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Partial non-Gaussian state space

By NEIL SHEPHARD
Nuffield College, Oxford 0X1 INF, UK.

SUMMARY

In this paper we suggest the use of simulation techniques to extend the applicability of
the usual Gaussian state space filtering and smoothing techniques to a class of non-
Gaussian time series models. This allows a fully Bayesian or maximum likelihood analysis
of some interesting models, including outlier models, discrete Markov chain components,
multiplicative models and stochastic variance models. Finally we discuss at some length
the use of a non-Gaussian model to seasonally adjust the published money supply figures.

Some key words: EM algorithm; Filtering; Metropolis algorithm; Seasonal adjustment; Smoothing; Unobserved
components.

1. MOTIVATION
The Gaussian state space form
ve=2Z,a,+e, &~N(0,H,),
o =To—1+ G, 1.~N(0, Q) (1)
| Yo ~ N(agjo, Pojo) (t=1,...,n),

where o, Yy, ¢ and 5, are independent for all ¢t and s and Y, denotes the information
available at time ¢, has had an important role in time series in recent years (West &
Harrison, 1989). The columns of G, will be subsets of the columns of I and are present
to ensure that Q, can be assumed to be positive definite even in cases where there are
identities in the transition equation. We will also always assume that H, is positive definite.

Any small modification to the above form, such as removing Gaussianity from one
element of #,, means the Kalman filter and the corresponding smoothing algorithms lose
their optimality properties, although occasionally some of the best linear qualities still
hold. This leaves the modeller with the difficulty of working with approximate filters,
which in turn tend to yield inconsistent parameter estimators.

In this paper we suggest ways of modifying the usual Gaussian filtering and smoothing
algorithms to produce exact results. We progress by example, only suggesting a new
framework, called a partial non-Gaussian state space, towards the end of the paper. The
examples we discuss include outlier models, multiplicative models, discrete Markov chain
components, and stochastic variance models. Finally we explore at some length the use
of a non-Gaussian model to seasonally adjust the published money supply figures.

2. OUTLIER MODELS
2:1. Student’s t distribution

We focus on the local level model discussed by Harvey (1989, Ch.2) and West &
Harrison (1989, Ch. 2), although similar types of results hold for more general unobserved
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component models. It takes on the form
V=0 +&, =01+, Ht=o-§9 Qt=o-?1‘ (2)

Suppose we wished to modify this model to allow for outliers. There are two main ways
in which this could be achieved: by using a Student’s ¢ distribution or a mixture distri-
bution. The techniques we use to tackle these two models will be similar. In this section
we deal with the former, in the next the latter.

In the Student’s t case, we take {, = ¢,/w?, and 0, = 1, /w}, instead of ¢, and #, respectively.
Here p,w,, and p,w,, are independent y> and ng random variables respectively. As (,
and 6, are uncorrelated for all ¢ and s, the Kalman filter and smoother will still be best
linear estimators; however, they will be poor if p, or p, are small.

Initially we assume all the parameters in our models are known. We focus on estimating
o=(g,...,%,) and @ = (w11, Wy, - - - , W1, D,,), by reporting the location and scale of
A, oYY} = (0] Y,) say.

General solutions to the problem of non-Gaussian state space filtering and smoothing
have been put forward by a number of authors. Kitagawa (1987) suggests sequential
approximation using numerical integration rules. This is only feasible if the dimension of
the state is very small, 1, 2 or perhaps 3. To cover more complicated situations Kitagawa
(1989) has suggested using an approximate Gaussian sum filter (Alspach & Sorenson,
1972; Anderson & Moore, 1979).

More recently there has been a very active interest in methods which allow the pro-
duction of simulations from densities like J|Y,: see Carlin, Polson & Stoffer (1992),
Fruhwirth-Schnatter (1994), Shephard (1993) and unpublished papers by M. West and
P. Miiller. Most work is within the Metropolis—Hastings framework, more particularly
the single move Gibbs sampler. Ripley (1987, p. 113) and Smith & Roberts (1993) elucidate
the ideas behind these techniques.

Unfortunately if §| Y, has elements which are highly correlated then the desired asymp-
totic distribution of the sampler will only be approached very slowly. To illustrate this
point it is useful to work with the Gaussian version of (2). Figure 1 displays the results
of a Gibbs sampler for some simulated data with n=23, 6> =1 and 62 =5 x 107%, using
1000 parallel samplers all initialised with «, = y,/2, recording values after 5, 10, 50, 250,
500 and 1000 iterations. The results show how slowly the Gibbs sampler converges; indeed
it is possible to show that the sampler slows as o7 falls, eventually ceasing to converge
when o2 = 0. This should not be surprising for the nature of time series modelling is that
some of the smoothed estimates of the components, especially estimates of the trend, will
be highly correlated through time.

In this paper we suggest that in partial non-Gaussian models it is more useful, as well
as simpler, to make many moves simultaneously. The model’s block structure, of high
correlation within the elements of «|Y, and w|Y, but low correlation between these two
vectors, suggests the following multimove Gibbs sampler, which should be iterated until
convergence.

