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zkhuh wkh �uvw irxu htxdolwlhv iroorz iurp vlpsoh fdofxodwlrq/ wkh �iwk htxdolw| krogv

ehfdxvh li r 9' |/ wkhq . df�rf�|0r0|o ' f e| wkh p1 g1 v1 surshuw| ri 0 +iurp

Dvvxpswlrq 4,/ wkh vl{wk htxdolw| lv gxh wr wkh idfw wkdw . df2
�|0

2
| o ' j2

0. df2
�|o/ wkh

vhyhqwk htxdolw| iroorzv iurp
SA

|'�f
2
�| ' A +vlqfh f �f ' AUg,/ wkh hljkwk htxdolw|

iroorzv iurp vlpsoh vxppdwlrq/ dqg wkh olplw lv gxh wr wkh dv|pswrwlf qhvwlqj zh

kdyh vshfl�hg/ lq zklfk g
A

$ 4 dv A $ 41 Doo ri wkh rwkhu uhvxowv duh lpphgldwh

frqvhtxhqfhv ri wkh deryh fdofxodwlrq1 T1 H1 G1

415 D15 Surriv ri Wkhruhpv 6/ 7/ dqg 8

Zh vwduw e| froohfwlqj vrph dgglwlrqdo gh�qlwlrqv1
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^2g * g $ f

Wkh iroorzlqj ohppdv duh xvhg lq surylqj wkh pdlq uhvxowv1 Wkh �uvw wkuhh

ohppdv froohfw Ehuu|0Hvvhhq0w|sh uhvxowv derxw frqyhujhqfh ri fhuwdlq ghqvlwlhv dqg

wkhlu ghulydwlyhv wr orfdo olplwv1

Ohppd 4 +Ehuu|0Hvvhhq Uhvxowv iru Ghqvlwlhv, Xqghu Dvvxpswlrqv 4/ 5/ dqg

6/ zh kdyh wkh iroorzlqj orfdo olplw udwh uhvxowv= < �qlwh �cgf r�|� ; g � gfc

t�T
�cr

ms�g Er�� � Er�m � �g3 �
e *L}g +6;,

t�T
�cr

ms ��g Er�� �� Er�m � �g3 �
H *L}g +6<,

Surri ri Ohppd 4 = Ohw #�| ' f�|0|
j0

1 Vxssrvh wkdw wkh vhtxhqfh #��c #�2c � � �

vdwlv�hv Frqglwlrqv D dqg F ri Dsshqgl{ E/ zkhuh wkh frqvwdqwv lq wkrvh frqglwlrqv

gr qrw ghshqg rq �1 Wkhq/ e| Wkhruhp 5 ri Dsshqgl{ E dqg d vlpsoh fkdqjh ri vfdoh

+uhfdoolqj wkdw j2
0 lv erxqghg dzd| iurp erwk }hur dqg lq�qlw|,/
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ms�g Er�� � Er�m � �g3 �
e *L}g +73,
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iru hdfk �/ zkhuh wkh frqvwdqw � grhv qrw ghshqg rq �1 Lw iroorzv wkdw wkhvh lq0

htxdolwlhv krog xqlirupo| lq � ' �c � � � cg/ l1 h1/ wkdw +6;, dqg +6<, krog1 Wr suryh

wkh wkhruhp/ lw wkhuhiruh vx!fhv wr suryh wkdw #��c #�2c � � � vdwlvi| Frqglwlrqv D dqg F

zlwk frqvwdqwv wkdw gr qrw ghshqg rq �1
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0*v +Dvvxpswlrq 4,/ wkh wklug lv e| wkh krprvnhgdvwlflw| ri wkh 0*v +Dvvxpswlrq 4,
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Frqglwlrq F1

D058



Lw uhpdlqv wr vkrz wkdw Frqglwlrq D ri Dsshqgl{ E lv lpsolhg e| Dvvxpswlrq 6
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Surri ri Ohppd 5 = Ohw #��| '
�
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wkhq Wkhruhp 6 ri Dsshqgl{ E krogv xqlirupo| lq E�c �� dqg Ohppd 5 iroorzv1 Wkh

dujxphqw wkdw Dvvxpswlrqv 4 dqg 5 lpso| Frqglwlrq F iru #���c #��2c � � � xqlirupo| lq
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Zh fdqqrw xvh wkh udwkhu vlpsoh phwkrg ri Ohppd 4 deryh wr suryh +84,/ ehfdxvh
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zkhuh wkh �uvw htxdolw| lv e| gh�qlwlrq/ wkh vhfrqg htxdolw| lv wulyldo/ wkh wklug htxdolw|

iroorzv ehfdxvh hdfk whup lq wkh vxp ri wkh h{suhvvlrq rq wkh vhfrqg olqh lv lghqwlfdo/

dqg zh pd| uhqdph doo ri wkh yduldeohv zh duh lqwhjudwlqj ryhu K� dqg 	K�/ wkhq wdnh

wkh dyhudjh ryhu g vxfk lghqwlfdo whupv/ dqg wkh �uvw lqhtxdolw| krogv ehfdxvh 	K��

lv d Ed|hv ghflvlrq uxoh/ vr lw surgxfhv d Ed|hv ulvn qr kljkhu wkdq wkdw ri dq|

rwkhu ghflvlrq uxoh> lq sduwlfxodu/ lw shuirupv qr zruvh/ lq Ed|hv0ulvn whupv/ wkdq wkh

frqvwdqw hvwlpdwru 31 Wkh irxuwk htxdolw| iroorzv iurp wkh Wrqhool0Ixelql wkhruhp1

Ilqdoo|/ wkh vhfrqg lqhtxdolw| krogv e| Dvvxpswlrq 91

Wr vhh wkdw wkh �qlwh0ghulydwlyh fodlp +96, krogv lq wkh sdudphwulf fdvh/ xvh wkh

iroorzlqj dujxphqw=
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zkhuh wkh �uvw htxdolw| lv e| gh�qlwlrq/ wkh vhfrqg htxdolw| lv e| wkh irup ri wkh

qrupdo olnholkrrg/ zklfk vdwlv�hv wkh frqglwlrqv ri Gxgoh| +4<<</ Fruroodu| D145 rq
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sdjh 6<7,/ wkh lqhtxdolw| lv gxh wr wkh frqyh{lw| ri wkh vxs ixqfwlrq/ dqg wkh wklug

htxdolw| iroorzv e| wkh gluhfw fdofxodwlrq wkdw t�T% m�� E%� K�m ' �
j20
I
2Z
e3 � * 2 ;K/

dqg e| gh�qlqj �f ' �
j20
I
2Z
e3 � * 21 Wkh irxuwk htxdolw| lv wulyldo/ vlqfh �f lv d

frqvwdqw zlwk uhvshfw wr erwk K dqg w1

Ohppd 8 +Orzhu Erxqgv iru Ghqvlwlhv, Xqghu Dvvxpswlrqv 4/ 5/ 6/ 9/ dqg :/

<��c �2cgf 	 4 r�|� ; g � gf
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% M d3_g c_g o
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zkhuh wkh �uvw htxdolw| lv e| gh�qlwlrq/ wkh �uvw lqhtxdolw| krogv ehfdxvh wkh lq�pxp

ixqfwlrq lv frqfdyh/ wkh vhfrqg htxdolw| lv djdlq e| gh�qlwlrq/ wkh vhfrqg lqhtxdolw| lv

gxh wr wkh idfw wkdw wkh lqwhjudqg lv qrqqhjdwlyh/ wkh wklug lqhtxdolw| iroorzv ehfdxvh

wkh lq�pxp ri wkh qrupdo ghqvlw| ryhu % dqg � erwk lq d�_gc _go fdq eh qr vpdoohu

wkdq li % dqg � zhuh 2_g dsduw/ wkh wklug htxdolw| iroorzv ehfdxvh wkh lqwhjudqg

lq wkh suhylrxv olqh lv qrw d ixqfwlrq ri �/ wkh irxuwk lqhtxdolw| iroorzv iurp wkh

idfw wkdw j2
0 � ( 	 4 e| Dvvxpswlrq 4/ wkh �iwk lqhtxdolw| lv e| wkh h{lvwhqfh ri

d vhfrqg prphqw ri C +Dvvxpswlrq 9, dqg Pdunry*v lqhtxdolw|/ wkh vl{wk htxdolw|

krogv ehfdxvh/ iru g eh|rqg vrph gf odujh hqrxjk/ zh fdq vlpso| qrwh wkdw �� ��

_2g

lv juhdwhu wkdq vrph srvlwlyh frqvwdqw/ wkh irxuwk htxdolw| lv e| wkh gh�qlwlrq ri _g

lq Dvvxpswlrq :/ dqg wkh odvw htxdolw| iroorzv e| vlpsoh fdofxodwlrq1

Wr vhh wkdw wkh lqhtxdolw| ri sduw +e, krogv/ qrwh wkdw �?u�c % M d3_g c_g o6�g E%� �

