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Abstract

A class of procedures that consistently classify the stochastic component of a time
series as being integrated either of order zero [1(0)] or one [I(1)] are proposed for general
I(0) or I{1) processes and polynomial or piecewise linear detrending. Large-sample
Bayesian inference is free of nuisance parameters describing short-run dynamics and
requires specifying priors only on the point hypotheses ‘I(0) and ‘I(1)’ thereby avoiding
problematic choices of parametric priors over roots and nuisance parameters. Applied to
the Nelson-Plosser (1982) data with linear detrending, these procedures largely support
Nelson and Plosser’s original inferences. With piecewise-linear detrending these data are
typically uninformative, producing Bayes ratios close to one.
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1. Introduction

It is often desirable to know whether a univariate economic time series is
better modeled as being integrated of order one [is I(1)] or of order zero [1(0)].
This distinction can be important when the series in question is subsequently
used in multivariate analysis, such as Granger causality tests or cointegration
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modeling. Alternatively, different economic theories can have different implica-
tions for the long-run properties of certain series, in which case it might be
desirable to assess the probability that one or the other of these implications is
true (see the discussion in Christiano and Eichenbaum, 1990). These two
applications suggest the practical value of procedures that produce explicit
posterior odds on whether the process that generated the observed data is I(1) or
1(0). Such a procedure would permit the formal application of statistical decision
theory to the I(1)/1(0) classification problem, with a loss function defined solely
in terms of whether the series is I{1) or I(0).

This desire to compute posterior odds for the I(1) and 1{0) hypotheses has led
to considerable recent empirical and theoretical work on unit roots in economic
time series from a Bayesian perspective; see DeJong and Whiteman (1991), Sims
(1988), Sims and Uhlig (1991), Sowell (1991), Phillips {1991a), and the discussions
of Phillips (1991a) in the October—December 1991 issue of the Journal of Applied
Econometrics." However, this work relies on finite-dimensional parameteriz-
ations of the I(1) and I(0) hypotheses, which in turn requires formulating explicit
priors over the values of these parameters. Although various authors have
described their priors as flat or uninformative, different ‘uninformative’ priors
yield different inferences, and in any event the geometry of I{(1) and I(0) processes
is sufficiently complicated that any prior restrictions on parametric approxima-
tions are at best difficult to interpret.

This paper proposes a class of Bayesian procedures for deciding whether
a process is I(1) or I(0) which avoids the problem of making explicit parametric
assumptions about priors within the I(1) or I(0) models. These procedures are
developed for two specifications of deterministic trends. The first is general
polynomial trends, estimated by OLS, as have been considered elsewhere in the
unit roots literature [see, for example, Quliaris, Park, and Phillips, 1989; Perron,
19917]. Perron (1989) and Rappoport and Reichlin (1989) suggested an alterna-
tive to the unit root model for many aggregate economic time series in which the
series are stationary around a time trend with a growth rate that changes once
during the sample. Although the empirical support for this model is weakened
when the break date is treated as unknown (Banerjee, Lumsdaine, and Stock,
1992; Zivot and Andrews, 1992), their results are sufficiently strong to suggest
that this model be treated as a plausible specification. The second trend speci-
fication therefore is the broken trend model in which the break date is unknown.

The proposed procedures are based on a scaled cumulative sum process of the
detrended data, V. The process Vr has the following properties: (i) N7'/*V has
a (classical) asymptotic distribution that depends on no unknown nuisance

! Since the original draft of this paper was written, three additional closely related papers have
appeared, by Kwiatkowski, Phillips, Schmidt, and Shin (1992), Phillips and Ploberger (1992), and
Perron (1991); these are discussed below.
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parameters, and (ii) for 1(0), N;» = 1, while for I(1), N;y = Ny — oo The first
of these properties means that it is possible to compute the asymptotic likeli-
hoods — and thus the likelihood ratio — of observing functionals of V7 alterna-
tively under the I(1) and 1(0) hypotheses, and moreover, that in large samples
this evaluation does not depend on the nuisance parameters. The second
property implies that these asymptotic distributions diverge, so that in large
samples the likelihood ratio will tend either to zero or to infinity, thereby
providing a consistent procedure for distinguishing I(1) from I{0) processes. The
statistics based on the cumulative sum V' are closely related to statistics studied
in three related literatures: tests for structural breaks, LM tests for a random
walk drift under the null of stationarity, and recently developed tests of the I(0)
null against the I(1) alternative. These links are discussed, and references given,
in Section 2.

Because the procedures consistently classify a process as (0} or I(1), they
constitute model selection procedures where the ‘model’ is broadly interpreted
to be one of these two classes. Viewed thus, a variety of simpler approaches
already exist, at least in principle, although they are not used in practice. For
example, comparing the Dickey—Fuller (1979) t-statistic to a sequence of critical
values which tends to — oc produces a consistent classifier. Similarly, using an
existing test of the general 1(0) null such as Park’s (1990) variable addition tests,
or the tests of Bierens (1989) and Bierens and Guo (1993), with an appropriate
sequence of critical values will result in consistent classification. However,
without further modification these approaches leave unsolved the key practical
problem of choosing the sequence of critical values. The procedure here thus can
be interpreted from a classical perspective as specifying a data-dependent
sequence of critical values, determined up to the choice of point priors. However,
from the Bayesian perspective the procedure has the three additional advant-
ages of producing posterior odds ratios, of permitting priors to be specified on
the points 1(0) and I(1) rather than parametrically, and (unlike parametric
Bayesian treatments of the unit roots problem) of producing large-sample
inferences which do not depend on the short-run nuisance parameters.

In a paper closely related to this one, Phillips and Ploberger (1991) have also
recently used Bayesian posterior odds ratios to construct an I(1)/1(0) decision
rule. Like the one proposed here, their procedure permits placing priors only
on the I(1) and I{0) ‘point’ hypotheses. One difference between the Phillips—
Ploberger (1991) approach and the approach in this paper is that they study
posterior distributions of the data directly, while we consider posterior distribu-
tions for a family of statistics whose asymptotic distribution does not depend on
the nuisance parameters under the 1(0) or I(1) hypothesis.

The remainder of the paper is organized as follows. Theoretical results under
general conditions on trends and detrending are presented in Section 2. These
general conditions are examined for the leading cases of polynomial trends and
piecewise linear trends, detrended by ordinary least squares (OLS), in Section 3.
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Section 4 presents Monte Carlo results. Empirical results are given in Section 5,
and conclusions are presented in Section 6.

2. The proposed decision rules

2.1. General results
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The I{0} and I(1) hypotheses refer to the order of integration of the stochastic
element u,. Here, the definitions of I{0) and I(1) follow recent convention:
a purely stochastic process is said to be I(d) if the process formed from the partial
sums of its dth difference, scaled by T !/2) obeys a functional central limit
theorem and converges to a constant times a standard Brownian motion. Let
Uor(A) = T V2 YTy and U, r(4) = T~ ?u;y,, where [-] denotes the greatest
lesser integer function, and let y,(j) = cov(x,, x,_;) for a second-order stationary
process x,. Also let * =’ denote weak convergence of random elements of D[0, 1]
and let W() denote a standard Brownian motion process restricted to the unit
interval. The I(0) and I(1) hypotheses are given by

10): Usr = oW, w(z) =

‘\I 18

7U) 0< o< o0, (2)

I(1: Uiz =W, wi = z Yaul), 0 <@, < o0, (3)

Throughout it is assumed that second moments of I(0) random variables
exist and that standard estimators of second moments are consistent; in
particular, it is assumed that T‘IZ,T:mHu, u,_;—y,(j) for u, 1(0) and
T 1Y a1 At duy_j—="74,(j) for u, I(1), for all fixed j. In stating y,(j) =
cov(u,u, ;) [I(0) case] or y,,(j) = cov(du, du,_;) [1(1) case], we are further
assuming that I(0) variables are second-order stationary.