Multimove sampler

1. Generate a candidate point é = (o', ')
2. Draw o* from the density f(«|w, Y,).

3. Draw w* from the density f(w|a*, Y,).
4. Write 6 = («*, *') and go to 2.

Convergence will be guaranteed if the joint density of the wy,...,®, is everywhere
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Fig. 1. Gibbs estimate, after displayed iterations; ‘truth’ line almost coincides with line
for 1000 iterations.

positive (Tierney, 1994). To initialise this sampler, it is only necessary to deal with w,
which can often be selected from its unconditional joint distribution, f(w).

For the outlier model, f(x|w, ¥,) and f(w|a*, Y,) take on particularly attractive forms.
We exploit a result which will recur throughout the paper:

n—1
f(OCl(D, Y;,)=f(oc,,|a), },n) 1_[ f(atlat+1’ O 425« vy Oy, OO, Yn)
t=1

n—1
=f(0(n|(1), Y;) Hf(‘xtl‘xt+1’ws Yt) (3)
t=1

This is a slight modification of results given recently by Fruhwirth-Schnatter (1994) and
Carter & Kohn (1994). In our context this decomposition of the joint density is useful
because each expression on the right-hand side involves a Gaussian density, as we have
conditioned out all the nonnormality, or in a different context, the nonlinearity, in the
system. It turns out that we can solve out each Gaussian density and so, by simulating
from each conditional density, we can simulate efficiently from f(x|w, Y,).

We initially focus on implementing this procedure for the simple outlier model. First,

given w, the model becomes
V=04, (o, ~N(0, 02 /wy,), 4)
o =01+ 0, 0,]wy~N(O, Ug/wm)-

The last state af can be simulated from the density of the conventional Kalman filter
o,|@, Y, ~ N(ayp, Pun), While

(5)

s Ptlt —
Di+1)t Pr+11e

* 2
* Y Pt,z+1|t(0‘t+1—at+1|t) Dit+10¢
0(,'0(,4.1,(1), t~N at|t+ ’

suggesting that the rest of the «,’s can be simulated by progressing backwards, simulating
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in turn off_,, a¥_,,.... This is easy to program, involving a run of the Kalman filter,
which in general takes on the form

A1) =Trv10y-1+ Kevy,  Proye=To1 Py 1 L+ G Q144 Gy,
v=y,—Zay-1, F,=Z,Py,_1Z,+H, K, =T Py_1Z,F7', L=T., —KZ,
Piv1:=PTi =01+ Py_1Z,F v,

Py=Py—1— Py ZF7'Z,P;,—, (t=1,...,n), (6)
where
ays=E(y|o, ¥), Pys= E{(e — ay) (0 — ay5) |0, Y},
Prrvrie=E{(o, — ay )0 +1— 1)) |0, Y}

The remaining problem is to simulate from

flolo*, Y,) = [T f@s|ye, ) f (3]0, 0 1). (7)
t=1
Since p;wy, ~ X3,
(y:—ogt)?
{—tazt— + D1 Ol Ve 0 ~ 12 41
(8)

o* — o* )2

{(t—o_Tti ‘|‘P2} 0|0, o4 ~X§2+1'
n

Hence the simulations from f(w|a*, Y,) simply involves the drawing of 2n independent y2

variables, while the independence of wy,|y,, o and w,,|o¥, ¥ | suggests that this set-up

will yield a rapidly converging sampler.

To illustrate the multimove sampler, a series of length 200 was simulated using Cauchy
measurement errors and Gaussian transition errors, with ¢2=1 and 0,2, =0-01. This is
displayed in Fig. 2(a). Both Gibbs and multimove samplers were used on these data,
running 250 parallel samplers and recording their state estimates after 5, 10, 50, 250, 500,
1000 iterations. The samplers were initialised using the unconditional distribution of the
w and o, = y,/2. The results are given in Figs 2(b) and (c). After 5 iterations the multimove
sampler is almost exact. This rapid convergence compares favourably with the Gibbs
sampler, which is slowed by the high correlation amongst the «|Y,.

2-2. Gaussian mixture distributions
The same type of argument can be used to deal with a time series model whose noise
is drawn from a Gaussian mixture; Harrison & Stevens (1976) call such a structure a
multiprocess model. There is a huge literature on this model (Pefia & Guttman, 1988;
Kitagawa, 1989). Most existing solutions to this problem are inexact or involve great
computational expense.
Consider the local level model, which will be set up in the following way:

Ve= M+ &(0y,), &lwy,)| oy, ~ N(O, aft)s
Be= M1+ Ne(@3),  1(@2)| @z~ N(O, Git)’
where w;, and w,, are independent Bernoulli trials, for all values of ¢, indexed by probability

9)



Partial non-Gaussian state space 119

(a) Observations

150
8 100 -
5]
2
2
o
o
50
0 -
1 I i I 1
0 50 100 150 200
Time
(b) Gibbs sampler (c) Multimove sampler
12 4
10 1
o =
g s 3
< =
£ g
% 7
o, Rz
2
0 e
0 50 100 150 200 0 50 100 150 200
Time Time

Fig. 2. (a) Simulated series with Cauchy measurement error. (b) Gibbs estimate, after
displayed iterations. (c) Multimove estimate, after displayed iterations.

of success 6; and 0,, respectively. The variances in the conditional distributions are
given by
) {afl if w, =0, {aﬁl if w,, =0,

O = . O = .
§ or, fw,=1, " oy, ifw,=1

The statistical analysis of this model follows precisely the same lines as for the Student’s
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t model, for we can use (3) to simulate from «|w, Y,, while
f@loe*, Y,)= [T floled, y)f (@l o, o 1). (10)
t=1

As

S, ye) o f(yel 01e5 ) f(@01,),

and the constant of proportionality can be evaluated as w;, has discrete support, we can
simulate from (10) by drawing 2n uniform random variables.