�?u% M d3_g c_g o6� E%� � �g 3 � * e *L}g � ��g
3 � * �2 � �g 3 � * e *L}g/ zkhuh wkh
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�uvw lqhtxdolw| frphv iurp Ohppd 6+e, dqg wkh vhfrqg frphv iurp sduw +d, ri wklv

ohppd/ zklfk zh mxvw suryhg1 Qrz/ iru g eh|rqg vrph gf zklfk lv vx!flhqwo|

odujh/ zh fdq vlpso| devrue wkh g 3 � * e *L}g whup lqwr wkh frqvwdqw rq wkh g 3 � * �2

whup/ ehfdxvh wkh odwwhu jrhv wr }hur pruh vorzo|1 Grlqj vr/ zh rewdlq wkh lqhtxdolw|

ri sduw +e,1 Wr suryh +f, dqg +g,/ vlpso| lqyhuw wkh uhodwlrqv lq +d, dqg +e,1
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zkhuh wkh �uvw htxdolw| lv e| gh�qlwlrq/ wkh �uvw lqhtxdolw| lv idploldu/ dqg wkh vhfrqg

lqhtxdolw| krogv e| wkh iroorzlqj dujxphqw= �uvw/ qrwh wkdw wkh j0�hogv jhqhudwhg e|

udqgrp yduldeohv zklfk duh olqhdu frpelqdwlrqv ri wkh hohphqwv ri wkh A � � yhfwruv

f � +zkhuh wkh zhljkwv lq wkh olqhdu frpelqdwlrqv duh �{hg, duh fhuwdlqo| vxe0j0�hogv

ri wkh j0�hogv jhqhudwhg e| wkh f � yhfwruv wkhpvhoyhv +lqwxlwlyho|/ zh pd| orvh lqiru0

pdwlrq e| wdnlqj olqhdu frpelqdwlrqv/ exw zh zloo fhuwdlqo| qhyhu jdlq lqirupdwlrq e|
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grlqj vr,1 Wkxv/ li zh uhfdoo wkh qrwdwlrq ri Dvvxpswlrq 7/ dqg lq dgglwlrq gh�qh JS
@

dv wkh j0�hog jhqhudwhg e| wkh udqgrp yduldeohv
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Wkh �qdo lqhtxdolw| lq glvsod| +:9, iroorzv iurp d fkdqjh ri yduldeohv +vr wkdw wkh

dujxphqw ri wkh nhuqho lv qr orqjhu vfdohg e| �g,/ wkh erxqghgqhvv ri wkh nhuqho/ dqg

wkh vxppdelolw| ri wkh � E?� +iurp Dvvxpswlrq 7,1
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zkhuh wkh �uvw htxdolw| lv e| gh�qlwlrq/ wkh �uvw lqhtxdolw| lv e| wkh frqyh{lw| ri wkh

devroxwh ydoxh ixqfwlrq/ wkh vhfrqg lqhtxdolw| lv e| wkh frqyh{lw| ri wkh vxs ixqf0

wlrq/ wkh wklug lqhtxdolw| lv e| wkh idfw vwdwhg lpphgldwho| deryh wkh glvsod|/ wkh

irxuwk lqhtxdolw| lv djdlq e| wkh frqyh{lw| ri wkh vxs ixqfwlrq/ wkh �iwk lqhtxdolw|

lv e| Ohppd 6+i,/ wkh vl{wk lqhtxdolw| lv djdlq e| wkh surshuwlhv ri wkh vxs ixqfwlrq

+wkh vxs ri wkh surgxfw pd| qhyhu eh juhdwhu wkdq wkh surgxfw ri wkh vxsv zkhq

wkh dujxphqwv duh qrqqhjdwlyh,/ wkh vhyhqwk lqhtxdolw| iroorzv iurp Ohppd 6+e,/

dqg wkh hljkwk lqhtxdolw| iroorzv ehfdxvh 6�
��g E+m%� '

6��gE+c%�

6�gE%�
e| gh�qlwlrq/ dqg

wkh qxphudwru ri wklv iudfwlrq lv erxqghg/ vlqfh wkh yduldqfh ri � lv erxqghg ehorz/

vr wkh ghqvlw| � lv erxqghg/ vr wkh ghqvlw| 6� lv erxqghg/ dqg Ohppd 6+i, lp0

solhv wkdw wkhq wkh qxphudwru ri wkh iudfwlrq lv erxqghg1 Exw wkh ghqrplqdwru lv
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�2
g � * �2/ dv zh nqrz iurp Ohppd 8+g,1 Wkh vhfrqg htxdolw| iroorzv

vlqfh wkh vxppdqg grhv qrw ghshqg rq �/ dqg wkh �qdo lqhtxdolw| lv gxh wr wkh idfw

wkdw g E� * �2� 3 E� * e� *L}g ' g 3 . * �2 *L}g frqyhujhv wr }hur pruh txlfno| wkdq

g 3 � * S *L}g/ vr wkh g 3 . * �2 *L}g whup pd| eh devruehg lqwr wkh frqvwdqw rq wkh
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g 3 � * S *L}g whup iru vx!flhqwo| odujh g1
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0 lv erxqghg deryh dqg ehorz e| Dvvxpswlrq 4/

dqg 	j2
0 lv

s
g0frqvlvwhqw e| Wkhruhp 4/ wklv grhv qrw d�hfw rxu uhvxowv1
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euhdnv rxw wkh wzr whupv ri wkh lqwhjudqg> wkh �uvw lqhtxdolw| lv dq dssolfdwlrq ri

Kùoghu*v lqhtxdolw|/ dqg wkh vhfrqg lv dq dssolfdwlrq ri wkh Fdxfk|0Vfkzduw} lqhtxdo0

lw|1
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wr }hur lv e| frqvwuxfwlrq= e| glvsod| +6:,/
^2g
g

$ f1 Wkxv/ Whup D frqyhujhv wr

}hur1

Qrz frqvlghu WhupE1 Gh�qh(� �
�
	K G

���	K���� �
t

	j20
�2H

*L}g dqg
���Y, �	K�( 	K3����� � ^g

�
/

dqg ohw .(�
dE��o � U

	KM(�
E��6g

�
	K
�
_	K +vr wkdw wkh duhd ri lqwhjudwlrq lv uhvwulfwhg/

exw lq d zd| zklfk pd| gl�hu iru hdfk �,1 Qrz/

2je
0

g

g[
�'�

4
] ] 3

C	, �	K�( 	K3��� 76�
g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

sg
�
	K� K

�
_	K_Cg EK� +434,

'
24je

0

g

g[
�'�

] 3
C	, �	K�( 	K3��� 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

6g

�
	K
�
_	K

'
24je

0

g

g[
�'�

]
.

5
97
3
C	, �	K�( 	K3��� 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

m 	K�
6
:86�g

�
	K�
�
_	K�

� 24je
0

g

g[
�'�

] "

3"

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

6�g

�
	K�
�
� +Whup El,

3
C�h ����Y, �	K�( 	K3����� : ^g m 	K�

�
n �h

3
C���	K���� :

v
	j2
0

�2H
*L}g m 	K�

4
D
4
D_	K�

n
24je

0

g

g[
�'�

.(�

5
97
3
C	, �	K�( 	K3��� 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2
6
:8 +Whup Ell,

zkhuh wkh �uvw htxdolw| lv e| wkh Wrqhool0Ixelql Wkhruhp/ wkh vhfrqg lv e| gh�ql0

wlrq/ dqg wkh lqhtxdolw| iroorzv iurp wkh wuxqfdwlrq ri wkh hvwlpdwhg vfruh ixqfwlrq

dffruglqj wr wkh gh�qlwlrq ri (�1

D098



Frqvlghu Whup El �uvw1

24je
0

g

g[
�'�

] "

3"

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

6�g

�
	K�
�
� +435,

3
EEEC

�h
����Y, �	K�( 	K3����� : ^g m 	K�

�
n

�h
����	K���� : t

	j20
�2H

*L}g m 	K�
�
4
FFFD_	K�

'
24je

0

g

g[
�'�

] "

3"

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

6�g

�
	K�
�

��h

3
C���	K���� :

v
	j2
0

�2H
*L}g m 	K�

4
D_	K�

n
24je

0

g

g[
�'�

] "

3"

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

6�g

�
	K�
�
�

�h
����Y, �	K�( 	K3����� : ^g m 	K�

�
_	K�

� 24je
0

gr2g
�

g[
�'�

�h

3
C���	K���� :

v
	j2
0

�2H
*L}g

4
D

n 24je
0

]
�%�:_g

#
76�
g E%�

76g E%� n rg

$2

76g E%� _%

n t�T
�cm	K�m$_g

�h
����Y, �	K�( 	K3����� : ^g m 	K�

�

�24je
0

] _g

3_g

#
76�
g E%�

76g E%� n rg

$2

76g E%� _%

� 24je
0

gr2g
�

g[
�'�

;AAA?
AAA=

�h
����	K���� : t

j20
2DS

*L}g
�

n�h
�
	j2
0 � �

2
j2
0

�
<AAA@
AAA>

n 24je
0

]
�%�:_g

#
76�
g E%�

76g E%� n rg

$2

76g E%� _%

n t�T
�cm	K�m$_g

�h
����Y, �	K�( 	K3����� : ^g m 	K�

�

D099



�24je
0

] _g

3_g

#
76�
g E%�

76g E%� n rg

$2

76g E%� _%

� �2r
32
g

+
�

*L}g
n

�

g

,

n 24je
0

]
�%�:_g

#
76�
g E%�

76g E%� n rg

$2

76g E%� _%

n t�T
�cm	K�m$_g

�h
����Y, �	K�( 	K3����� : ^g m 	K�

�

�24je
0

] _g

3_g

#
76�
g E%�

76g E%� n rg

$2

76g E%� _%

Wkh htxdolw| lv wulyldo> wkh �uvw lqhtxdolw| iroorzv iurp wkh erxqghgqhvv ri E 76�
g E%��2

+e| Ohppd 6+f, dqg wkh erxqghgqhvv ri
�
6�

� E%�
�2
,/ wkh vhfrqg lqhtxdolw| iroorzv

e| �h E�� � �h E�� n �h E�� zkhqhyhu � � E� ^ �� +li
���	K���� :

t
	j20
�2H

*L}g/ wkhq

hlwkhu
���	K���� : t

j20
2DS

*L}g ru 	j2
0 � �

2
j2
0/ ru erwk,/ dqg wkh wklug lqhtxdolw| iroorzv iurp

Fkhe|vkhy*v lqhtxdolw| dqg wkh yduldqfh erxqg ri Wkhruhp 4 +dorqj zlwk j2
0 : f,1 Ri

wkh whupv lq wkh �qdo h{suhvvlrq/ zh vhh lpphgldwho| wkdw wkh �uvw whup frqyhujhv wr