The proposed statistics are based on the scaled partial sum process of the
detrended data. Let d, denote the estimate of the trend component and let the
detrended process be y? = y, — d,. The decision rules studied are all functionals
of the statistic,

(T4
Vi) = 1T 3y, 4

s=1
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where

Ir T
&= Y km/ln)fy(lml),  fyulm)=T"1 3 iyl

m=—lr t=m+1

where /1 is an increasing sequence of integers and k(') is a kernel satisfying
k(x)=0 for |x| =1, k(x)=k(—x), 0<k(x)<1 for |x]<1, k(O)=1, and
"1 k(ul) = k for all [ > 1, where k > O (see, for example, Andrews, 1991).
It is assumed that the sequence I, is such that &? is consistent for the spectral
density of u, under the I(0) hypothesis. With the transformation (4), the task of
distinguishing I(0) from I(1) processes is shifted to distinguishing the cumulation
of an I(0) process, now I(1), from the cumulation of an I(1) process, now I(2).

The results are stated under general assumptions on the trend estimation
error 8, =d, —d,. Let ||x| =T '3 x? for a time series x, Dor(4) =
7712545, and Dyp(d) = T~Y25.7;). The estimated trend is assumed to
satisfy the following conditions:

Detrending Conditions

(A) If u, is I(0), then:
®)  (Uor, Dor) =wo(W, Dg) where Do C[0,1].
Gi) B[] - 0.

(B) If u, is 1(1), then:
(i) (Uyr,Dyr) =w(W,D,) where D, C(0,1].
(i) |48, = O,(1).

Specific examples of trends that satisfy these conditions are given in the
next section. Because y¢ =y, — cf, = u, — d,, these conditions lead to general
definitions of limiting detrended processes. Let Y§r(4)= T~ Y2¥IT4 yd
= Uyr(4) — Dor(A); for an I(0) process, it follows from condition A(i) that
Yor() =wo Wi(), where WE()= W()— Do(). Similarly, let Y4, (1) =
T~ Y2y8, = U,r(A) — Dy7(4); condition B(i) implies that, if u, is I(1), then
Yir() =w; WI(), where W{() = W() ~ D,().

Under these conditions, because /r — oo, A(ii) implies that if u, is I{0), then the
estimated trend is consistent (in the L, norm). However, if u, is I(1),
Dir()= T 287, is O,(1), so the estimated trend is not consistent. In the
specifications studied in Section 3, however, |45, — 70 in the I(1) case, so that
the first difference of the estimated trend is consistent for the first difference of
the true trend.

Limiting representations for the statistic 7~ 'Y'T_, ¥7(/T)* under the general
I1(0) and I(1) hypotheses have been obtained by Kwiatkowski, Phillips, Schmidt,
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and Shin (1992) (for OLS detrending with a constant or linear time trend) and by
Perron (1991) (for general polynomial trends estimated by OLS). Their applica-
tions differed from ours, however, respectively testing 1(0) vs. I(1) and testing for
breaks in deterministic trends. The following theorem extends their results to
general trends and provides limiting representations for the statistic
VreD[0,1]. Let Ny = T/Y!T k(m/l7).

m=—lr

Theorem 1. Suppose I3InT/T — 0, lr » oo, and conditions A and B hold.

@) If y, is 10), then Vy = WA,
(b) Ify,is I(I), then Nz ' Vi = V4, where V(1) = [y Wils)ds/{JLW(s)*ds}' /2.

Proofs of theorems are given in the Appendix.

For the detrending procedures studied in Section 3 which satisfy conditions
A and B, the distributions of W% and W49 depend on the type of detrending but
typically do not depend on any unknown parameters [the exception, discussed
in detail in the next section, is broken-trend detrending under the I(0) case with
an unknown date]. Moreover, V' has different rates of convergence depending
on whether u, is I(0) or I(1). Thus V; can be used as the basis of an asymptotic
decision rule for categorizing u, as 1(0) or I(1).

2.2. Decision rules based on scalar functionals of Vr

The statistical decision rules considered here are based on scalar functionals
of Vr. In particular, we consider functionals ¢(-) that have the properties: (1) ¢ is
a continuous mapping from C[0,1] — #'; (i) ¢(ag) = ¢(g) + 2lna, where a is
a scalar and g € D[0, 1];? and (iii) ¢(W3) and ¢(V9) respectively have continuous
densities f, and f; with support ( — o0, o). Let ¢ = ¢(V7). Then the asymp-
totic approximation to the likelihood ratio (or Bayes factor) By of ¢ under the
I(1) hypothesis, relative to the 1(0) hypothesis, is

Br = fi(¢1 — InNp)/foldr). (5

It is readily seen that (5) provides a consistent rule for classifying u, as I(1) or
1(0). If the I(0) hypothesis is true, then by the continuous mapping theorem
b1 = ¢(Vr) = d(W5) = O,(1), 50 fo(¢1) = O,(1) but fi(¢7 — InN,) — 70; thus
Br — ?0 and 1(0) is chosen with probability one. On the other hand, if u, is I(1),

2 The additive property (ii) is achieved in practice by taking logarithmic transformations of a func-
tional ¢(V 1), for which d;(ag) = azd;(g)‘ Whether ¢ or J) is used has no theoretical significance. The
choice of transformation is instead driven by our computational experience that taking logarithms
enhances the numerical stability of the calculations in Section 4.
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then ¢ — InNp = ¢(V4) = O,(1), but fo(¢7) — 70; thus 1/By — 70 and I(1) is
chosen with probability one.

Although the focus here is consistent classification rules, we note in passing
that the statistics ¢(¥1) can be used to perform classical tests of the I(0) or I(1)
null hypotheses. In particular, ¢(N7 /*V7) can be used to test the null hypothe-
sis that u, is I(1) against the alternative that it is I(0). Critical values are obtained
from the density f;, and consistency of the test follows from the different rate of
convergence under the I(0) alternative. Alternatively, ¢(V7) could be used
to construct a consistent test of the I(0) null against the I(1) alternative; see
Park (1990), Park and Choi (1988), Saikkonen and Luukkonen (1993), and
Kwiatkowski, Phillips, Schmidt, and Shin (1992).

The likelihood ratio (5) permits performing Bayesian inference when priors
are specified only on the point hypotheses 1(0) and I(1). Let these priors
respectively be o and n, (so that o + m; = 1). Then the posterior odds ratio is
the product of these priors and the Bayes factor (5),

Il = (m/mo)Br. (6)

The consistency of decision rules based on B implies that decision rules based
on the posterior odds ratio also are consistent.