3. MULTIPLICATIVE MODELS

Suppose that w,|w,_; is Gaussian and not influenced by « and that the observations
and states are linear in w. A simple case of this is

V= w0, +&, &~ NID(O, 682)7
o =0y +1n, n~NID(O, 0'121), (11)
w,=pw,_;+, {~NID(0,qd?),

which might be called a multiplicative state space model. The partially linear structure to
this model means the above argument for the Gaussian states can be used again. First, if
we condition on the w then the model is a Gaussian state space and so we can simulate
o*. Then, conditioning on the a*, the observations and the transition equation for = make
up a Gaussian state space and so we can simulate using

n—1
fla*, Y,) = flw,le*, Y) [] f@] o1, 0%, T). (12)
t=1

Going to and from one group of states to the next yields a valid sampler so long as p < 1.
If p is positive then «|Y, and w|Y, will be quite correlated and so this sampler may take
some time to converge. However, most of the correlation in 6|Y, has been conditioned
out and so it will be much faster than the equivalent single-step Gibbs sampler.

4. MARKOV SWITCHING MODEL

Switching regime models have generated considerable attention in the statistics and
econometrics literature. Recently Hamilton (1989) has written about using auto-
regressions and a Markov switching regime to model the US business cycle. The use of
autoregression allows the computation of the likelihood in a relatively straightforward
manner. When the autoregression is replaced by ARMA or unobserved components, this
approach no longer works.

To focus ideas we will again exploit a simple model with

.VI=at+8t= 8t~NID(O’ 0'5), at=at—1+y+ﬂwt+11n nt~NID(09 O'ﬁ) (13)

Here ¢, and 7, are independent from the w, process for all ¢, s and u. w, is assumed to be
a binary Markov chain, with transition probabilities

0,=0 w=1

a),_1=0 1—91 01 . (14)
a),_1=1 02 1—02
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The motivation for this model is that the slope of the trend is either y or y + 8, which in
the US GDP case corresponds to a recession or boom. The slope state, w,, shifts with
probabilities controlled by 6, and 0,.

The simulation from «|w, Y, can be carried out using (3). Using (12), the drawing of
random variables from w|a*, Y, is also straightforward for the filtering equations take on
the form, if we write o = (a, ..., o),

pr (w|w,_1) pr (w,_;]a' 1),

pr(wtlat_la Y;—l)=pr(wt|°‘t_1)=zwt_1 (15)
pr (w,|o, Y;) = pr (w,]o’) oc pr (e, o~ 1 [W,) pr (w,lo 1)

This is soluble because of the discrete support of w,, which means the summation and the
constant of proportionality can be evaluated. These equations allow pr (w,|a*, Y,) to be
computed. All that is additionally required is the calculation

Pr (Wil Wyt 1, 0%, Y,) oc pr (we[o*") pr (W, 4 1| w,).

5. STOCHASTIC VARIANCE MODELS
The stochastic variance model is given by
Yy = & €Xp (“t/2)3 & ~ NID(O, 1),
o= ¢°‘t—1 + 1., 1, ~NID(0, 0.'2’)
This model is a discrete time approximation to a model which is highly motivated in the
finance literature. It is used to generalise the Black—Scholes option pricing equation to
allow the variance to change over time (Hull & White, 1987; Chesney & Scott, 1989;

Melino & Turnbull, 1990).
The transformation

(16)

log y; = o, +log &7,

gives a linear but non-Gaussian state space. Harvey, Ruiz & Shephard (1994) employed
a Kalman filter to estimate the unobservable states and a quasi-likelihood to perform
parameter estimation. This is suboptimal as log &2 is far away from its normal approxi-
mation N(—1-2704, 4-9348), which in turn means the implied quasi-likelihood estimator
has poor small sample properties.

Here we approximate the density of z, =log &2, the log y? distribution, by a mixture
density

K
f2(2)= Z T f2) 0 (2| @), (17)
i=1
where z|w' ~ N(w' — 1-2704, 62). We select w!,..., o, n,,..., ng and ¢* to make the

approximation ‘sufficiently good’. In practice, we might make the first 4 or 6 moments
agree exactly and require that the approximating density lie within a certain distance of
the true density. See Titterington, Smith & Makov (1985, p. 133) for the appropriate
techniques.