}hur e| Dvvxpswlrq : dqg wkh vhfrqg frqyhujhv wr }hur e| wkh xqlirup lqwhjudelolw|

ri lwv lqwhjudqg/ zklfk zdv vkrzq lq wkh frxuvh ri wkh surri wkdw Whup LL frqyhujhv

wr }hur/ dqg e| _g $ 41 Wkh wklug whup frqyhujhv wr }hur e| Ohppdv 7 dqg 9+f,1

Wkxv/ Whup El frqyhujhv wr }hur1

Ilqdoo|/ wxuq wr Whup Ell1 Frqvlghu wkh �|� whup ri wkh dyhudjh zklfk pdnhv xs

Whup Ell1 Zh gh�qh .J�|
(�

dE��o wr eh
U
	KM(�Ki	j20:2j20j E��6g

�
	K
�
_	K dqg .SJ?_

(�

k
E�� m 	K�

l

wr eh
U
	KM(�

E��6g

�
	K3� m 	K�

�
_	K3� +vr wkdw erwk wkh suredelolw| phdvxuh dqg wkh duhd

ri lqwhjudwlrq ghshqg rq 	K�,1 Vlqfh
�
@
K
� S

_

�2
'
�
@
K

�
_3K
_

�
n @3S

_

�2 � 2
�
@
K

�2 �
_3K
_

�2
n

D09:



2
�
@3S
_

�2
Zh kdyh=

.(�

5
97
3
C	, �	K�( 	K3��� 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2
6
:8 +436d,

� 2.J�|
(�

��
	,
�
	K�( 	K3�

��2�
n 2.J�|

(�

5
97
3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2
6
:8

n
] _g

3_g
.SJ?_
(�

5
97
3
C	, �	K�( 	K3��� 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

m	K�
6
:86�g

�
	K�
�
_	K�

� 2�
�
^2g n r32g

�
�h
�
	j2
0 : 2j2

0

�

n2
] _g

3_g

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

.SJ?_
(�

5
97
3
C 76g

�
	K�
�
� 	6�g

�
	K�
�

	6�g

�
	K�
�
n rg

4
D

2

m	K�
6
:86�g

�
	K�
�
_	K�

n2
] _g

3_g
.SJ?_
(�

5
97
3
C 	6�

�g

�
	K�
�
� 76�

g

�
	K�
�

	6�g

�
	K�
�
n rg

4
D

2

m	K�
6
:86�g

�
	K�
�
_	K�

� 2
�
^2g n r32g

� �2

g

n
2

r2g

] _g

3_g

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

� +Whup Elld,

.(�

��
76g

�
	K�
�
� 	6�g

�
	K�
��2 m	K�

�
6�g

�
	K�
�
_	K�

n
2

r2g

] _g

3_g
.(�

��
	6�
�g

�
	K�
�
� 76�

g

�
	K�
��2 m	K�

�
6�g

�
	K�
�
_	K�� +Whup Elle,

zkhuh wkh �uvw lqhtxdolw| iroorzv iurp vsolwwlqj wkh duhd ri lqwhjudwlrq dqg 2@2n2K2 �

E@n K�2 +dqg iurp wkh gh�qlwlrq ri _g,/ wkh vhfrqg lqhtxdolw| lv gxh wr wkh wuxqfdwlrq

ri rxu vfruh hvwlpdwru dqg wkh erxqghgqhvv ri E 76�
g E%��2 +e| Ohppd 6+f, dqg wkh

erxqghgqhvv ri
�
6�

� E%�
�2
,/ dqg dsso|lqj wkh idfw wkdw

�
@
K
� S

_

�2
'
�
@
K

�
_3K
_

�
n @3S

_

�2 �
2
�
@
K

�2 �
_3K
_

�2
n 2

�
@3S
_

�2
wr wkh wklug whup lq wkh suhylrxv olqh1 Wkh �qdo lqhtxdolw|

D09;



lv e| Wkhruhp 4 +iru wkh �uvw whup, dqg lv fohdu iru wkh rwkhu wzr whupv1 Wkh �uvw

whup ri wkh �qdo olqh frqyhujhv wr }hur +xqlirupo| lq �, gxh wr Dvvxpswlrq :/ vr zh

frqvlghu rqo| wkh uhpdlqlqj wzr whupv1

Whup Elld vdwlv�hv

2

r2g

] _g

3_g

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

� +437,

.(�

��
76g

�
	K�
�
� 	6�g

�
	K�
��2 m	K�

�
6�g

�
	K�
�
_	K�

� 2

r2g
�

#
�

�g Eg � ��
n �2g ng 3 �� * eH *L}2g n 2g 3 �� * bS�g *L}g n g 3 � * 2 *L}2g

$

�
] "

3"

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

6�g

�
	K�
�
_	K�

e| Ohppd 9+d,/ vlqfh rplwwlqj wkh uhvwulfwlrq wr 	K 5 (� fdq rqo| pdnh wkh h{shfwdwlrq

odujhu1 Dovr/ Whup Elle vdwlv�hv

2

r2g

] _g

3_g
.(�

��
	6�
�g

�
	K�
�
� 76�

g

�
	K�
��2 m	K�c	K 5 (�

�
6�g

�
	K�
�
_	K�

� 2

r2g
�

#
�

��g Eg � ��
n �2g ng 3 D * eH *L}2g n 2g 3 D * bS�g *L}g n g 3 � * e *L}2g

$

e| Ohppd 9+e,/ e| wkh vdph orjlf1 Wkxv zh kdyh wkdw

Whup Ell +438,

D09<



� e4je
0

r2g
�

3
EEEEEEEEEEEEEEEEEEC

3
EEEC

�
�gEg3�� n �2g ng 3 �� * eH *L}2g

n 2g 3 �� * bS�g *L}g n g 3 � * 2 *L}2g

4
FFFD

� U"
3"

�
76�
gE	K��

76gE	K�� n rg

�2

6�g

�
	K�
�
_	K�

n

3
EEEC

�
��gEg3�� n �2g ng 3 D * eH *L}2g

n 2g 3 D * bS�g *L}g n g 3 � * e *L}2g

4
FFFD

4
FFFFFFFFFFFFFFFFFFD

$ f

e| glvsod| +6:, dqg Ohppd 7 +zklfk dssolhv xsrq dyhudjlqj,/ dqg zh duh �qlvkhg

zlwk wkh surri wkdw oC
�
	K�7.�c sg

�
� oC

�
	K��c �g

�
$ f1

+ll, Wkh surri ri sduw +ll, h{dfwo| sdudoohov wkh surri ri Wkhruhp 6/ sduw +ll,/ zlwk

	KU7.� uhsodflqj 	KU��1 T1H1G1

Surri ri Wkhruhp 8=

+l, Iluvw/ zh vkrz wkdw shupxwlqj 	K3� kdv qr h�hfw rq wkh ydoxh ri �K�
�
	K
�
zkhq

�K 5 E1 Vxssrvh zh gh�qh �3� wr eh vrph shupxwdwlrq zklfk ohdyhv wkh lqgh{ �

�{hg exw pd| shupxwh wkh rwkhu lqglfhv lq dq duelwudu| zd|1 Zh zloo xvh wkh vdph

qrwdwlrq iru �3� dqg iru lwv uhvwulfwlrq wr 	K3�/ vlqfh frqwh{w vkrxog dozd|v pdnh rxu

phdqlqj fohdu1 Wkhq/ iru dq| � ' �c � � � cg/

�K�
�
�3�	K

�
'

�
�3��K

�
�

�
	K
�

+439,

' �K�
�
	K
�

D0:3



zkhuh wkh �uvw olqh iroorzv gluhfwo| iurp �K
�
�	K
�
' �

�
�K
�
	K
��

iru dq| shupxwdwlrq

� +wkh gh�qlwlrq ri htxlyduldqfh, dqg wkh vhfrqg olqh lv e| wkh gh�qlwlrq ri �3�1

Vlqfh wklv lv wuxh iru dq| vxfk shupxwdwlrq �3�/ zh vhh wkdw �K�
�
	K
�
ghshqgv rqo| rq

wkh ydoxhv/ qrw rq wkh rughulqj/ ri wkh frruglqdwhv 	K3�1 Wkxv/ ohwwlqj 	Cgc3� eh wkh

hpslulfdo f1g1i1 ri wkh +uhdol}hg ydoxhv, 	K3�/ zh pd| zulwh

�K�
�
	K
�

' �K�
�
	K� ( 	Cgc3�

�
+43:,

iru dq| � ' �c � � � cg1

Ixuwkhu/ zh kdyh/ iru dq| � ' �c � � � cg/

�K�
�
	K
�

' �K�
�
	K�c	K2c � � � c	K�3�c	K�c	K�n�c � � � c	Kg

�
+43;,

' �K�
�
	K�c	K2c � � � c	K�3�c	K�c	K�n�c � � � c	Kg

�

' �K�
�
	K� ( 	Cgc3�

�

zkhuh wkh �uvw olqh lv vlpso| d uhzulwlqj iru fodulw|/ wkh vhfrqg olqh iroorzv e| frqvlghu0

lqj wkh shupxwdwlrq zklfk wudqvsrvhv wkh lqglfhv � dqg � dqg dsso|lqj wkh gh�qlwlrq

ri htxlyduldqfh/ dqg wkh �qdo htxdolw| lv gxh wr wkh idfw vkrzq lq htxdwlrq +43:,/

vhwwlqj � ' � dqg qrwlqj wkdw wkh htxdwlrq vkrzv wkdw wkh dujxphqw wuhdwhg vshfldoo|

lv wkh rqh lq wkh �uvw frruglqdwh srvlwlrq/ zklfk/ khuh/ lv 	K�1

Qrz frqvlghu wkh �|� frpsrqhqw ri wkh ulvn ixqfwlrq zkhq �K 5 E/

-�

�
Kc �K( �g

�
' .