In the Monte Carlo investigation and empirical analysis of Sections 4 and 5,
we will consider three specific functionals ¢:

$1(9) = 1n{§ g(s)zds}, (7a)
0
2
(152(9):111{( sup g(s) — inf g(s)> } (7b)
se(0, 1) se(0, 1)

$i(g) = ln{ Y |fgls)e™ ™" ds
j=tlo

2
}. (7¢)

The statistic ¢, and close variants have been studied in several related
literatures. In terms of the original data, ¢,; = ¢(V7)=In{® *T!
x YT (T7V2%L_, y$)?}. One motivation for using ¢, comes from recognizing
that, with no trend or detrending, ¢,r = T 'S (T V2% _ u)?/5,(0) (which
is appropriate if d, = 0 and u, is serially uncorrelated) is the Sargan-Bhargava
(1983)® statistic testing the null that x,=3%_,u, has a unit root,
which in turn is motivated as being the Durbin—-Watson (1950) ratio for the

3 Also see Bhargava (1986).
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Gaussian random walk. If the rejection region is the right tail, ¢, accordingly
can be interpreted as testing the null that u, is 1(0) against the I(1) alternative.
The statistic ¢ has also been studied by Nabeya and Tanaka (1988) (to test for
random coeflicients) and by Saikkonen and Luukkonen (1993) (to test for a unit
MA root). Saikkonen and Luukkonen (1993) proposed a generalization of ¢4
to test 1(0) vs. I(1) with ARMA errors, although their generalization differs from
that examined here. Kwiatkowski, Phillips, Schmidt, and Shin (1992) proposed
exp(¢,7) as a test of the general I(0) null against the I(1) alternative, and the
statistic is closely related to Park’s (1990) variable addition test. Gardner (1969)
and MacNeill (1978) studied ¢,r as a test for a broken time trend (also see
Brown, Durbin, and Evans, 1975); Perron (1991) extended their statistic to
general error terms and proposed exp(¢;r). Both Kwiatkowski, Phillips,
Schmidt, and Shin (1992) and Perron (1991) derived asymptotic representations
for exp(¢,r) under the general 1(0) and I(1) hypotheses.

The statistic (2;” is based on the range of the cumulative process, scaled by an
estimator of the spectral density of y, at frequency zero. Scaled by its variance
rather than &, this was proposed by Mandelbrot and Van Ness (1968) and
Mandelbrot (1975); Lo (1991) studied the generalization (7b) and applied it to
financial time series data.

The statistic (537 has a somewhat different motivation: if y, i1s I(1), then the
cumulative process will have more mass in its spectral density at low (but
nonzero) frequencies than it will if y, is I(0). Although the population spectral
density of ¥y is not well-defined for frequencies near zero, ¢,r nonetheless has
a well-behaved asymptotic distribution for fixed integer J.

3. Examples of estimated trends

This section provides specific results for two types of trends and detrending
procedures, polynomial time trends detrended by OLS and piecewise linear or
broken trends, also with OLS detrending. Both are shown to satisfy the detrend-
ing conditions A and B in Section 2.

3.1. Polynomial detrending by OLS

Consider the polynomial time trend,
d; = z;, (8)

where z, = (1,¢,¢%, ...,t9) and where the unknown parameters f are estimated by
regressing y, onto z, to obtain the OLS estimator J of 8. Thus g = 0 corresponds
to subtracting from y, its sample mean and g = 1 corresponds to linear detrend-
ing by OLS. For general g, under (8) the detrended data are y? = y, — z/f
=u, —4,, where 6, = ;3.1 , zz)) 'Y |z,
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To verify that Theorem 1 applies when this detrending procedure is used, it is
sufficient to verify that condition A and B hold. The relevant properties of the
detrending process are summarized in Theorem 2.

Theorem 2. If d, is given by (8) and f is estimated by OLS, then:

(a) If y, is 1(0), then:
(i) (Uor, Dor) = wo(W, Do), where Dy(A) = v(A) M~ '@, where &, M, and
v are respectively (g + 1)x1, (g+ 1)x(g+ 1), and (g+ 1)x1, and
@&, = W) — (i — 1) [bs' 2 W(s)ds, M;; = 1/(i +j — 1), and vi(4) = A/i.
(i) 76, || = wi®'M 1.

(b) If y, is I(I) then:
(i) (Uir,Dir) = w(W,D,), where D,(2) = &AY M~ "y, where &i(J) = 271
and § = [} E(s) W(s)ds.
(i) 7|46, =iy’ MMM~ "y, where M[;=(i — 1)(j — l)/max(l,
i+j-—3)

Parts a(i) and b(i) of Theorem 2 have previously been obtained by Ouliaris,
Park, and Phillips (1989) and Perron (1991). Theorem 2 implies that conditions
A and B hold when y, is detrended using a polynomial deterministic trend,
estimated by OLS. Parts a(i) and b(i) verify conditions A(i) and B(i), respectively.
Condition A(ii) follows from part a(ii) under the rate condition in Theorem 1
(thatis, 2 InT/T~ 0 and T, = w3 &' M~' & implies I} |5, - 70). Part b(ii)
implies |46, — 70, which verifies condition B(ii).

3.2. Piecewise-linear (‘broken-trend’} detrending

The piecewise-linear trend consists of two connected linear time trends which
break at the fraction 7, of the sample that corresponds to a break in period
ko = [T1o]- We assume that 7, is unknown within a range 7.;, < T < Tma,. 1he
trend term is

diko) = o + Bt + yr(t — ko)1(t > ko) = z,(ko)'0, )

where z,(k) = (1,t,(t — k)1(¢t > k)) and 6 = (o, f, y), where 1(’) is the indicator
function.

If the break coefficient y is fixed, the break point will be estimated con-
sistently. In practical applications, there is uncertainty about the break date,
however, so we adopt a nesting for y; under which the rescaled estimator of
7 has asymptotic sampling uncertainty. We do this by adopting Picard’s (1985)
conditions on the local-to-zero break model:

T lyg| =0,  T*2|yrl> . (10)
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The estimated trend is

dy(k) = z,(ky O(k), (11)

where

T -1 T

O(k)y = < Y Z:(k)zx(k)’> Y z (k) y, (12)
t=1 =1

and where £ is the value of k that minimizes the sum of squared residuals, that is,

k solves
T

min TRV
X ey, (13)
Where at(k) =Y — Zt(k)/é(k)a kmin = [T‘Emin]7 and kmax = [T‘Cmax]’:
The asymptotic behavior of the trend estimation error, 4, = d,(k) — d(ko), is
summarized in Theorem 3 for the local break model.
Theorem 3. Let d, be given by (9), where yy satisfies (10), and let d,(k) be given by
(I11)—(13).

(@) If y, is 1(0), then:

() (Uor, Do) = wo(W, Dg), where Do(A) = v(4, 1) P(t0), where v(4,7)=
(— (4 — )14 > 1), 4,34% LA — ©)?1(4 > 1)), and the 4 x 1 random vector
®(ty) is a functional of W that is distributed N(0,Q(to)™ "), where
Q =1-1,0Q,=—(1-1), Q= — 31 —1%), Q= -1 -1,
Q=1,Q55 =% Qu=31—177% Q33 =% Q34 =2 — 3t +7%)/6, and
Qup=(1~- 7)3/3'

(it) T, = wd®P(zo){fgE"(5,70) EN(s, 1) ds} P(zo), where E(s, 1) = (—1(s > 1),
E(s, 1)), and where £(s,7) = (L,5,(s — ©)1(s > 1))

(b) If y, is I(1), then:

(i) (U,r.Dir) = w(W,D;), where Dy(i)= Fy(4,1*), where F(i,1)=
EQ, Ty M(1)" ' W(1), where ¥(1)= [L&(s,7)W(s)ds, M(1) = [3é(s,7) x
E(s,1)'ds, and E(4,7) is defined in a(ii) of this theorem, and t* has the
distribution, argmin. c(min cmax) Jot W(s) — Fi(s,7)}2ds.

(ii) Let nr(4,7) = Sru([T1]) — Sry- 1 ([T7]). Then nr(,7) = 0.

It follows from Theorem 3 that the detrending error J, satisfies conditions
A and B. Parts a(i) and b(i) respectively verify conditions A(i) and B(i). Condition
A(ii) follows from part a(ii) of the theorem as long as /7/T — 0, which holds by
assumption. Condition B(ii), the mean-square consistency for zero of 5y, follows
from the sup-norm consistency result in part b(ii).