Clearly,

log y?|@,, &, ~ N(ot, — 1-2704 + w,, 6?), (18)

where , denotes the single element of @, . . ., w* corresponding to time t. We can sample
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from o|w, Y,, which has the same distribution as «|w, X,, where X, = (log )2, ..., log y2).
The second part of the multimove sampler requires us to simulate from

fla, X,)= [T f(@dot, log y2)oc [ f(Iog 2|, o) fo(y). (19)

We can simulate from w,|log y?2, o* using a rejection algorithm, drawing with replacement
o, from w!, ..., »* with probability n;, ..., ng respectively.

6. PARTIAL NON-(GAUSSIAN STATE SPACE
All the models discussed above, and many more, fit within the following framework
which we call the partial non-Gaussian state space:

Ve =Z( o) + dy(w,) + &(w,), &(w,)|w, ~ N{0, H,(w,)},

(20)
o, = Ty(w,)o, 1 + ¢, (@) + ni(w,), ()|, ~ N{O, Q,(w,)},
where o = (04, ..., ®,) is a Markov process, that is
f(@]wo) =[] flow;-y). (21)
t=1

Throughout, &,(w,)| ®, and 54(w,)| v, are assumed independent of one another for all values
of t and s.

This framework allows the introduction of non-Gaussianity and nonlinearities into the
model while still allowing a certain ease of analysis. It is a special case of the set-up
suggested by Kitagawa (1987). However, unlike Kitagawa’s model, this approach does
not exhibit a prohibitive computational explosion as the size of the state, «,, expands.

The smoothing density J|Y,, where 6 = (¢, @’), can be simulated using a multimove
sampler. The first step is to draw from «|w, Y,. As before

f@lo, Y= falo, X,) TT Sl st o, ¥), (22)
t=1

which are all Gaussian densities. The first of them, f(x,|w, Y,), is given by the Kalman
filter, (6), while

% -1 % -1
O‘tl‘xt+1a @, Yz""N{at'l' Pt,t+1|sz+1|t(°‘t+1 —at+1|t)’ Ptlt_ t,t+1|tPt+1|tPt+1,t|t} (23)

can be found from a single run of the Kalman filter. Computationally the only problem
is that, at each t=n—1,n—2,..., 1, we have to compute the inverse of P, |, a matrix
the dimension of the state vector.

This result implies that «|w, Y, can be simulated routinely. The task of simulating from
w|a*, Y, is not so easy in general, but there are some special cases where a relatively
complete solution can be offered.

One case is where w,|w,_; is non-Gaussian but where, given a*, the model has a
conjugate filter for w. A class of models which possess this property is based on the
gamma-beta transition models suggested by Smith & Miller (1986). An example of this
is Shephard’s (1994) local scale model. This will be illustrated by

=0, +&(@), &lo,~NO o), a=0_1+n, n~NIDO, 0'%)’ (24)
W, =€etw, 1M, N~ Beta {Aa,_l, (1— /1)61,_1}, ro=—E log Hes
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where g,_; is defined in (25). Here the logarithm of the measurement equation precision
follows a random walk. Then

wtl a*a Yt ~ G(an bt)’ a,= (}'at—llt—l) + %9 bt = (e_rtbt— 1|t—1) + %(Yt - o‘;k)z' (25)
We can use a rejection algorithm to simulate from
S ofy, a*, Y)oc fw|of, y) f @ 1] o), (26)

which is straightforward using a gamma random number generator.

Thus results on simple conjugate time series models can be exploited inside quite compli-
cated models, widening their use.

For more general f(w,|w,_,), the following cases may be useful.

Case 6:1: w, are serially independent. We can simulate from
flolo*, Y,) =TT flodo, oi 1, yi)oc [T f(yel ok, o) f (o ogt- 1, o) fo)  (27)
t=1 t=1

using a rejection algorithm if we can bound f(y,| 0¥, @,) f (¥ | ¥ ;, ,). If this is not possible
then we can fall back on the use of the Metropolis algorithm.

Case 6-2: Univariate general case. In general for a nonconjugate w,|w,_,; we can use a
single-step Gibbs sampler based on the conditionals

floof, w41, 0%, Y,) = flo|of 1, @41, 65 1, 4F, V;)
oC f(yr 5 1, 5| 0) f (0| 0F 1, 04 1)
o f(yelo, ) f(of |0 1, @) f(0 1] 0) f00, |0 1),  (28)

working our way forwards through the data, simulating w,,..., w, in turn. Ways of
carrying out rejection sampling from densities such as these are discussed by Carlin et al.
(1992). When this is not directly possible then the Metropolis algorithm can be used
(Shephard, 1993).

When o, is multidimensional the problems of drawing random variables from the
relevant densities becomes much harder and probably should be addressed on a case
by case basis.