��
�K�
�
	K
�
� K�

�2 m K
�

+43<,

' .
��
�K�
�
	K� ( 	Cgc3�

�
� K�

�2 m K
�

D0:4



zkhuh wkh �uvw htxdolw| lv e| gh�qlwlrq +zlwk wkh frqglwlrqlqj rq K vwdwhg iru fodulw|,/

dqg wkh vhfrqg htxdolw| lv gxh wr wkh idfw wkdw �K�
�
	K
�
' �K�

�
	K� ( 	Cgc3�

�
dv vkrzq deryh1

Qrwh wkdw 	K� dqg 	Cgc3� duh lqghshqghqw vlqfh/ xqghu �g/ 	K� dqg 	K3� duh lqghshqghqw/

dqg 	Cgc3� lv d ixqfwlrq ri 	K3�1 Pruhryhu/ wkh rqo| sduw ri K zklfk 	K� ghshqgv rq lv

K�/ dqg wkh rqo| sduw ri K wkdw 	Cgc3� ghshqgv rq lv �Cgc3�/ wkh hpslulfdo f1g1i1 ri wkh

hohphqwv ri K3� +revhuyh wkdw wkh idfw wkdw wkh 	K� duh l1l1g1 lv fuxfldo lq pdnlqj wklv

krog,1 Xvlqj wkhvh idfwv dqg wkh deryh/ zh pd| zulwh

-�

�
Kc �K( �g

�
' .

��
�K�
�
	K� ( 	Cgc3�

�
� K�

�2 m K�c �Cgc3�
�
� +443,

Exw wklv kdv wkh vdph ixqfwlrqdo irup/ dv d ixqfwlrq ri K� dqg �Cgc3�/ iru hyhu|

� ' �c � � � cg/ vlqfh wkh hvwlpdwru lv/ iru hdfk �/ wkh vdph ixqfwlrq ri 	K� dqg 	Cgc3�1

Wkhuhiruh zh kdyh wkdw

-�

�
Kc �K( �g

�
' .

��
�K�
�
	K� ( 	Cgc3�

�
� K�

�2 m K�c �Cgc3�
�

+444,

� ^
�
K� ( �Cgc3�

�

' ^
�
K� ( �Cg

�

zkhuh �Cg lv wkh hpslulfdo f1g1i1 ri wkh K� +wkh odvw olqh lv wulyldo, dqg zh vxssuhvv wkh

ghshqghqfh rq wkh hvwlpdwru dqg wkh olnholkrrg1 Wklv |lhogv/ iru �K 5 E/

-
�
Kc �K( �g

�
' 4

�

g

g[
�'�

-�

�
Kc �K( �g

�
+445,

' 4
�

g

g[
�'�

^
�
K� ( �Cg

�

D0:5



' 4
] "

3"
^
�
5 ( �Cg

�
_ �Cg E5�

' 4
] "

3"
.
��
�K�
�
	K�?_E5�c 	Cgc3�?_E5�

�
� 5

�2 m 5c �Cgc3�
�
_ �Cg E5�

zkhuh 5 lv vlpso| d yduldeoh ri lqwhjudwlrq/ dqg wkh odvw olqh iroorzv e| gh�qlwlrq/ zkhuh

	K�?_E5� lv mxvw wkh frruglqdwh ri wkh ohdvw0vtxduhv frh!flhqw yhfwru fruuhvsrqglqj wr wkh

frruglqdwh ri K zkrvh ydoxh 5 wdnhv rq1 Qrz/ lw lv fohdu wkdw wkh irup ri wkh hvwlpdwru

�K� deryh lv uhvwulfwhg lq wkh zd| lq zklfk lw pd| ghshqg rq 	K1 Vlqfh uhprylqj wkh

uhvwulfwlrq dqg vhhnlqj wkh ehvw ghflvlrq uxoh lq dq xquhvwulfwhg zd| fdq rqo| orzhu

wkh ulvn/ zh kdyh

�?u
�KM�

-
�
Kc �K( �g

�
� �?u

KWE	K�

�
4
] "

3"
.
��
KW
�
	K
�
� 5

�2 m 5c �Cgc3�
�
_ �Cg E5�

�
+446,

dqg e| vwdqgdug Ed|hvldq fdofxodwlrq/ zh rewdlq wkdw wkh yhfwru ri frruglqdwhv

	K��
�

�
	Kc �Cg

�
'

U"
3" 5�

�
	K� � 5

�
_ �Cg E5�U"

3" �
�
	K� � 5

�
_ �Cg E5�

+447,

lv wkh vroxwlrq wr wkh sureohp

@h} �?u
KWE	K�

�
4
] "

3"
.
��
KW
�
	K
�
� 5

�2 m 5c �Cgc3�
�
_ �Cg E5�

�
+448,

vr wkdw zh kdyh

�?u
�KM�

-
�
Kc �K( �g

�
� -

�
Kc 	K��( �g

�
' o �Cg

�
	K��c �

�
� +449,

Dq lpsruwdqw srlqw wr revhuyh lv wkdw 	K��
�
	Kc �Cg

�
lv qrw dq hvwlpdwru= lw lv lqihdvleoh/

vlqfh lw ghshqgv rq lqirupdwlrq +wkdw lv/ wkh hpslulfdo f1g1i1 ri wkh K�, zklfk lv qrw

sduw ri wkh gdwd1

D0:6



+ll, Zh suryh wkdw
���- �Kc 	K�7.�( sg

�
� -

�
Kc 	K��

�Cg
( �g

���� $ f/ wkhq vlpso| vhw

sg ' �g dqg revhuyh wkdw rxu uhvxow lv xqlirup lq nKn2 � � 1 Ohw 	KU7.�� '

	K�� j2
0

76�
gE	K��

76gE	K��nrg
> wklv lv wkh lqihdvleoh vlpsoh hpslulfdo Ed|hv hvwlpdwru edvhg rq wkh

dyhudjh pdujlqdo

76g E%� '
�

g

g[
�'�

7sg E%� K��

+zlwk uhvshfw wr wkh hpslulfdo f1 g1 i1 ri wkh wuxh K�,1 Olnhzlvh/ zh kdyh wkh prgl�hg

gh�qlwlrqv

6� E%� '
�

g

g[
�'�

� E%� K��

6�g E%� '
�

g

g[
�'�

s�g E%� K�� �

Zlwk wkhvh gh�qlwlrqv/ dqg lpsrvlqj nKn2 � � xqlirupo| dorqj wkh g vhtxhqfh/

zh qrwh wkdw Ohppdv 4 wkurxjk 9 krog xqlirupo| dorqj wkh g vhtxhqfh1 Wklv lv d

fulwlfdo frqfoxvlrq/ dqg lv xvhg wkurxjkrxw wkh iroorzlqj1 Wkh uhdvrq zh pd| pdnh

wklv revhuydwlrq lv wkdw wkh rqo| ihdwxuh ri wkh sulru xvhg lq wkh ohppdv lv wkdw wkh

yduldqfh lv erxqghg/ dqg rxu dvvxpswlrq wkdw nKn2 � � lpsolhv wkdw wkh +hpslulfdo,

yduldqfh ri wkh K� lv xqlirupo| erxqghg dorqj wkh g vhtxhqfh1

Qrz zulwh

-
�
Kc 	K�7.�( sg

�
�-

�
Kc 	K��

�Cg
( �g

�
+44:,

' -
�
Kc 	K�7.�( sg

�
�-

�
Kc 	KU7.�( sg

�
+Whup L,

n-
�
Kc 	KU7.�( sg

�
� -

�
Kc 	K��

�Cg
( �g

�
+Whup LL,

D0:7



Zh zloo vkrz wkdw erwk Whup L dqg Whup LL jr wr }hur1 Qrwh wkdw

t�T8K82$� *�4 t�Tg<"-
�
Kc 	K��

�Cg
( �g

�
	 4 +iru dq| � 	 4/ zkhuh nKn2 �

�
g

Sg
�'� K

2
� , iurp uhdvrqlqj h{dfwo| vlplodu wr wkdw ri Ohppd 71 Iluvw/ ohw xv ghdo

zlwk wkh hdvlhu whup/ Whup LL=

���- �Kc 	KU7.�( sg��-
�
Kc 	K��

�Cg
( �g

���� +44;,

'

���������
4
U �

g

Sg
�'�

�
	KU7.��

�
	K�
�
� K�

�2
sg

�
	K� K

�
_	K

� 4
U �
g

Sg
�'�

�
	K��
�Cg c�

�
	K�
�
� K�

�2
�g

�
	K� K

�
_	K

���������

'