One possibility is that the series is detrended using the broken trend model (9),
but in fact there is no break in the trend, that is, y; = 0. In this case 74 is not
identified, and the conditions of Theorem 3 no longer hold. The next theorem
summarizes the properties of the trend estimation error when in fact y; = 0.
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Theorem 4. Let d, be given by (9), let d,(k) be given by (11)y~(13), and suppose that
the true value of 1 is zero.

(@) If y, is 1(0), then:

(i) (Uor, Dor) = wo(W, Do), where Dy(2) = (4, 'Y (<), where ®(z) = [1&(s,7)
xdW(s), 74, 1) = (A, 1A% 50 — 0?14 > 1)), and t* has the distribution
argmax . .. o d(1) M ()~ ! (1), where &(4,7) and M(z) are defined in
Theorem 3._ ‘ _

(i) 7|6, = @(z")y M(z") " '@(z").

(b) If y, is I(1), then the results of Theorem 3(b) continue to hold.

In the I(1) case, the distribution of the detrended process does not depend on
whether yy is zero or local to zero, an intuitively plausible result because the
trend process and 1, are not estimated consistently in the I(1) case even for
nonzero yr. In the 1(0) case, however, the detrended process has a different
distribution if 7 = 0 than if y is local to zero. This differs from the results for
polynomial detrending, and raises the practical problem that the distribution f;
in (5) will depend on y and, if y # 0, on 1,. Our proposed solution is to estimate
fo(x) by fo(x:b/6,,7), where fy(x:b/6,.7), is the density of W4(;7/6,7), where
b = T} is computed from the OLS estimator of 7 with sample size 7. Then
Wi(-;3/6,1), is computed as the limit of the partial sum process constructed
from the residuals from the broken-trend detrending of a time series with an i.i.d.
N(0, 1) stochastic component and with trend d, = (b/T3,) (t — [TT])1(t > [T7]),
where b, 6,, and 7 are held fixed.

Assuming that u, is in fact 1(0), this procedure is justified in two steps, first for
vr local to zero, next for yr = 0. First suppose that 3 is local to zero as in
Theorem 3; to be concrete, let y7 = b/T, where b is a constant, a sequence that
satisfies (10). Under this local nesting b — *b, 6,— " o,, and # — ? 1, (Picard,
1985; Bai, 1992; see the proof to Theorem 3), W4(4:5,t) is continuous in 7, and
W4 does not depend explicitly on b beyond the maintained assumption that
b # 0. Thus the distribution of W*4(-,1,) in Theorem 3(a) can be approximated
with an asymptotically negligible error by the distribution of W4(-; b/6,.7). Next
suppose that y = 0, so that 1, is unidentified and 7 has the limiting distribution
of " given in Theorem 4(a). Then results in the proofs of Theorems 3 and
4 suggest that the distribution of D, (and thus of f,) is continuous in b as b — 0
and moreover b — ?0.* It follows that W¥¢(-;6/6,, ) has the limiting distribution
in Theorem 4, so that for b =0 or b # 0 this procedure yields a consistent
estimator of fj,.

If u, is in fact I(1), then for this procedure to yield a consistent decision rule it
is sufficient to show that the proposed procedure produces a limiting I(0)

* From Bai (1992), under the local nesting y = b/T, T"/?(h — b) has an asymptotic normal distribu-
tion if b % 0, and from the proof of Theorem 4, 7'2p = O,(1) if b =0, so b —? b for general b.

14



116 J.H. Stock | Journal of Econometrics 63 (1994) 105- 131

distribution f; that has support on the real line. In fact, a stronger result holds,
namely that if u, is I(1) and y7 is local to zero with the nesting yr = b/T (where
b might be zero), then the distribution of ¢(W4(-;b/6,,1)) converges to the
distribution resulting from Theorem 3(a), with the random variable t* [defined
in Theorem 3(b)] replacing 7, This follows from the fact that, if u, is I(0),
b= O,(1) under the local assumption [an implication of the proofs of Theorems
3(b) and 4(b)], so the coefficient on the trend used to generate W will with
probability one satisfy (10) and therefore will satisfy the conditions of Theorem
3(a). Although f,(x; b/6,,7) for fixed x will asymptotically be a random variable
in this case (because T = t*), the posterior odds and Bayes ratios will still yield
consistent decision procedures.

4. Numerical issues and finite sample performance
4.1. Computation of densities and likelihood ratios

Because the limiting distributions of the statistics ¢ r are nonstandard, f;(¢7),
fo(é7), By, and IT; were evaluated numerically using a kernel density estimator
of the likelihood. The approach was first to produce a matrix of pseudo-random
realizations of the limiting random variables ¢(W?%) and ¢(V9), and second to
use these realizations to evaluate the likelihoods f,(¢ 1) and f; (¢7) for observed
¢ 1. Specifically, series of length 100 were drawn according to the 1(0) model
u, = g, ¢ iid. N(O, 1); these data were then used to construct V' (imposing
I7 = 0) and ¢, and the realization of ¢; was saved. This was repeated using the
I(1) model Au, = ¢, ¢ iid. N(0,1), T = 100, and ¢(N'? V;) was computed
(with I = 0) and saved. Both cases entailed 8000 Monte Carlo replications.
Given a realization ¢r, the densities fo(dr) and f;(¢7) were then computed by
kernel density estimation.® Five trend specifications are considered: no detrending,
demeaning, linear detrending by OLS, and two versions of broken trends

From Theorem 3(a) and its proof, for b # 0, Dor(4d) = $(4, 1) &%) + bh(A)t* + 0,(1) uniformly in 4,
where t* is an O(1) random variable that does not depend on 4. It follows that the limit as b — 0 of
the distribution of Dy is the distribution in Theorem 4(a) if the distribution of T is continuous in b. To
argue this, note that for b # 0, £ solves max, (... ... &1y M(x)” ' d(1) + bQ(1), where (1) = O,(1)
uniformly in a T~ */? neighborhood of z,. As b — 0, the objective function converges to the objective
function in Theorem 4(a), suggesting the continuity of the distribution of 7 as b — 0.

5The Monte Carlo and empirical results were computed using a flat kernel with bandwidth xa,,
where o, is the standard deviation of the asymptotic distribution of the statistic in question and
k = 0.1. Fig. 1 was computed using a Gaussian kernel with the same bandwidth. The density
estimates and likelihood ratios are numerically stable in the sense that the I(1)/l{0) decision rates are
insensitive to the choice of bandwidth over the range x = 0.02-0.20. Programs in GAUSS to perform
these evaluations are available from the author upon request.
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estimated by OLS, first with y = 0 and second with y = 0.5 and 7, = 0.5. In this
final case, the pseudo-data were generated using y, = y(t — [T710]) 1(t > [T70))
+u, because of the dependence of the limiting I(0) distribution on 1, for y+ local
to zero. Because T = 100 was used to generate the null distributions, in the
nesting yr = b/T this final trend specification corresponds to b = 50. (Looking
ahead to the empirical results, this value of b is large relative to empirical
estimates using annual time series data for the United States, so we would expect
the y = 0 and y; = 50/T cases to bracket a wide range of cases of empirical
interest.) This nesting is used to set y as a function of the sample size in the
Monte Carlo simulations reported in the Section 4.2 below. The Monte Carlo
and empirical work with the trend-break specifications all used 7, = 0.15 and
Tmax = 0.85.

The densities f, and f; for ¢, [that is, the densities of ¢;(W$) and ¢,(V4)]
and the corresponding cdf’s are plotted in Fig. 1 for the demeaned case, which is
typical of the five trend specifications. In each trend case, the I(1) distribution
lies to the left of the I(0) distribution. Although the I(0) distribution does not
change its shape substantially as the detrending procedure changes, the I(1)
distribution does, becoming more bell-shaped the greater is the amount of
detrending.