7. ESTIMATION USING SIMULATION
7-1. The states

Having obtained M replications from §|Y,, perhaps M consecutive realisations from
the multistep sampler which will not be independent, we need to be able to estimate the
characteristics of o,| Y, and w,|Y,. We write the ith replication of w|Y, as w®”. A density
estimator of «,| Y, is

M
M=ty flelo®, 1),
i=1
while the corresponding mean, E(o,| Y,), can be estimated by

M
MY E]o®, Y,).

i=1
Since «|w®, Y, is Gaussian there exist exact smoothing algorithms for the mean and
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variance of this distribution. Following a single pass of the Kalman filter, the backwards
smoothing recursions take on the form

et|n=yt_Ztat|na nt|n=at|n—7;at—1|n’ at|n=at|t—1+Pt|t—1rt—19
—7'rp—1 ’ _7rr—1 ’
Pyy=Py1— Py 1Ny Pyyyoqy 1oy =2ZiF; v+ Lir,, N =Z,F " Z,+ LN, L,
(29)

(De Jong, 1989). The Kalman filter will already have been run in order to carry out the
simulations of «|w, Y, and so this adds no extra burden. The smoothing algorithms here
are more computationally involved than the Kalman filter; however the cost of running
them is still small compared to the expense of the drawing of the simulations.

In general, analytic smoothing algorithms for w|a*, Y, will not exist and so simpler
averages of the replications w® will sometimes have to be used in reporting summaries
of w|Y,.

7-2. One-step ahead prediction densities
The likelihood is given by

F Ot 9l Yo 0)= [T £l Yics3 6).
t=1

Also
f(YtI Y;—1§ 9) = ff(ytlgt—la Yt—1§ B)f(Qt—ll Y;—l) th—la (30)

where Q, | = (i, ..., ®w;_;). As we can use multimove sampling to draw from Q,_,|Y,_,
we can estimate (30) by

M
M_l Z f(ytlggllla ),t—l; 9)3
i=1

where Q% | are the simulated values. Recall that f(y,|Q®,, Y,_,; 0) has a simple form for
¥:1Q: -1, Y1, is Gaussian and its mean and variance are given by the Kalman filter (6).

As t increases we have to lengthen Q and each iteration of the Gibbs sampler, in effect,
performs a Kalman filter. Thus direct likelihood evaluation may not be the most compu-
tationally efficient way of maximising the likelihood. However, it is still useful to compute
the likelihood to gauge the fit of the model, as well as to allow simple hypothesis testing.
Further, the one-step ahead prediction densities are useful for diagnostic checking. These
points will be illustrated in § 9.

8. PARAMETRIC ESTIMATION
8-1. General
It is important to present methods which deal effectively with the unknown parameters
0. We discuss two ways; a Bayesian approach and a simulated Em algorithm.
The Bayesian approach has been well documented elsewhere (Smith & Roberts, 1993),
and so we discuss it only briefly here. It requires the specification of a prior over 6, written
f5(0). Then the multimove sampler is amended as follows:
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Multimove Bayesian sampler

1. Generate a candidate point 6 = (o, @', 6').
2. Draw o* from the density f(x|w, 0, Y,).

2. Draw o* from the density f(w|a*, 0, Y,).
4. Draw 6* from the density f(0]|w*, «*, Y,).
5. Write 6 = (a*', o*, 0*') and go to 2.

This sampler will converge to replications from 6| Y, which will contain drawings from
the posterior density 6|Y,. The posterior density can be estimated by

M
MY f(010?, a9, 1,).

i=1

If £,(0) is flat, this estimate can be used to find the maximum likelihood estimator.

8-2. EM algorithm
An alternative approach to find the maximum likelihood estimator uses an EM algor-
ithm. This follows naturally from using smoothing techniques.
Recall
log f(Y,| Yo; 0) =1og f(5, Y, Yo; 6) —log f (6] Y,; 0), (31)

so that integrating both sides with respect to the smoothing density f(J|Y,; 6°), where 6°
is some arbitrary point, gives

log (Y, Yo; 0) = Q(6, 0| Y,) — H(6, 6'| Y,), (32)

where
0(,0'Y,) = JIng((S, Y,| Yo; 0)£(0]Y,; 6) do, (33)
H(0,0'|Y,)= flogf(fsl Y,; 0)f(4Y,; 6%) do. (34)

The usual EM algorithm argument (Dempster, Laird & Rubin, 1977) implies that, if we
select 6°*! so that Q(0, 6'|Y,) is maximised with respect to 6, then

log f(Y,| Yo; 6°* 1) >log f(¥,| Yo; 6°).

Iteration leads to the maximisation of the likelihood.
Using the structure of the general partial non-Gaussian state space we can solve some
of these integrals analytically. We write

0(6,6'Y,)= JR(H, 0'|w, Y,) f (@] Y,; 0%) doo + Jlogf(w; 0)f(w|Y,; 0" dow,  (35)
where
R(6,0'|w, Y,) = Jlogf(Yn, |, Yo; 0)f(2|w, Y,; 0°) dox (36)

(Harvey, 1989, p. 188). We focus on the special case where all the parameters in the
Gaussian measurement and transition equations are in the matrices H, and Q,. Then,
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suppressing dependence on w, we can follow Koopman (1993) in writing

. n 1z
R(6,0)=—7 X log|HO)| -7 X tr [H,(0) ™ {eunerin + cOV (& — ey1a)}]
t=1 t=1

n

1
log |Q:(0) = 5 X tr [Q(0)™" {myuriy, + cOV (1, = na)3],  (37)

1 t=1

N = N =
M=

t

where E(g|w, Y,)=e,, and E(y,| o, Y,) =n,,. These terms, and the others in the above
formula, are computed recursively through

€n= Htet’ cov (gt - etln) = Qtrt—ls

(38)
ny,=H,—H,D,H,, cov(y,— My1n) = Q0 — Q:N, 10,

where they are calculated by first running the Kalman filter, (6), and then starting with
r,=0 and N, =0 using the backwards recursions

-1 ’ _ -1
ee=F; 'v,—Kir,, r,_(=Z;F v+ Lr,

(39)
D, =Ft_1 + KiN.K;, N,y =Z;Ft_1Zt + LN, L,.