���������
�
g

Sg
�'� 4

U �	KU7.��

�
	K�
�
� K�

�2
s�g

�
	K� � K�

�
_	K�

� �
g

Sg
�'� 4

U �	K��
�Cg c�

�
	K�
�
� K�

�2
�
�
	K� � K�

�
_	K�

���������
� 4

�

g

g[
�'�

] �����	KU7.��

�
	K�
�
� K�

�2 � �
	K��
�Cg c�

�
	K�
�
� K�

�2����
��

�
	K� � K�

�
_	K�

n4
�

g

g[
�'�

] �
	KU7.��

�
	K�
�
� K�

�2

�
���s�g �	K� � K�

�
� �

�
	K� � K�

���� _	K�

� 4
�

g

g[
�'�

]
��������������

�
	KU7.��

�
	K�
�
� 	K��

�Cg c�

�
	K�
��2

n2
�
	K��
�Cg c�

�
	K�
�
� K�

�

�
�
	KU7.��

�
	K�
�
� 	K��

�Cg c�

�
	K�
��

��������������
�
�
	K� � K�

�
_	K�

n4
�

g

g[
�'�

] 5g

35g

�
	KU7.��

�
	K�
�
� K�

�2
�g3� * e *L}g_	K�

n4
�

g

g[
�'�

]
m	K�m:5g

�
	KU7.��

�
	K�
�
� K�

�2

�
�
s�g

�
	K� � K�

�
n �

�
	K� � K�

��
_	K�

D0:8



� 4
�

g

g[
�'�

] �
	KU7.��

�
	K�
�
� 	K��

�Cg c�

�
	K�
��2

�
�
	K� � K�

�
_	K�

n 24
�

g

g[
�'�

�] �
	K��
�Cg c�

�
	K�
�
� K�

�2
�
�
	K� � K�

�
_	K�

�� * 2

�
�] �

	KU7.��

�
	K�
�
� 	K��

�Cg c�

�
	K�
��2

�
�
	K� � K�

�
_	K�

�� * 2

n4
�

g

g[
�'�

] 5g

35g

�
	KU7.��

�
	K�
�
� K�

�2
�g3� * e *L}g_	K�

n4
�

g

g[
�'�

]
m	K�m:5g

�
	KU7.��

�
	K�
�
� K�

�2

�
�
s�g

�
	K� � K�

�
n �

�
	K� � K�

��
_	K�

� 4
�

g

g[
�'�

] �
	KU7.��

�
	K�
�
� 	K��

�Cg c�

�
	K�
��2

�
�
	K� � K�

�
_	K�

n 24

#
�

g

g[
�'�

] �
	K��
�Cg c�

�
	K�
�
� K�

�2
�
�
	K� � K�

�
_	K�

$� * 2

�
#
�

g

g[
�'�

] �
	KU7.��

�
	K�
�
� 	K��

�Cg c�

�
	K�
��2

�
�
	K� � K�

�
_	K�

$� * 2

n4
�

g

g[
�'�

] 5g

35g

�
	KU7.��

�
	K�
�
� K�

�2
�g3� * e *L}g_	K�

n4
�

g

g[
�'�

]
m	K�m:5g

�
	KU7.��

�
	K�
�
� K�

�2

�
�
s�g

�
	K� � K�

�
n �

�
	K� � K�

��
_	K�

� 4
je
0

g

g[
�'�

] 3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

�
6�

�

�
	K�
�

6�

�
	K�
�
4
D

2

�
�
	K� � K�

�
_K�

n 24

#
�

g

g[
�'�

] �
	K��
�Cg c�

�
	K�
�
� K�

�2
�
�
	K� � K�

�
_	K�

$� * 2

�
3
ECje

0

g

g[
�'�

] 3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

�
6�

�

�
	K�
�

6�

�
	K�
�
4
D

2

�
�
	K� � K�

�
_	K�

4
FD

� * 2

D0:9



n 4
2

g

g[
�'�

] 5g

35g

�
	K� � K�

�2
�g3� * e *L}g_	K�

n 4
2je

0

g

g[
�'�

] 5g

35g

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

�g3� * e *L}g_	K�

n 4
2je

0

g

g[
�'�

]
m	K�m:5g

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

�
�
s�g

�
	K� � K�

�
n �

�
	K� � K�

��
_	K�

n 4
2je

0

g

g[
�'�

]
m	K�m:5g

�
	K� � K�

�2

�
�
s�g

�
	K� � K�

�
n �

�
	K� � K�

��
_	K�

Wkh vhfrqg htxdolw| frphv iurp wkh idfw wkdw erwk 	K��
�Cg c�

dqg 	KU7.�� ghshqg rqo|

rq 	K� dqg qrw rq 	K3�/ wkh �uvw lqhtxdolw| lv wulyldo/ wkh vhfrqg lqhtxdolw| iroorzv iurp

@2�K2 ' E@� K�2n2K E@� K� dssolhg wr wkh lqwhjudqg ri wkh �uvw whup ri wkh suhfhglqj

h{suhvvlrq/ vsolwwlqj xs wkh duhd ri lqwhjudwlrq ri wkh vhfrqg whup ri wkh suhfhglqj

h{suhvvlrq/ dqg qrwlqj wkdw
���s�g �	K� � K�

�
� �

�
	K� � K�

���� � s�g
�
	K� � K�

�
n �

�
	K� � K�

�
/

wkh wklug lqhtxdolw| iroorzv iurp dsso|lqj wkh wuldqjoh lqhtxdolw| dqg wkhq Kùoghu*v

lqhtxdolw| wr wkh �uvw whup ri wkh suhfhglqj glvsod|/ wkh irxuwk lqhtxdolw| iroorzv

iurp dsso|lqj wkh Fdxfk|0Vfkzduw} lqhtxdolw| wr wkh vhfrqg whup ri wkh suhfhglqj

glvsod|/ wkh �iwk lqhtxdolw| iroorzv iurp uhzulwlqj wkh �uvw wzr whupv ri wkh suhfhglqj

glvsod| dqg xvlqj E@n K�2 � 2@2n2K2 rq wkh odvw wzr whupv ri wkh suhfhglqj glvsod|/

dqg wkh odvw h{suhvvlrq frqyhujhv wr }hur e| wkh Grplqdwhg Frqyhujhqfh Wkhruhp

wkurxjk Ohppd 7 +iru wkh �uvw wzr whupv,/ dqg 5g ' r32g +iru wkh uhpdlqlqj whupv,

D0::



dorqj zlwk Fkhe|vkhy*v lqhtxdolw| dqg wkh revhuydwlrq wkdw
�

76�
gE	K��

76gE	K�� n rg

�2

� �r32g

iru vx!flhqwo| odujhg e| Ohppd 6+h,/ wkh erxqghgqhvv ri6�
�/ dqg wkh qrqqhjdwlylw|

ri 76g1

Qrz zh vkdoo ghprqvwudwh wkdw Whup L frqyhujhv wr }hur1 Rxu surri lv lq wkh vslulw

ri Elfnho hw do1 +4<<6/ s1 738 �, dqg ydq ghu Ydduw +4<;;/ s1 49< �,/ exw zh h{whqg

wkhlu dssurdfkhv wr kdqgoh furvv0vhfwlrqdo ghshqghqfh ri wkh 	K� dqg wr ghdo zlwk d

qrqfrqvwdqw vhtxhqfh ri olnholkrrgv1

Qrwh wkdw/ iurp +51;, dqg +51<, ri wkh erg| ri wklv sdshu/ zh fdq zulwh 	,�g E%� '

	,
�
	K� ( 	K3�

�
/ zkhuh wkh ixqfwlrq 	, E�c �� grhv qrw ghshqg rq �1 Wklv uhsuhvhqwdwlrq/ dqg

d vlplodu uhsuhvhqwdwlrq iru Y,/ duh dgrswhg khuh1 Dowkrxjk 	j2
0 ghshqgv rq wkh ixoo

gdwd/ udwkhu wkdq rqo| 	K/ wklv ghshqghqfh lv vxssuhvvhg iru qrwdwlrqdo frqyhqlhqfh>

wkh wuhdwphqw ehorz grhv/ krzhyhu/ dffrxqw iru wkh idfw wkdw 	j2
0 lv d ixqfwlrq ri wkh

ixoo gdwd +vhh glvsod| +456,,1 Qrz/

-
�
Kc 	KU7.�( sg

�
� -

�
Kc 	K�7.�( sg

�
+44<,

'
�

g

g[
�'�

4
] ��

	KU7.��

�
	K�
�
� K�

�2 � �
	K�7.�
�

�
	K
�
� K�

�2�
sg

�
	K� K

�
_	K

'
�

g

g[
�'�

4
]
5
9997
�
	K� � K� � j2

0

76�
gE	K��

76gE	K�� n rg

�2

�
�
	K� � K� � 	j2

0
	,
�
	K�( 	K3�

��2

6
:::8 sg

�
	K� K

�
_	K

'
�

g

g[
�'�

4
]
5
99997

�
�
	j2
0
	,
�
	K�( 	K3�

�
� j2

0

76�
gE	K��

76gE	K�� n rg

�2

n

2
�
	K� � K� � j2

0

76�
gE	K��

76gE	K�� n rg

��
	j2
0
	,
�
	K�( 	K3�

�
� j2

0

76�
gE	K��

76gE	K�� n rg

�
6
::::8

D0:;



