corollary 4.3.6 and Lemma 4.3.7, we have

AP =T2 T2
3 2n 1 3 2n—2 1
-2 1 ) ) - —2 1 Z
(10 () —mar e (ee (3)
U 2T ., 1
= T 1)° (”O(n>>

)
™ n

and the result follows. O

We are now ready to give a non-backtracking version of Polya’s Theorem
for Z2.

Theorem 4.3.9. A non-backtracking random walk on the infinite grid Z?* is re-

current.

Proof. Let p(t) denote the probability that a non-backtracking random walk on
Z? returns to its starting point after ¢ steps. Note that the total number of non-

backtracking random walks of length ¢ is
4 - 3t—1

since there are 4 choices for the first step, and then 3 choices for each subsequent
step since we must exclude the edge that would backtrack. Note also that p(t) =0
for ¢ odd since a walk on Z? returning to its starting point must contain an equal
number of steps up as down, and an equal number of steps to the left as to the
right. So we need only consider p(2t). The total number of non-backtracking
walks of length 2¢ returning to their starting vertex v is given by A®) (v, v) so by

Corollary 4.3.8, we obtain p(2t) asymptotically is given by

2 92t—1

23 1
U)o

P2t ~ ot < o
Therefore

o0 o0 1
> =) 5o
t=0 t=0

which is divergent. Therefore, by Proposition 4.3.2, the random walk is recurrent.
O
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