0.0 0.t 0.2 0.3 0.4 05 06 0.7 0.8 09 1.0

Fig. 1. Asymptotic cdf and pdf of ¢, under I(0) (solid line) and I(1) (dashed line), demeaned
case.
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4.2. Finite-sample performance: Monte Carlo results

This subsection reports the results of a Monte Carlo experiment which
studied the ability of the proposed procedure to classify correctly Gaussian
ARMA (1,1) processes. The spectral density estimator is a truncated version of
one recommended by Andrews (1991). Specifically, the Parzen kernel was used
and [y was chosen as I = min(/7, It max), Where I7 is Andrews’ (1991) automatic
bandwidth selector. Because [ is unbounded in the I(1) case, it was truncated at
I7.max = [10(7/100)®2], where the rate is taken from Andrews (1991) and satis-
fies the condition of Theorem 1, and where 10 was picked arbitrarily.

Monte Carlo rates at which the series are classified as 1{(0) based on the
posterior odds ratios, for various prior odds, sample sizes, and nuisance para-
meters, are summarized in Table 1 for the ¢, statistic. One way to make
comparisons across panels is to consider the performance of the classifiers,
standardized so that their error rate is constant for a certain model; this is
analogous to comparing size-adjusted power of tests. Such a comparison shows
that increasing the extent of detrending reduces the discriminatory power of the
statistics. For example, for n; = ng and T = 100 for ¢, , the random walk error
rates for the demeaned, detrended, and broken trend-detrended (7 = Q) cases are
comparable, respectively 0.13,0.12, and 0.09, but the I[(0) correct classification
rates for p = 0.9, 0 = 0 drop sharply to 0.47,0.27, and 0.17, respectively. More-
over, the IMA error rates increase with the extent of detrending, respectively
rising from 0.36 to 0.57 to 0.73 for p = 1, § = —0.875 for the three detrending
cases. In short, detrending leads to large-root 1(0) AR models being increasingly
classified as I(1) and large-root I(1) MA models being increasingly classified as
[{0). This parallels the well-known result that the power of tests of a unit AR root
against a given alternative declines with the extent of the detrending. Also, the
classification rates are sensitive to the prior odds for moderate sample sizes. For
example, for 7= 100, p = 1, and 6 = 0, decreasing the prior odds ratio in favor
of I(1) from 1 to 0.25 increases the false classification rate for ¢,; (linearly
detrending) from 12% to 38%.

These results, along with Monte Carlo results for ¢, and ¢35 reported in the
working paper version of this paper (Stock, 1992) permit comparisons across the
¢11, P27, and ¢y statistics. First consider the leading case of linear detrending,.
Holding the random walk classification rate constant, ¢,y has higher correct
classification rates than ¢, for the AR models with large roots, and it has
comparable error rates for the IMA models. Similarly, holding constant the
random walk correct classification rate, ¢, outperforms ¢ for the [{0) AR(1)
models. The results for ¢;r indicate a large incorrect classification rate of the
random walk with even prior odds (41% for 7' = 100), creating an additional
difficulty with interpreting this statistic. In contrast, the 7' = 100 error rates for
¢, are 12% in the random walk case and 6% for the i.i.d. process. For linear
detrending and typical macroeconomic sample sizes, this evidence suggests that,
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Table 1
Monte Carlo results: I(0) classification rates for the ¢, statistic
Model: (1 — pL)x, =(1 + 0L)¢, & 1.1.d.N(O, 1)

=0 p= p=10, 8=
T ny/rg O 0.6 0.8 09 0.95 0975 10 —0.875 —0.75 —05
(A} Demeaned
100 100 096 0.78 067 047 029 025 0.3 036 017 0.13
100 050 098 090 082 0.67 048 042 025 0.43 032 023
100 0.25 0.99 096 091 0.81 064 055 0.36 0.51 042 033
100 0.10 1.00 099 096 0.88 075 0.66 043 0.59 0.51 0.42
200 .00 098 086 074 0.61 039 026 009 0.15 0.10  0.09
200 050 099 0.93 084 072 052 039 016 020 0.15 0.17
200 0.25 099 098 092 084 067 057 025 027 027 025
200 010 099 099 097 092 078 068 031 034 035 033

(B) Linear trend/OLS detrending

100 100 094 072 045 027 015 014 012 057 025 0.15
100 050 097 085 065 040 026 022 022 065 032 025
100 025 098 095 083 069 050 049 038 0.71 043 044
100 010 099 099 095 082 071 0.67 058 077 060 0.62
200 100 099 081 066 040 023 011 0.07 029 0.11 0.06
200 050 099 091 080 059 041 023 016 033 018 013
200 025 099 096 086 068 049 032 020 0.41 025 017
200 0.10 100 099 092 079 063 045 030 050 034 029

(C) Broken trend/OLS detrending, y = 0

100 1.00 091 039 025 017 013 010 009 073 038 0.14
100 050 095 081 069 060 048 042 039 0.81 050 045
100 025 098 097 092 087 082 076 077 086 065 0.77
100 010 099 1.00 1.00 1.00 1.00 1.00 1.00 092 083 099
200 100 097 063 044 024 012 008 007 054 017  0.09
200 050 097 082 069 045 030 021 0.19 059 024 022
200 025 099 092 084 068 0.51 038 038 066 035 040
200 0.10 1.00 098 0% 092 082 074 071 075 052 074

(D) Broken trend/OLS detrending, y = 50/T, A =0.5

100 .00 096 038 024 0.1 008 010 008 078 040 0.09
100 050 098 093 085 068 06l 0.59 055 085 054 054
100 025 099 1.00 .00 098 095 092 090 092 070 093
100 0.10 1.00 1.00 1.00 1.00 099 099 097 095 085 0.99
200 .00 099 071 047 026 012 007 007 058 013 008
200 0.50 100 086 073 045 028 017 015 063 019 018
200 0.25 .06 097 090 070 0.51 036 030 067 028 036
200 0.10 1.00 099 096 084 068 052 046 073 040 056

Entries are the fraction of times that the posterior odds ratio favors 1(0) over I(1) for the indicated
prior odds ratio 7m,/m,. The spectral density w? was estimated using the Parzen kernel with
bandwidth truncation parameter /r, computed using Andrews’ (1991) automatic procedure, trun-
cated at 10(7/100)°-2, as discussed in the text. Based on 500 Monte Carlo replications for each entry.
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of the three tests, ¢, has the best performance, followed by ¢ 7. Turning to the
broken-trend case, ¢37 and especially ¢, have large incorrect classification
rates for the random walk with even prior odds. Thus posterior odds based on
¢ and ¢;r are likely to be misleading. Holding the random walk correct
classification rate constant, ¢, generally exhibits the lowest error rates of the
three statistics in the other (p, ) combinations. In summary, the ¢+ and ¢,¢
statistics exhibit the best overall performance in the linear trend case, while ¢,
is preferred in the broken trend case. These statistics are therefore used in the
empirical analysis in the next section.

5. Empirical results

Table 2 reports posterior odds ratios for Nelson and Plosser’s (1982) annual
data on 14 aggregate economic time series for the United States. First consider
the results for linear detrending. The ¢ and ¢, 1 posterior odds ratios yield the
same I(1)/I(0) classifications of 13 of the 14 statistics; for these 13 series, 12 of the
classifications agree with Nelson and Plosser’s (1982) results based on
Dickey—Fuller ¢-statistics, that the series are consistent with the I(1) model. The
only series on which the ¢,y and ¢, statistics disagree is the unemployment
rate, for which the ¢,; posterior odds ratio just favors I(1). Because the
unemployment rate is bounded below and above, it is arguably more appropri-
ate to demean than to linearly detrend this series. For demeaned unemployment,
the posterior odds ratios (even prior odds) are 0.44 and 0.11 for the ¢, 7 and ¢,
statistics, respectively, both favoring the 1(0) hypothesis, with the evidence using
the ¢, 1 statistic being rather strong. These two observations suggest classifying
the unemployment rate as I(0).