�sg
�
	K� K

�
_	K

' � �

g

g[
�'�

4
] 3
C	j2

0
	,
�
	K�( 	K3�

�
� j2

0

76�
g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

sg
�
	K� K

�
_	K

n
�

g

g[
�'�

4
]
2

3
C	K� � K� � j2

0

76�
g

�
	K�
�

76g

�
	K�
�
n rg

4
D�

3
C	j2

0
	,
�
	K�( 	K3�

�
� j2

0

76�
g

�
	K�
�

76g

�
	K�
�
n rg

4
D sg

�
	K� K

�
_	K

� � �

g

g[
�'�

4
] 3
C	j2

0
	,
�
	K�( 	K3�

�
� j2

0

76�
g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

sg
�
	K� K

�
_	K

n
2

g

g[
�'�

4

5
999997

#U �	K� � K� � j2
0

76�
gE	K��

76gE	K�� n rg

�2

sg
�
	K� K

�
_	K

$�
2

�
#U �

	j2
0
	,
�
	K�( 	K3�

�
� j2

0

76�
gE	K��

76gE	K�� n rg

�2

sg
�
	K� K

�
_	K

$�
2

6
:::::8

� � �

g

g[
�'�

4
] 3
C	j2

0
	,
�
	K�( 	K3�

�
� j2

0

76�
g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

sg
�
	K� K

�
_	K

n 2

;A?
A=

�

g

g[
�'�

4
] 3
C	K� � K� � j2

0

76�
g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

sg
�
	K� K

�
_	K

<A@
A>

�
2

�

;A?
A=

�

g

g[
�'�

4
] 3
C	j2

0
	,
�
	K�( 	K3�

�
� j2

0

76�
g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

sg
�
	K� K

�
_	K

<A@
A>

�
2

Lq wkh deryh/ wkh �uvw dqg vhfrqg htxdolwlhv duh e| gh�qlwlrq> wkh wklug lv d frq0

vhtxhqfh ri wkh idfw wkdw @2 � K2 ' 2@ E@� K�� E@� K�2> wkh irxuwk htxdolw| vlpso|

euhdnv rxw wkh wzr whupv ri wkh lqwhjudqg> wkh �uvw lqhtxdolw| lv dq dssolfdwlrq ri

Kùoghu*v lqhtxdolw|/ dqg wkh vhfrqg lv dq dssolfdwlrq ri wkh Fdxfk|0Vfkzduw} lqhtxdo0

lw|1

D0:<



Iurp wkh �qdo erxqg jlyhq deryh/ zh vhh wkdw li zh fdq vkrz wkdw

�

g

g[
�'�

4
] 3
C	j2

0
	,
�
	K�( 	K3�

�
� j2

0

76�
g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

sg
�
	K� K

�
_	K +453,

$ f

wkhq zh zloo kdyh ghprqvwudwhg wkdw Whup L frqyhujhv wr }hur/ ehfdxvh

�

g

g[
�'�

4
] 3
C	K� � K� � j2

0

76�
g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

sg
�
	K� K

�
_	K +454,

' -
�
Kc 	KU7.�( sg

�

	 4 xqlirupo| dorqj wkh gc A vhtxhqfh

iurp wkh idfw wkdw Whup LL ' -
�
Kc 	KU7.�( sg

�
� -

�
Kc 	K��

�Cg
( �g

�
frqyhujhv wr }hur/

dqg/ dv qrwhg deryh/ t�T8K8$� *�4 t�Tg<"-
�
Kc 	K��

�Cg
( �g

�
	 41

Xvlqj E@n K�2 � 2@2 n 2K2/ dqg dgglqj dqg vxewudfwlqj j2
0
	,
�
	K� ( 	K3�

�
/ zh kdyh

�

g

g[
�'�

4
] 3
C	j2

0
	,
�
	K�( 	K3�

�
� j2

0

76�
g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

� +455,

sg
�
	K� K

�
_	K

� 2

g

g[
�'�

4
] �

	j2
0 � j2

0

�2 	,2 �	K�( 	K3�� sg �	K� K
�
_	K +Whup D,

n
2je

0

g

g[
�'�

4
] 3
C	, �	K�( 	K3��� 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

� +Whup E,

sg
�
	K� K

�
_	K

D0;3



zklfk vhsdudwhv wkh sureohp ri qrqsdudphwulf vfruh hvwlpdwlrq iurp wkh sureohp ri

hvwlpdwlqj wkh uhvlgxdo yduldqfh1 Qrz/ Whup D vdwlv�hv

2

g

g[
�'�

4
] �

	j2
0 � j2

0

�2 	,2 �	K�( 	K3�� sg �	K� K
�
_	K +456,

� 24^2g
g

g[
�'�

] �
	j2
0 � j2

0

�2
sg

�
	K� K

�
_	K

' 24^2g

] �
	j2
0 � j2

0

�2
sg

�
	K� K

�
_	K

' 24^2gT @o
k
	j2
0

l

� 24^2g
�

g

$ f

zkhuh wkh �uvw lqhtxdolw| frphv iurp wkh wuxqfdwlrq ri rxu hvwlpdwru 	, ri wkh vfruh/

dqg wkh vhfrqg lqhtxdolw| frphv iurp Wkhruhp 41 Wkh frqyhujhqfh ri wkh �qdo erxqg

wr }hur lv e| frqvwuxfwlrq= e| glvsod| +6:,/
^2g
g

$ f1 Wkxv/ Whup D frqyhujhv wr

}hur1

Qrz frqvlghu WhupE1 Gh�qh(� �
�
	K G

���	K���� �
t

	j20
�2H

*L}g dqg
���Y, �	K�( 	K3����� � ^g

�
/

dqg ohw .(�
dE��o � U

	KM(�
E�� sg

�
	K� K

�
_	K +vr wkdw wkh duhd ri lqwhjudwlrq lv uhvwulfwhg/

exw lq d zd| zklfk pd| gl�hu iru hdfk �,1 Qrz/

2je
0

g

g[
�'�

4
] 3
C	, �	K�( 	K3��� 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

sg
�
	K� K

�
_	K +457,

'
24je

0

g

g[
�'�

]
.

5
97
3
C	, �	K�( 	K3��� 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

m 	K�c K
6
:8 s�g �	K� � K�

�
_	K�

D0;4



� 24je
0

g

g[
�'�

] "

3"

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

s�g
�
	K� � K�

�
� +Whup El,

3
C�h ����Y, �	K�( 	K3����� : ^g m 	K�c K

�
n �h

3
C���	K���� :

v
	j2
0

�2H
*L}g m 	K�c K

4
D
4
D_	K�

n
24je

0

g

g[
�'�

.(�

5
97
3
C	, �	K�( 	K3��� 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

m K
6
:8 +Whup Ell,

zkhuh wkh �uvw htxdolw| lv e| gh�qlwlrq/ dqg wkh lqhtxdolw| iroorzv iurp wkh wuxqfdwlrq

ri wkh hvwlpdwhg vfruh ixqfwlrq dffruglqj wr wkh gh�qlwlrq ri (�1

Frqvlghu Whup El �uvw1

24je
0

g

g[
�'�

] "

3"

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

s�g
�
	K� � K�

�
� +458,

3
EEEC

�h
����Y, �	K�( 	K3����� : ^g m 	K�c K

�
n

�h
����	K���� : t

	j20
�2H

*L}g m 	K�c K
�
4
FFFD_	K�

'
24je

0

g

g[
�'�

] "

3"

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

s�g
�
	K� � K�

�

��h

3
C���	K���� :

v
	j2
0

�2H
*L}g m 	K�c K

4
D_	K�

n
24je

0

g

g[
�'�

] "

3"

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

s�g
�
	K� � K�

�
�

�h
����Y, �	K�( 	K3����� : ^g m 	K�c K

�
_	K�

� 24je
0

gr2g
�

g[
�'�

�h

3
C���	K���� :

v
	j2
0

�2H
*L}g m K

4
D

n
24je

0

g

g[
�'�

]
�%�:_g

#
76�
g E%�

76g E%� n rg

$2

s�g E%� K�� _%

n t�T
�cm	K�m$_g

�h
����Y, �	K�( 	K3����� : ^g m 	K�c K

�

D0;5



�24je
0

g

g[
�'�

] _g

3_g

#
76�
g E%�

76g E%� n rg

$2

s�g E%� K�� _%

� 24je
0

gr2g
�

g[
�'�

;AAA?
AAA=

�h
����	K���� : t

j20
2DS

*L}g
�

n�h
�
	j2
0 :

�
2
j2
0

�
<AAA@
AAA>

n
24je

0

g

g[
�'�

]
�%�:_g

#
76�
g E%�

76g E%� n rg

$2

s�g E%� K�� _%

n t�T
�cm	K�m$_g

�h
����Y, �	K�( 	K3����� : ^g m 	K�c K

�

�24je
0

g

g[
�'�

] _g

3_g

#
76�
g E%�

76g E%� n rg

$2

s�g E%� K�� _%

� �2r
32
g

+
�

*L}g
n

�

g

,

n
24je

0

g

g[
�'�

]
�%�:_g

#
76�
g E%�

76g E%� n rg

$2

s�g E%� K�� _%

n t�T
�cm	K�m$_g

�h
����Y, �	K�( 	K3����� : ^g m 	K�c K

�

�24je
0

g

g[
�'�

] _g

3_g

#
76�
g E%�

76g E%� n rg

$2

s�g E%� K�� _%

Wkh htxdolw| lv wulyldo> wkh �uvw lqhtxdolw| iroorzv iurp wkh erxqghgqhvv ri E 76�
g E%��2

+e| Ohppd 6+f, dqg wkh erxqghgqhvv ri
�
6�

� E%�
�2
,/ wkh vhfrqg lqhtxdolw| iroorzv e|

�h E�� � �h E��n�h E�� zkhqhyhu� � E� _ ��/ dqg wkh wklug lqhtxdolw| iroorzv iurp

Fkhe|vkhy*v lqhtxdolw| dqg wkh yduldqfh erxqg ri Wkhruhp 4 +dorqj zlwk j2
0 : f,1 Ri

wkh whupv lq wkh �qdo h{suhvvlrq/ zh vhh lpphgldwho| wkdw wkh �uvw whup frqyhujhv wr