Throughout the recursions and the associated Kalman filter, 6 is taken to be 6.

8-3. Simulated EM algorithm
We can estimate Q(0, 0°| Y,) by using simulations from w| Y,; 6. Simulated Em algorithms
have been used by, amongst others, Bresnahan (1981), Celeux & Diebolt (1985), Wei &
Tanner (1990), Tanner (1991), Qian & Titterington (1991) and Shephard (1993). So

PO 1 ¥ o .
0(0,6'1Y,) = " 2. {R(O, 0|0, Y,) + log f(0; 0)}, (40)
j=1
which is usually easy to manipulate. Typically the parameter space splits so that we can
work with 6 =(y/, 7')’ so that

A 1M A
90,0 Y,) = 5 Y. {R(x, 0'| 0V, Y,) + log f(0; 1)}, (41)
j=1
in which case the maximisation will be particularly straightforward. In some special cases
7 may be a null set: this is true, for instance, in the stochastic variance model discussed
in § 3. A similar type of argument can be used to deliver a direct estimator of the score
vector (Koopman & Shephard, 1992).

9. NONLINEAR SEASONAL ADJUSTMENT

We illustrate the techniques suggested above by modelling the quarterly changes of M4
in the UK from 63Q2 to 82Q4 in Fig. 3(a); a series used in the Bank of England’s 1992
report on seasonal adjustment procedures. The Bank’s report compares three seasonal
adjustment procedures: an in house moving average scheme, the US Bureau of the Census’
X11 and a model based seasonal adjustment procedure which fits a Gaussian unobserved
component model (Harvey, 1989, pp. 300-9). We focus on the last of these, to compare
its fit with a new non-Gaussian model we propose.
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(a) M4 (b) Log M4
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Fig. 3. Quarterly changes (a) in UK first difference M4 (£ billions): 63Q2 to 82Q4, and
(b) in log of first difference M4.

The Gaussian model fitted to M4 was
Ve=t+ 7 +&, &~ NID(0,c?),
pe=p-1+Bioy+ 1, n.~NID(O, 07),
Bi=PBi-1+{, i~ NID(O, a?),
Y= —Yi—1---— Y3+ @, @, ~ NID(0,d2).

(42)

Here ¢,, 15, {, and w,, are assumed independent for all ¢, s, u and v. The maximum likelihood
estimates of the parameters are

62=021, 62=0041, 62=0000007, 62=0020, logL@B)=—79,  (43)

while the standard innovations-based diagnostic statistics (Harvey, 1989, pp. 258—60) take
on the values

§=020, K=412, N(x3)=439, Qi0(x3)=975, H34(Fp424)=171. (44)

These statistics refer to skewness, kurtosis, normality, serial correlation measured by the
Box-Ljung statistic and heteroscedasticity, respectively. The diagnostics are satisfactory
except the model allows too much variability in the initial part of the series while not
allowing enough at the end. This is picked up in Fig. 4(a) and by the heteroscedasticity
statistic H,,.

Figure 3(b) gives differences of the logged series. This is convenient as this transform-
ation approximately equals the proportional change, which is probably the statistic of
most interest. The innovations from fitting (42) to Fig. 3(b) are given in Fig. 4(b). Although
they show some minor improvements over Fig. 4(a), they are still very poor. The diagnostic
statistics and estimated components from this model are very similar to those of the linear
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(a) Innovations, linear (b) Innovations, log
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Fig. 4. Innovations (a) from linear model and corresponding 95% intervals, (b) from log-
linear models and 95% intervals.

model. To try to improve the fit of the linear model we exploit a mixed multiplicative-
additive unobserved component model. The model we use is

Ve=t(1+yF+e¥)+e, &~NIDO,07), & ~NID(O,akx),
He= M1+ Bioq + 15, ”tNNID(OaO'rZI)a
ﬂt=ﬂt—1+Cta CtNNID(O,o'Cz),

'y:"z -—y;"_l——...—'yi"_3+60§ka w;kNNID(O’Gz’*)’

(45)

where ¢, ¥, 1,, {, and o} are assumed independent for all ¢, s, u, v, i and j. Notice that
unlike (42), (45) cannot be made stationary by transformation.

The y* is the multiplicative seasonal effect and enters the model as a proportion, moving
the trend up and down by scaling. The total seasonal effect is u,y¥. Likewise the irregular
term in this model is y,&f + ¢, making it heteroscedastic.

This is an example of the multiplicative models discussed briefly in § 3. We can write
o, = (y¥, ¥ 1, v¥ ., &) to place the model into its partial non-Gaussian state space. So
long as the variances are all strictly positive the multistep Gibbs sampler will converge
to its required distribution. In practice the rate of convergence will depend crucially on
62, a low value rendering the algorithm relatively slow.