It is interesting to note that, at the level of the 1(0)/I(1) classification, the only
difference between the posterior odds ratio results and conventional
Dickey-Fuller tests is for the money stock. However, for this series neither the
classical nor the Bayesian results are clear-cut: the classical 90% asymptotic
confidence interval based on inverting the ADF statistic is wide (0.687,1.030),
and barely contains 1, while the two ¢ posterior odds ratios exceed 0.8,
providing only weak evidence in favor of the I(0) model.

From a Bayesian perspective, the posterior odds ratios provide information
about the relative likelihood of the I(1) and I(0) models. For some series, in
particular industrial production, consumer prices and stock prices, the evidence
strongly favors the I(1) model. However, for most series the evidence is much less
strong. For example, a researcher with a prior odds ratio of 1/2 in favor of the
1(0) hypothesis would reach the conclusion that the GNP deflator is 1(0) using
the ¢, statistic, and that seven additional series are I(0) using the ¢, statistic.

Posterior odds ratios for broken-trend detrended statistics are also presented
in Table 2. As discussed in Section 3, in the I(0) case the asymptotic distribution
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depends on the break parameters y and t (if y 3 0), so the Bayes ratios are
evaluated for y = 0, for (y = 50/7, 7 = 0.5), and for estimated 7, 1, where the
limiting distribution under [(0) was approximated by the distribution of
$2(W4((-;b/6,.1)) as described in Section 3. The likelihood ratio statistic for the
estimated y, T case was computed as described in Section 4.1, except that the
kernel density evaluations were based on 4000 Monte Carlo replications.

The striking feature of the broken trend results is that most of the Bayes ratios
are near one. In several cases, the I(1)/I(0) classification is sensitive to which 1(0)
distribution is used to compute B. However, with the exception of the bond
yield, in these cases the Bayes ratio typically ranges from 0.8 to 1.1, so that small
shifts from even prior odds would change the classification. In this sense, for all
series except industrial production, the GNP deflator, velocity and perhaps the
bond yield, the data are uninformative about the I(0)/1(1) classification under the
broken trend model. For industrial production and velocity, the reported Bayes
ratios favor the I(1) model. The Bayes ratios also provide moderately strong
evidence in favor of the I(1) model for the GNP deflator.

For 13 of the series, the Bayes ratio computed using the f,(-; b/6, ) distribu-
tion either falls within, or is close to, the range of B(¢,) in the » = 0 and b = 50
cases. This i1s unsurprising, in the sense that in absolute values the estimates of
b/o,, Ty/d,, are small and always less than 50, The one series for which inferen-
ces differ is the bond yield. For this series, the likelihood ratios are also unstable
to changes in the kernel density estimator and bandwidth used to evaluate fj,.
The source of this instability is that the point estimate of ¢, for the bond yield
falls in the tails of both the 1(0) and I(1) distributions; that is, after broken-trend
detrending the empirical realization of ¢, for the bond yield is unlikely to have
been generated by either an 1(0) or I(1) process. This suggests exploring other
characterizations of the long-run properties of the bond yield, such as fraction-
ally integrated models.

In summary, if linear detrending 1s used, the Nelson—Plosser (1982) 1{1)/1(0)
classifications are supported by the proposed decision-theoretic procedures, with
the sole exception of the money supply for which the posterior odds slightly favor
I(0). For several series the empirical evidence is weak, in the sense that moderately
strong priors that a series is I{0) would change the posterior conclusion. When the
series are detrended using piecewise-linear trends, the evidence in these data is
much weaker, with most Bayes ratios in the range 0.8-1.3.

6. Conclusions

Although the procedures proposed here have an explicitly Bayesian motiva-
tion, they alternatively can be given a classical interpretation, and indeed
classical asymptotic arguments have been key to eliminating the dependence of
the procedures on the short-run nuisance parameters. From a frequentist
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perspective, the procedures are simply model selection techniques adapted to the
I(1)/1(0) classification problem, and the prior odds ratio n,/n, is a parameter to be
chosen by the econometrician. This choice could, for example, be made by
controlling the rejection rate (the ‘size’) for a specific leading case. Indeed,
according to the Monte Carlo results, our use of even prior odds for the ¢, statistic
in the empirical analysis corresponds to sizes of just under 10% for the 7= 100,
random walk model, in both the linear and piecewise-linear trend specifications.

These results suggest several directions for further theoretical development.
Primary among these is the desirability of constructing optimal classifiers
among the set considered here. Because the Bayes ratio 1s just the likelihood
ratio, the construction of an optimal ¢ is related to the existence of sufficient
statistics for the I(0) and I(1) models. In the related problem of testing the
Gaussian I(1) null against the I(0) alternative, parameterized in terms of whether
the largest autoregressive root is one or less than one, the asymptotic minimal
sufficient statistic has dimension two, so no uniformly most powerful test of the
unit AR root null exists (Elliott, Rothenberg, and Stock, 1992). Similarly, there
does not exist a uniformly most powerful test of the 1(0) null against the I(1)
alternative, even in the simplest Gaussian parameterizations (e.g., Shively, 1988).
This suggests that any single ¢ will not be uniformly best for all true models.
Whether a one-dimensional ¢ can come close to being uniformly optimal, as it
can in the unit AR root testing problem, is a subject for future research.

It would also be of interest to compare these classifiers to other approaches,
such as I(0) or I(1) tests with critical values that depend on the sample size or the
Phillips—Ploberger (1991) posterior odds ratio approach. Another question is
the calibration of this classifier in the context of specific loss functions, which
presumably would depend on the application at hand. These problems are left
for future research.

Appendix A: Proofs of Theorems 1-4

The proofs are applications of the functional central limit theorem (FCLT);
see, for example, Hall and Heyde (1980), Ethier and Kurtz (1986), or Herrndorf
(1984). Throughout, set Kr(m) = k(m/lz)/¥"__ k(j/l7).
Proof of Theorem 1

(a) By Assumption A(i),

[T:] [T4)

TR W =TY (- d)
t=1 t=1

= Uor(4) — Dor(4) = wo(W(A) — Do(A)) = wo W%(U (A.1)
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Letd? = Yr_ | k(m/lp)T~ 12, Imlﬂu,u, im|- Under the stated assumptions
on Iy and the kernel k, ®*> —°? wj. Thus it is sufficient to show that
[@% — ®%* — ?0. Now,

T

Iy
|w - w2| = Z k(m/lrﬂk1 Z (6, 5r—|m| — U 5t—|m| = Ui~ |m| dy)

m= ~lp t=|m|+1

Ir
<Y ki 20u]V2)8.) M + |6}
m=—lp

< @z + D) {2]ul] V28,12

where |6 =T7'Y7,6?. Because Ir— o and  |ul - ?7,(0),
|®* — @?* — P0 if I}]|6,|| — 70, which is assumed as condition A(i).