}hur e| Dvvxpswlrq : dqg wkh vhfrqg frqyhujhv wr }hur e| wkh xqlirup lqwhjudelolw|

ri lwv lqwhjudqg/ zklfk zdv vkrzq lq wkh frxuvh ri wkh surri wkdw Whup LL frqyhujhv

wr }hur/ dqg e| _g $ 41 Wkh wklug whup frqyhujhv wr }hur e| Ohppdv 7 dqg 9+f,1

D0;6



Wkxv/ Whup El frqyhujhv wr }hur1

Ilqdoo|/ wxuq wr Whup Ell1 Frqvlghu wkh �|� whup ri wkh dyhudjh zklfk pdnhv xs

WhupEll1 Zh gh�qh.J�|
(�

dE�� m Ko wr eh U	KM(�Ki	j20:2j20j E�� sg
�
	K m K

�
_	K dqg.SJ?_

(�

k
E�� m 	K�c K

l

wr eh
U
	KM(�

E�� sg
�
	K3� m 	K�c K

�
_	K3� +vr wkdw erwk wkh suredelolw| phdvxuh dqg wkh duhd

ri lqwhjudwlrq ghshqg rq 	K�,1 Vlqfh
�
@
K
� S

_

�2
'
�
@
K

�
_3K
_

�
n @3S

_

�2 � 2
�
@
K

�2 �
_3K
_

�2
n

2
�
@3S
_

�2
Zh kdyh=

.(�

5
97
3
C	, �	K�( 	K3��� 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

m K
6
:8 +459d,

� 2.J�|
(�

��
	,
�
	K�( 	K3�

��2 m K
�
n 2.J�|

(�

5
97
3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

m K
6
:8

n
] _g

3_g
.SJ?_
(�

5
97
3
C	, �	K�( 	K3��� 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

m	K�c K
6
:8 s�g �	K� � K�

�
_	K�

� 2�
�
^2g n r32g

�
�h
�
	j2
0 : 2j2

0

�

n2
] _g

3_g

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

.SJ?_
(�

5
97
3
C 76g

�
	K�
�
� 	6�g

�
	K�
�

	6�g

�
	K�
�
n rg

4
D

2

m	K�c K
6
:8 s�g �	K� � K�

�
_	K�

n2
] _g

3_g
.SJ?_
(�

5
97
3
C 	6�

�g

�
	K�
�
� 76�

g

�
	K�
�

	6�g

�
	K�
�
n rg

4
D

2

m	K�c K
6
:8 s�g �	K� � K�

�
_	K�

� 2
�
^2g n r32g

� �2

g

n
2

r2g

] _g

3_g

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

� +Whup Elld,

.(�

��
76g

�
	K�
�
� 	6�g

�
	K�
��2 m	K�c K

�
s�g

�
	K� � K�

�
_	K�

n
2

r2g

] _g

3_g
.(�

��
	6�
�g

�
	K�
�
� 76�

g

�
	K�
��2 m	K�c K

�
s�g

�
	K� � K�

�
_	K�� +Whup Elle,

D0;7



zkhuh wkh �uvw lqhtxdolw| iroorzv iurp vsolwwlqj wkh duhd ri lqwhjudwlrq dqg 2@2n2K2 �

E@n K�2 +dqg iurp wkh gh�qlwlrq ri _g,/ wkh vhfrqg lqhtxdolw| lv gxh wr wkh wuxqfdwlrq

ri rxu vfruh hvwlpdwru dqg wkh erxqghgqhvv ri E 76�
g E%��2 +e| Ohppd 6+f, dqg wkh

erxqghgqhvv ri
�
6�

� E%�
�2
,/ dqg dsso|lqj wkh idfw wkdw

�
@
K
� S

_

�2
'
�
@
K

�
_3K
_

�
n @3S

_

�2 �
2
�
@
K

�2 �
_3K
_

�2
n 2

�
@3S
_

�2
wr wkh wklug whup lq wkh suhylrxv olqh1 Wkh �qdo lqhtxdolw|

lv e| Wkhruhp 4 +iru wkh �uvw whup, dqg lv fohdu iru wkh rwkhu wzr whupv1 Wkh �uvw

whup ri wkh �qdo olqh frqyhujhv wr }hur +xqlirupo| lq �, gxh wr Dvvxpswlrq :/ vr zh

frqvlghu rqo| wkh uhpdlqlqj wzr whupv1

Whup Elld vdwlv�hv

2

r2g

] _g

3_g

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

� +45:,

.(�

��
76g

�
	K�
�
� 	6�g

�
	K�
��2 m	K�c K

�
s�g

�
	K� � K�

�
_	K�

� 2

r2g
�

#
�

�g Eg � ��
n �2g ng 3 �� * eH *L}2g n 2g 3 �� * bS�g *L}g n g 3 � * 2 *L}2g

$

�
] "

3"

3
C 76�

g

�
	K�
�

76g

�
	K�
�
n rg

4
D

2

s�g
�
	K� � K�

�
_	K�

e| Ohppd 9+d,/ vlqfh rplwwlqj wkh uhvwulfwlrq wr 	K 5 (� fdq rqo| pdnh wkh h{shfwdwlrq

odujhu/ dqg frqglwlrqlqj rq dq| K vxfk wkdw nKn2 � � 	 4 zloo qrw fkdqjh wkh uhvxowv

ri wkdw ohppd/ dv fdq eh hdvlo| yhul�hg1 Dovr/ Whup Elle vdwlv�hv

2

r2g

] _g

3_g
.(�

��
	6�
�g

�
	K�
�
� 76�

g

�
	K�
��2 m	K�c	K 5 (�c K

�
s�g

�
	K� � K�

�
_	K�

� 2

r2g
�

#
�

��g Eg � ��
n �2g ng 3 D * eH *L}2g n 2g 3 D * bS�g *L}g n g 3 � * e *L}2g

$

D0;8



e| Ohppd 9+e,/ e| wkh vdph orjlf1 Wkxv zh kdyh wkdw

Whup Ell +45;,

� e4je
0

r2g
�

3
EEEEEEEEEEEEEEEEEEC

3
EEEC

�
�gEg3�� n �2g ng 3 �� * eH *L}2g

n 2g 3 �� * bS�g *L}g n g 3 � * 2 *L}2g

4
FFFD

� U"
3"

�
76�
gE	K��

76gE	K�� n rg

�2

s�g
�
	K� � K�

�
_	K�

n

3
EEEC

�
��gEg3�� n �2g ng 3 D * eH *L}2g

n 2g 3 D * bS�g *L}g n g 3 � * e *L}2g

4
FFFD

4
FFFFFFFFFFFFFFFFFFD

$ f

e| glvsod| +6:, dqg Ohppd 7 +diwhu dyhudjlqj,/ dqg zh duh �qlvkhg zlwk wkh surri

wkdw -
�
Kc 	K�7.�( sg

�
�-

�
Kc 	K��

�Cg
( �g

�
$ f1

Qrz/ wr frpsohwh wkh surri wkdw *�4g<" t�T8K82 $�

���- �Kc 	K�7.�( �g
�
�-

�
Kc 	K��

�Cg
( �g

���� '
f/ zh vlpso| qrwh wkdw zh qhyhu xvhg dq| surshuw| ri wkh yhfwru K rwkhu wkdq d erxqg

rq wkh hpslulfdo yduldqfh ri wkh K�1 Ryhu wkh vhw iK G nKn2 � �j wklv erxqg lv

xqlirup/ vr rxu uhvxowv krog xqlirupo| ryhu wklv vhw1 Wkxv/ zh vlpso| vxevwlwxwh �g

lq iru sg lq wkh uhvxow ghulyhg deryh1

Ixuwkhu/ zh revhuyh wkdw

*�4 t�T
g<"

t�T
8K82 $�

+
-
�
Kc 	K�7.�( �g

�
� �?u

�KM�

q
-
�
Kc �K( �g

�r,
+45<,

' *�4 t�T
g<"

t�T
8K82 $�

;AAA?
AAA=

-
�
Kc 	K�7.�( �g

�
�-

�
Kc 	K��

�Cg
( �g

�
n

-
�
Kc 	K��

�Cg
( �g

�
� �?u�KM�

q
-
�
Kc �K( �g

�r
<AAA@
AAA>

D0;9



� *�4 t�T
g<"

t�T
8K82 $�

q
-
�
Kc 	K�7.�( �g

�
�-

�
Kc 	K��

�Cg
( �g

�r

n *�4 t�T
g<"

t�T
8K82 $�

+
-
�
Kc 	K��

�Cg
( �g

�
� �?u

�KM�

q
-
�
Kc �K( �g

�r,

� *�4 t�T
g<"

t�T
8K82 $�

���- �Kc 	K�7.�( �g
�
� -

�
Kc 	K��

�Cg
( �g

����
n *�4 t�T

g<"
t�T

8K82 $�

+
-
�
Kc 	K��

�Cg
( �g

�
� �?u

�KM�

q
-
�
Kc �K( �g

�r,

� *�4 t�T
g<"

t�T
8K82 $�

+
-
�
Kc 	K��

�Cg
( �g

�
� �?u

�KM�

q
-
�
Kc �K( �g

�r,

� f

zkhuh wkh vhfrqg olqh iroorzv iurp dgglqj dqg vxewudfwlqj -
�
Kc 	K��

�Cg
( �g

�
/ wkh wklug

olqh iroorzv iurp wkh idfw wkdw *�4 t�Tg<" t�T% i�g E%� n }g E%�j � *�4 t�Tg<" t�T% i�g E%�jn

*�4 t�Tg<" t�T% i}g E%�j/ wkh irxuwk olqh iroorzv iurp qrwlqj wkdw m%m � %/ wkh �iwk

olqh iroorzv iurp *�4g<" t�T8K82 $�

���- �Kc 	K�7.�( �g
�
� -

�
Kc 	K��

�Cg
( �g

���� ' f/ dqg

wkh �qdo olqh iroorzv iurp -
�
Kc 	K��

�Cg
( �g

�
� �?u�KM�

q
-
�
Kc �K( �g

�r
;g dqg ;K/ dv

vkrzq lq sduw +l, ri wklv surri1

Wr erxqg wkh olpvxs ri wkh vxs ri wkh devroxwh ydoxh/ zh pxvw dovr frqvlghu wkh

olplqi ri wkh lqi1 Wr gr vr/ revhuyh wkdw 	K�7.� lv dq htxlyduldqw hvwlpdwru/ vr wkdw