The simulated EM algorithm was used to perform parameter estimation, yielding

62=0004, 6% =0094, 2=001, 67=0.00005, &2«=0003, log Lb)= —62.
(46)
Most of the irregular component has gone into & which accounts for the large increase

in the likelihood over the linear model. The variance of the multiplicative seasonal is lower
than for the linear model, but this is mostly due to the scaling effect of the trend and so
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(a) Innovations, nonlinear (b) Uniform innovations
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Fig. 5. (a) Innovations from fitted nonlinear model and twice their mean squared errors.
(b) Uniform innovations, from Fig. 3.

this fitted model does not exhibit a dramatically more stable seasonal pattern than the
linear one. The variance on the random walk part of the trend has fallen fourfold, while
the slope variance has increased to compensate. Overall we will see below that this implies
that the estimated trend is discernibly smoother than for the linear model.

The raw innovations from the fitted model, based on y,—y,|Y,_; (t=6,...,79),
and twice their mean squared errors are given in Fig. 5(a). The innovations are not nor-
mally distributed. The varying mean squared errors are the effect of the multiplicative
irregular term.

Figure 5(b) is statistically more satisfactory. It is generated by using the model to
randomly produce 1000 one-step ahead forecasts, for each ¢, and then recording how
many of these were smaller than the actual observations. A naive diagnostic can then be
based on the hypothesis that they should be independently uniformly distributed on the
inverval 0 to 1 if the model is good: naive in that this distribution does not take into the
account that 5 parameters have been estimated; 95% intervals are also drawn on this
figure and indicate that the scatter of large or small forecasts is not obviously unusual.

The uniform variables displayed in Fig. 5(b) can also be mapped back into N(0, 1)
variables. These normal innovations were used to construct correlograms and probability
plots to check for remaining structure in the data. They show very little activity. Taken
collectively this battery of diagnostic graphs suggests that the model has fitted the data
well, probably because of the addition of the multiplicative irregular term.

The estimated trends for the linear and nonlinear models are given in Fig. 6; the results
for the log-linear model are similar to the linear. As suspected, the nonlinear model trend
is considerably smoother. Of more interest is the estimated seasonal component given in
Fig. 7. There the linear model component is rather different at the beginning of the series
but is quite close to the nonlinear one at the end. Altogether the linear model does
surprisingly well, given how poorly it actually fits the data.
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Actual and estimated trend
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Fig. 6. Actual and estimated trend, linear (solid line) and nonlinear (dotted line).

Estimated seasonal components
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Fig. 7. Estimated seasonal pattern, linear (points) and nonlinear (dotted line).

ACKNOWLEDGEMENTS

The author would like to thank the referee and the editor for their detailed and very
constructive comments on the previous versions of this paper and Robert Kohn and Brian
Ripley for some useful discussions. This research was supported by a grant from the ESRC.

REFERENCES

AvrspacH, D. L. & Sorenson, H. W. (1972). Nonlinear Bayesian estimation using Gaussian sum approxi-
mations. IEEE Trans. Auto. Control AC-17, 439-48.



Partial non-Gaussian state space 131

ANDERSON, B. D. O. & MOORE, J. B. (1979). Optimal Filtering. Englewood Cliffs: Prentice-Hall.

BresNAHAN, T. F. (1981). Departures from marginal-cost pricing in the American automobile industry, esti-
mates from 1977-1978. J. Economet. 17, 201-27.

CARLIN, B. P, PoLson, N. G. & STOFFER, D. (1992). A Monte Carlo approach to nonnormal and nonlinear
state-space modelling. J. Am. Statist. Assoc. 87, 493-500.

CARTER, C. K. & KonN, R. (1994). On Gibbs sampling for state space models. Biometrika 81. To appear.

CELEUX, G. & DiEBOLT, J. (1985). The sEM algorithm: a probabilistic teacher algorithm derived from the EM
algorithm for the mixture problem. Computat. Statist. Quart. 2, 73-82.

CHESNEY, M. & ScorT, L. O. (1989). Pricing European options: a comparison of the modified Black-Scholes
model and a random variance model. J. Financ. Qualitat. Anal. 24, 267-84.

DE JONG, P. (1989). Smoothing the interpolation with the state space model. J. Am. Statist. Assoc. 84, 1085-8.

DEMPSTER, A. P., LAIRD, N. M. & RuBIN, D. B. (1977). Maximum likelihood from incomplete data via the
EM algorithm. J. R. Statist. Soc. B 39, 1-38.

FRUHWIRTH-SCHNATTER, S. (1994). Data augmentation and dynamic linear models. J. Time Ser. Anal. 15,
183-202.

HAMILTON, J. (1989). A new approach to the economic analysis of nonstationary time series and the business
cycle. Econometrica 57, 357-84.

HARRISON, J. & STEVENS, C. F. (1976). Bayesian forecasting (with discussion). J. R. Statist. Soc. B 38, 205-47.

Harvey, A. C. (1989). Forecasting, Structural Time Series Models and the Kalman Filter. Cambridge
University Press.