(b) Write

[TA]
NT2Vr(l) = N7 2o T2 Y pd = Br124,(3),
y

s=1
where

[T4]

Ir
Ar() =T Y yi,  Br=T1 Y Krmjulml).
s=1

m=—|

By Assumption B(i),

Ar() =, | Wi(s)ds.

s=0

In the case of no detrending, it was shown by Phillips (1991b, App.) that if u, is
I(1), then By = w} j(l) W, (s)*ds. This result was extended to linear trends (OLS
detrending) by Kwiatkowski, Phillips, Schmidt, and Shin (1992) and to general
polynomial trends (OLS detrending) by Perron (1991). Lemma A.l (below)
extends this result extended to the general trends satisfying conditions A and B.
It is shown in the lemma that &y = *ZZ, L#? — Br -7 0, so that by
Assumption B(i) and the continuous mapping theorem, By => w7 o Wi(s)?ds.
Combining the limiting representations for Ar() and By yields the desired
result. O

Lemma Al. Let Er=T *YT (1) — By, where By =T 'Yr_ | Kp(m)

m= —{y

X Pya(iml). If v, is I(1), 3In T/T — 0, and Assumption B holds, then Z1 — *O0.
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53]

Proof. Use yr__ Ky(m)=1 and Kgp(m)=Ky(—m) to write
27715 | K (m) (5ya(0) — 7,a(m)). For m > 1,

"};yd(o)_’}’;yd(m) Z )’r myt + 7" IZ yt)z
t=m+1 t=
where A,, =1 — L™, Thus,
|Er| < 2T} ZKr(mIT‘ Z Vi Amyi

t=m+1

Ir m
+2T71 Y Ke(m)| T ), (v
m=1 t=1

=Air + A,

say. These two terms are handled in turn.

() Air. Note that [T'ET,. ¥4I <{T'Z, (V)3T
Zl:m+1(Amyt) } 2,

The definition of K r(m) and the assumption, made following (4) in the text, that
1713 = 1 k(u/2) = k, where k is a positive constant, imply that K, (m) < I7 'k .
Using this 1nequa11ty and x'/2 < | + x for all x = 0, we have

T
Ay <277 Z Kym){T"! Z(y T Y (dmyd)P P
t=m+1
T {r T
ST 0P kg 2 Y (qrT 2 Y (4 D)2}
t=1 m=1 t=m+1

YOO lq;“zz (40T Y (4 yfP])

t=m+1

T

_.2{7‘ ZZ(y 1/2{k q—1/2+k ll 1 1/2T Z Z (Amyz }

m=1t=m+1
= ZDig‘Z{DZT -+ D3T},

where  Dyp=T"23 - (y{)’, Dip=k 'q;'?, Diyr=k 'I5'ql2T?
m=1Yt=m+1(dmyH? and g7 is a positive nonstochastic sequence such that
qr — o . To be concrete, set g7 = (In T)?.
Now D1 = wi [§ W{(s)*ds by Assumption B(i). Also, D, = 1/(kIn T)— 0.
Thus 4,7 70 if Dyr —? 0. Also, Dyr = (InT/(kIrT) T, [dmyt | <
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InT/le D=y { || 4m u,H‘2+HA 3[4 Also, [|dpu, | = 3720 Au,—||
m*||du, | and ||4,,6,] < m?||45,. Thus,

Dsr < (InT/(klzT)) Z {m||du,||*? + m|d6,]|*2}2

<(c/K)YUFInT/T) | Au, | + ||40,]} 12, (A.2)
for some constant ¢. Under the I(1) : Au,|| = 774,0), and under

Assumption B(ii) | 46,|| = O,(1); with the rate condition /7:1nT/T - 0, it follows
that D3T d {)0.

(ii) Asp. Ay =2T %0 Kp(m)T™ 'Y (v 21'71 r(m) x

m=1

IZI' (_}t)z <T? ['-1(11) -—j/ T‘Uu() D11 /)sz)

by Assumption B(i) and because [/ T— 0. [
Proof of Theorem 2

Throughout, let ¥y = diag(1. 7, ..., T9) and let My =T 'Y 'Y 2,2/ Y7t
The nonstochastic (g + 1) x(g + 1) matrix M has typical element My ;=
T-'Y 1, (t/Ty "2 which has the limit M1 ;;—> 14i +j — 1) = M;; whether
is 1(0) or I(1).

(a)(i) Direct calculatlon shows that Dyp(2) = TV ZZ[T’ S, = vp(AY M7 1®y,
where vp(2) = T7'Y" )0z and @ = T VAN Y7 'ziu,. The (g + 1) x 1-
dimensional process vr(/) is nonstochdstlc and has the limit vp(4) - v(4), where
the ith element is v;(4) = 2'/i. Under the I{0) assumption (2), the random
(g + 1)-vector @, has the 11m1t @1 = wo®, where &, = W(l)and &, = W (1)—
(i — D fs' ™2 Wi(s)ds for i=2,....,q+ 1. Thus (Ugr, Dor(")) = we(W (), Do ()
where D (4) = &M~ 'v(4), which verlhes condition A(i).

(a)(i)) Similar calculations demonstrate that T|d,| = @73 M7 '@y =
WM 'd = 0,(1).

b)(i) Dip(a) =T "7, = ErAYM7 "Wy, where &p(a)= Y7'zp  and

=T 32N Y zou = [5Er()U 1 s)ds. The nonstochastic (¢ + 1) x 1 vec-

tor has the limit &,(-) — &(-), where &,(A) = 41~ !. As a consequence of this result,

the I[{0) assumption (2). and the continuous mapping theorem, ¥ = w, ¥,
where ¥ = [(S(s)W(s)ds. Thus Dy¢() = o W' M~ 'E() = o D1().

(b) (i) Write Ao =B —pyaz =@ —pyz,. where =t =1y
Also define Sp(2) = {T"*(d;r,) — o[m_l)}z. Then Sp(t/T) = (TV?46,)*=
BEMz7(t/T)p5 where M7 (¢/T) = T?Y7 'z, z7' Y7 " and /3* 712y, [? B).
Using the results in the proof of part (b)(i), pr=M7' ¥, =0 M '¥. In
addition, let &7 (2) = T Y7 'z(74: then &7 () > & (4) =(0,1,24, ...,g24" ') and
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Mzr(2)=E¢7 A Er(AY = (AN E(4), both uniformly in 4 It follows that
I TV248,) = [3S(0)d) = ? WM MM~ where M= [LE- () (W dh
Direct evaluation of M’ shows that M| = M}, =0 and M,J—(t— 1) x
G=DHi+j—=3),ij=2 U

Proof of Theorem 3

(a) The proof uses Corollary 1 in Bai (1992, Ch. 2). Under the conditions of
Theorem 3(a), Bai (1992) shows that (TV3yp(k — k), T2 Y (0 — 80)') = wo®,
where Yy =diag(1,7,7) and @ = (k*' 6*') is distributed N0, Q(1)7 "),
where Q(t) is given in the statement of Theorem 3(a). Under this nesting,
k—k #0,(1), but T =Kk/T is consistent for to: because T'?pp(k — ko) =
wo k* = O,(1), T*?y.(f — 1) = wo k*, but T°?y; > oc by assumption, so
T o Pr,.

(1) It is useful to express the trend estimation error as the sum of two
components, a term arising from the error in estimating 6 and a term arising
from the error in estimating k: 8,(k) = d (k) — d (ko) = z,(kY (§ — 0)+
(zik) — z,(ko)y 0. Thus,

(T7]

Dor(4,7) =T 2 Z Oy (k) = Vr(4,1) 0 r(?) + pri4,1), (A.3)

where (4, 17)= T~ Z[T’] Yrlz([Tr]) = [iooér(s,1)ds, where &r(i, 1) =
Yr'zpra([Te]) = {1, [TA)/T, ([TA] — [T > 1)/ TV, O07(8) = TV2Yr(0 — 0),
and  pr(a, 1) =T Y20 (2((Te]) — z([Tro))VO = [i=oexl(s, t)ds,  where
er(2,1) = T"?(zi7,(LTt]) — z¢r1y([Tt])Y 0. The three terms ¥, 67, and pr are
considered in turn.

vr(4, 7). This is a deterministic function of A and . Note that &4 is determin-
istic and has the limit,

Sr(,)—=20r) A =LAk -9l > 7). (A4)

Because ¥ is a continuous functional of ¢, it has the limit, ¥4(-,*) = ¥(:, ), where
v, 1) = (1,345 102 — 1)*1{4 > 1)). Because ¢, and therefore 77, and their limits
are continuous in 7, and because T — P1g, V(-,1) = (-, 1p).

Or(3). From Bai (1992), (1) = 6* as defined previously.

pr(4,7). A direct calculation shows that

Ht/T.k/T)
= TY2vrsign(ke — k) (t — min (k, ko)) 1(min(k, ko) < t < max(k, ko))
- T vr(k — ko)1(t = max(k, ko). (A.5)

Although er(4, ?) is discontinuous in A in the limit, [i- , er(s, )ds is continuous in /.
The consistency of 1, the continuity of [_er(s,)ds, and a straightforward calcu-
lation imply that pr(4,1) = — {§wok*1(s > 1o)ds = — wek*(2 — 10)1(4 > o).
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Combining these three results, we have that Dor(-,%)= wo¥(-, 7o) 0*
— wok*(A — 1) 1(L > 10) = wov(-, 10) P, where v(4, 1) and ® are defined in the
statement of the theorem.

(i) Define {7(1) = T'?dr;), so that T|é,| = {3¢r(A)*dA. Using previously
defined expressions and results, we have [§Cr(AY’di = f§{07&r(A, 1) —
er(A, 1)} 2dA = wd [§ {0% &4, 10) — k¥ 1A > 10)}2dA = wdd {[§ E(s,70)E(s. 7o)
x ds}®, where &'(s, 1) = (= 1(s > 1),&(s, 7)), which is the desired result.

(b)(i) Let Fip(4, 1) = T~ Y236;7,4([T7]), so that D, (1) = F1(4,1). The strat-
egy of the proof is first to obtain a limiting representation for the process
Fy7(,-), which will be continuous in its two arguments, next to obtain a limiting
representation for 7, and then to use these two results and the continuous
mapping theorem to obtain the desired limiting representation for D ().

Using terms defined in the proof of part (a), write F,r as

Fip(ht) = Er(A ) T 10.(t) + T Yer(4,1).
It was previously shown that &7 — & Next consider 77 'er(4,1). From (A.5),
IT" Yer(t/T, k/T)]
=T Y2y,(t — min(k, ko)) | H(min(k, ko) < t < max(k, ko))
+ |T7 1290 (k — ko)|1(t = max(k, ko))
ST 2yp(k — ko)l < T2y,

where the two inequalities are uniform in t and k and the second follows from
{k — kol < T. By assumption, T'?y;— 0; thus T~ 'e;(-, ) > 0.

Next consider 7 'fr(x). Now T 0p(x)=T "2Yp6(Tr])—0)=
Mp(t)" H{N¢(1) + ¥¢(1)}, where Np(o)= T*2Y Y5 z2([T)) (z([ T10])
— z([T]) 0, ¥r(z) = T“”ZT Yr'z((T)u, and Mqp(t)=T 'Yr'x
STz ([Tt z([T]) Yt Dlrect calculation reveals that M (") — M ("), where
M() = [§&(s,7) &(s,7)'ds as defined in the statement of Theorem 3. Ny can be
rewritten N¢(t) = [§&7(s, ) (T~ 'er(s, 7))ds; the results £y — & and T~ 'er - 70
imply that N — 20. Under the I(1) assumption, the remaining term, ¥+ (z), has
the limit ¥r() = [§&r(s,)Urr(s)ds = wy [3<(s,) W(s)ds = w; P(). Combining
these various expressions, we have T '07() =w,M()"'¥(), so Fir(,")
=>w,F(-,"), where F (i, 1) = &/, 1)M(1)" ' ¥(1).

The next step of the proof is to obtain a limiting representation for 7. By
definition, 7 solves (13), which can be rewritten as the problem of minimizing
S7(t) OVEr Tuin < T < Tyue, Where Sz(1) = T 231 4, ([Tr]) Let &,(k) = d,(k)
—d,(ko), where d,(k) = 0(k) z,(k). Then Sp(t) = T3 {y, — d([Tx])}?
= T2 {u, = ([T} = T 'S0 {U 2/ T) — Frp(e/T, [ T2]/T)}? =
js o1U1T(b)—Flr (s,[T7]/T)}*ds. 1t follows that Sy() = S(’), where S(1)=
W L ol W(s) — s5,7)}2ds. Thus % =t* where 7* has the distribution
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argmin, ¢ ... ..1§6{W(s) — F(s,7)}*ds. Because F, is continuous in 7, it
follows that DIT(.) = FIT(.’f) :wlFl(‘,T*) = CUIDI(').
(b)(il) By direct calculation,

lnr(t/T,k/T)|
= [0:(k) — &, -1 (K)|
=1(0(k) — 0) {zk) — z— 1 ()} + 0" {2,(k) — z,(ko) — Z~ 1 (k) + Z,- 1 (ko)} |

< 1B — Bl + 177k} — yrI1(t > k) + Iyr| L(min(k, ko) < t < max(k, ko).
(A.6)

In the proof of part (b)(i) it was shown that 77 '07() = M ()~ ' ¥(), where
T™'0r() = T2 Yp(0([T1]) — 0) = {T~'2(&([Tx]) — ), TV(B([Tx]) — B).
TY3+([Tt]) — yr)}. Thus, in particular, sup,|([7<])— | - 70 and
sup.|yr([Tt]) — yr| — 70, so the first two terms in (A.6) converge to zero
uniformly in 4 = ¢/T, © = k/T. In addition, y; — 0 by assumption, so the final
term in (A.6) vanishes. Thus sup, .nr(4,7)] =70, so #ng(,-) > 70 as
desired. [

Proof of Theorem 4

The proofs of parts (a) and (b) are, respectively, modifications of the proofs of
Theorem 3(a) and 3(b), and notation and expressions refer to those proofs.

(a)(i) In the notation of the proof of Theorem 3(a), because yr =0,
pr(4,7) = 0 identically, so Dor(4,7) = V7(4,7) O7(7). As in the proof of Theorem
3, Vr(,)—=¥(,). Because y;=0, 0}(1‘) = M7(#)"1®(f), where
@r(t) =T 'Y 'YL z([Tt])u,. It follows from the FCLT that
Pr() = wo®(-) as defined in the statement of Theorem 4: thus §,() = 6* (),
where 0*(1) = woM(1) ! 5(1), from which it follows that Dgr(-,*) = wo Do(-, "),
where Dy (4, 1) = V(4, 1) 0*(1).

Because Dy(4,7) is continuous in t, Dor(,t) = Do(-,1"), where ' is the
limiting representation for % (obtained jointly with the other expressions
comprising Dy ). Because |u,|| does not depend on 1, the solution to the problem
min, ., . 4,([T7])] is equivalent to the solution to the problem
max, (.. . Hr(1), where Hr(t)=T(|ull — |&([Tc)), where g,(k)=
v —d(k). A standard calgulation reveals that, when yr=0,
Hy() = H() = 0*(YM()0*() = @()M() '&(). By the continuity of the
distribution of the argmax, the limiting representation for % as
argmax, ¢ ... ....] H(7) follows.

(a) (i) By direct calculation, T|6,([T])|| = Hy(z),s0 T|d,|| = Hy(t) = H(z'),
the desired result.
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(b)(i) The proof of Theorem 3b(i) applies directly, with the simplifications
that e; =0 and Ny = 0.

In particular, the key result that 77 10%() = M(-) ' ¥() still holds.

(b)(i1) This follows from the proof of Theorem 3b(ii), using
T7H0T) = M) '), O
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