HARrvEY, A. C.,, Ruiz, E. & SHEPHARD, N. (1994). Multivariate stochastic variance models. Rev. Econ. Stud.
61. To appear.

HuLL, J. & WHITE, A. (1987). Hedging the risks for writing foreign currency options. J. Int. Money Finance
6, 131-52.

KiITAGAWA, G. (1987). Non-Gaussian state space modelling of non-stationary time series. J. Am. Statist. Assoc.
82, 503-14.

Kitacawa, G. (1989). Non-Gaussian seasonal adjustment. Comp. Math. Applic. 18, 503-14.

KooprMaN, S. J. (1993). Disturbance smoother for state space models. Biometrika 80, 117-26.

KooPMAN, S. J. & SHEPHARD, N. (1992). Exact score for time series models in state space form. Biometrika
79, 823-6.

MELINO, A. & TURNBULL, S. M. (1990). Pricing foreign currency options with stochastic volatility. J. Economet.
45, 239-65.

PENA, D. & GUTTMAN, L. (1988). Bayesian approach to robustifying the Kalman filter. In Bayesian Analysis
of Time Series and Dynamic Models, Ed. J. C. Spall, pp. 227-54. Cambridge, Mass.: Marcel Dekker.

QiaN, W. & TITTERINGTON, D. M. (1991). Estimation of parameters in hidden Markov Chain models. Phil.
Trans. R. Soc. Lond. A 337, 407-28.

RipLEY, B. D. (1987). Stochastic Simulation. New York: Wiley.

SHEPHARD, N. (1993). Fitting non-linear time series models, with applications to stochastic variance models.
J. Appl. Economet. 8, 5135-58.

SHEPHARD, N. (1994). Local scale model: state space alternative to integrated GARCH processes. J. Economet.
60, 181-202.

SmitH, A. F. M. & ROBERTS, G. (1993). Bayesian computations via the Gibbs sampler and related Markov
Chain Monte Carlo methods. J. R. Statist. Soc. B 55, 3-23.

SmitH, R. L. & MILLER, J. E. (1986). A non-Gaussian state space model and application to prediction records.
J. R. Statist. Soc. B 48, 79-88.

TANNER, M. A. (1981). Tools for Statistical Inference, Observed Data and Data Augmentation Methods, 67.
New York: Springer-Verlag.

TIERNEY, L. (1994). Markov Chains for exploring posterior distributions. Ann. Statist. 22. To appear.

TITTERINGTON, D. M., SMiTH, A. F. M. & Makov, U. E. (1985). Statistical Analysis of Finite Markov
Distributions. Chichester: Wiley.

WEL G. C. G. & TANNER, M. A. (1990). A Monte Carlo implementation of the EM algorithm and the poor
man’s data augmentation algorithms. J. Am. Statist. Assoc. 85, 699—704.

WEST, M. & HARRISON, J. (1989). Bayesian Forecasting and Dynamic Models. New York: Springer-Verlag.

[Received February 1993. Revised August 1993 ]



	Article Contents
	p. [115]
	p. 116
	p. 117
	p. 118
	p. 119
	p. 120
	p. 121
	p. 122
	p. 123
	p. 124
	p. 125
	p. 126
	p. 127
	p. 128
	p. 129
	p. 130
	p. 131

	Issue Table of Contents
	Biometrika, Vol. 81, No. 1 (Mar., 1994), pp. vi+1-218
	Volume Information
	Front Matter [pp. vi-vi]
	Higher-Order Asymptotics and the Likelihood Principle: One-Parameter Models [pp. 1-10]
	Bayes Factors for Discrete Observations from Diffusion Processes [pp. 11-26]
	Covariance Structure of the Gibbs Sampler with Applications to the Comparisons of Estimators and Augmentation Schemes [pp. 27-40]
	Use of the EM Algorithm for Maximum Likelihood Estimation in Electron Microscope Autoradiography [pp. 41-52]
	Maximization of the Marginal Likelihood of Grouped Survival Data [pp. 53-60]
	Semiparametric Analysis of the Additive Risk Model [pp. 61-71]
	Confidence Bands for Survival Curves Under the Proportional Hazards Model [pp. 73-81]
	On Semiparametric Inference for Modulated Renewal Processes [pp. 83-90]
	An Extension of Welch's Approximate t-Solution to Comparative Bioequivalence Trials [pp. 91-101]
	Confidence Intervals Associated with Tests for Bioequivalence [pp. 103-114]
	Partial Non-Gaussian State Space [pp. 115-131]
	Fast Likelihood Evaluation and Prediction for Nonstationary State Space Models [pp. 133-142]
	A Simple Noniterative Estimator for Moving Average Models [pp. 143-155]
	Precision Estimation in Sample Survey Inference: A Criterion for Choice Between Variance Estimators [pp. 157-172]
	Nonregular Regression [pp. 173-183]
	Shape Analysis of Paired Landmark Data [pp. 185-196]
	Segregation Analysis of Human Pedigrees Using Estimating Equations [pp. 197-209]
	Miscellanea
	On the Bootstrap Saddlepoint Approximations [pp. 211-215]
	A Note on the Asymptotics of a Stochastic Vector Difference Equation [pp. 216-218]

	Back Matter