-
�
Kc 	K�7.�( �g

�
� �?u�KM�

q
-
�
Kc �K( �g

�r
;g dqg ;K1 Qrwh wkdw wklv grplqdwlrq

ri 	K�7.� pd| eh e| d gl�huhqw htxlyduldqw hvwlpdwru dw hdfk K1 Wklv lpphgldwho|

|lhogv

� *�4 �?u
g<"

�?u
8K82 $�

+
-
�
Kc 	K�7.�( �g

�
� �?u

�KM�

q
-
�
Kc �K( �g

�r,
� f� +463,

D0;:



zklfk/ wrjhwkhu zlwk rxu uhvxow deryh rq wkh *�4 t�Tg<" t�T8K82 $� / lpsolhv wkdw

*�4 t�T
g<"

t�T
8K82 $�

�����-
�
Kc 	K�7.�( �g

�
� �?u

�KM�

q
-
�
Kc �K( �g

�r����� +464,

� 4@ 

;AAA?
AAA=

� *�4 �?ug<" �?u8K82 $�

q
-
�
Kc 	K�7.�( �g

�
� �?u�KM�

q
-
�
Kc �K( �g

�rr
c

*�4 t�Tg<" t�T8K82 $�

q
-
�
Kc 	K�7.�( �g

�
� �?u�KM�

q
-
�
Kc �K( �g

�rr
<AAA@
AAA>

� 4@ ifc fj

� f

zkhuh wkh �uvw lqhtxdolw| iroorzv iurp wkh idfw wkdw m%m ' 4@ i%c�%j dqg wkh idfw

wkdw zh fdq lqwhufkdqjh wkh pd{lpxp rshudwlrq zlwk wkh vxs dqg olpvxs rshudwlrqv1

Wkh vhfrqg lqhtxdolw| lv e| wkh erxqgv ghprqvwudwhg deryh/ dqg wkh �qdo lqhtxdolw|

lv wulyldo1 Qrz/ vlqfh wkh olpvxs dqg vxs rshudwlrqv duh ehlqj shuiruphg rq d

qrqqhjdwlyh vhtxhqfh/ wkh uhvxow pxvw eh qrqqhjdwlyh1 Exw e| qrqqhjdwlylw| ri wkh

vhtxhqfh djdlq/ wkh olplqi ri wkh vxs pxvw eh qrqqhjdwlyh1 Wkxv zh rewdlq wkh

ghvluhg frqfoxvlrq=

*�4 t�T
g<"

t�T
8K82 $�

�����-
�
Kc 	K�7.�( �g

�
� �?u

�KM�

q
-
�
Kc �K( �g

�r����� ' f +465,

lpsolhv

*�4
g<"

t�T
8K82 $�

�����-
�
Kc 	K�7.�( �g

�
� �?u

�KM�

q
-
�
Kc �K( �g

�r����� ' f�

+lll, Wkh surri ri sduw +lll, iroorzv iurp=

*�4
g<"

+
t�T

8K82$�

+
t�T
sg

���- �Kc 	K�7.�( sg
�
� -

�
Kc 	K��

�Cg
( �g

����
,,

' f +466,

D0;;



zklfk lv gxh wr d surfhgxuh lghqwlfdo wr wkdw xvhg lq sduw +ll, Wkhruhp 6/ qrwlqj

vlpso| wkdw wkh uhvxowv wkhuh duh xqlirup lq wkh sulru ryhu d vhw ri sulruv zlwk wkh

vdph yduldqfh erxqg1 Wklv xqliruplw| lv gxh wr wkh idfw wkdw wkh rqo| ihdwxuh ri wkh

sulru wkdw lv xvhg lv wkh yduldqfh ri wkh sulru ru/ lq wklv iuhtxhqwlvw fdvh/ wkh hpslulfdo

yduldqfh ri wkh K�1 Wkhq zh dsso| uhdvrqlqj lghqwlfdo wr wkdw ri wkh �qdo sruwlrq ri

sduw +ll, deryh wr frqfoxgh wkdw

*�4
g<"

t�T
8K82$�

t�T
sg

�����-
�
Kc 	K�7.�( sg

�
� �?u

�KM�

q
-
�
Kc �K( �g

�r����� ' f +467,

dv ghvluhg1

T1H1G1

Surri ri Wkhruhp 9 = Dv lq wkh surri ri Wkhruhp 8/ zh qrwh wkdw/ li zh uhvwulfw

nKn2 � � xqlirupo| dorqj wkh g vhtxhqfh/ zh kdyh wkdw Ohppdv 4 wkurxjk 9 krog

xqlirupo| dorqj wkh g vhtxhqfh1 Exw li Ohppd 7 krogv xqlirupo| dorqj wkh g

vhtxhqfh/ wkhq zh jhw wkdw/ li �Cg ', C/ ;K v1w1 nKn2 � � xqlirupo| dorqj wkh g

vhtxhqfh/

*�4
g<"

���- �Kc 	K��
�Cg

( �g
�
� oC

�
	K��c �

���� ' f +468,

ehfdxvh

-
�
Kc 	K��

�Cg
( �g

�
+469,

' 4
] "

3"

�
	K��
�Cg c�

�
	K�
�
� K�

�2
_ �Cg EK��

D0;<



' 4
] "

3"

] "

3"

3
C	K� � j2

0

6�
�

�
	K�
�

6�

�
	K�
� � K�

4
D

2

�
�
	K� � K�

�
_ �Cg EK��

vr li wkhuh lv dq xqlirupo| lqwhjudeoh +zlwk uhvshfw wr _ �Cg EK�� ;g dqg _C EK��, grp0

lqdwlqj ixqfwlrq ri K� iru
U"
3"

�
	K� � j2

0

6�
�E	K��

6�E	K��
� K�

�2

�
�
	K� � K�

�
_	K�/ wkhq zh kdyh wkh

ghvluhg uhvxow e| zhdn frqyhujhqfh +vhh/ h1 j1/ Eloolqjvoh| +4<9;,,1 Qrz/�
	K� � j2

0

6�
�E	K��

6�E	K��
� K�

�2

� 2
�
	K� � K�

�2
n 2je

0

�
6�
�E	K��

6�E	K��

�2

/ vr wkdw

U"
3"

%
2
�
	K� � K�

�2
n 2je

0

�
6�
�E	K��

6�E	K��

�2
&
�
�
	K� � K�

�
_	K� lv d grplqdwlqj ixqfwlrq1 Wklv

ixqfwlrq lv xqlirupo| lqwhjudeoh z1 u1 w1 _ �Cg EK�� ;g dqg _C EK�� e|/ iru wkh �uvw

whup/ wkh idfw wkdw j2
0 	 4/ dqg/ iru wkh vhfrqg whup/ Ohppd 71 Qrwh wkdw wr dsso|

Ohppd 7/ zh pxvw uhfrjql}h wkdw wkh vhfrqg whup grhvq*w ghshqg rq K�/ vr wkdw zh

pd| lqwhjudwh zlwk uhvshfw wr _ �Cg EK�� ru _C EK�� �uvw/ rewdlqlqj
U"
3"

E6�
�E	K���

2

6�E	K��
_	K�/

zklfk lv xqlirupo| erxqghg dorqj wkh g vhtxhqfh e| Ohppd 7 dqg wkh revhuydwlrq

dw wkh ehjlqqlqj ri wklv surri/ l1 h1/ wkdw Ohppd 7 krogv xqlirupo| dorqj wkh g

vhtxhqfh ehfdxvh nKn2 � � xqlirupo| dorqj wkh g vhtxhqfh1

T1 H1 G1

D0<3



� �TTi?_� �G �ihh)�,ttii? A�iLhi4t uLh #i?t�|�it @?_ A�i�h #ih��@�

|��it

A��t @TTi?_� ThL��_it �ihh)�,ttii?�|)Ti |�iLhi4t uLh _i?t�|�it @?_ _ih��@|��it Lu

_i?t�|�it uLh �?��@h�@|i @?_ M��@h�@|i h@?_L4 �@h�@M*it� A�iti |�iLhi4t @hi hiuihhi_

|L Mi*L� @t *LU@* *�4�| hit�*|t�

A�i Thiti?|@|�L? ThLUii_t �? |�L t|iTt� 6�ht|c |�i *LU@* *�4�| hit�*|t @hi ThL�i?

@tt�4�?} |�@| @ �ihh)�,ttii? |�iLhi4 EuLh U�_�u�<t� @?_ @ t4LL|�?itt UL?_�|�L? �L*_�

�iU@�ti �ihh)�,ttii? |�iLhi4t �L*_ �?_ih @ �@h�i|) Lu Th�4�|��i UL?_�|�L?tc |��t ThL�

��_it }i?ih@* UL?_�|�L?t �?_ih ���U� |�i *LU@* *�4�| hit�*|t �L*_� 5iUL?_c �| �t t�L�?

|�@| @ E4�*|��@h�@|i� �ihh)�,ttii? |�iLhi4 _Lit �? u@U| �L*_ uLh @�ih@}it Lu t|hL?}*)

4� �?} h@?_L4 �@h�@M*it t@|�tu)�?} Uih|@�? 4L4i?| @?_ 4� �?}�h@|i UL?_�|�L?t� A��t

|�iLhi4 �t @? @_@T|@|�L? Lu A�!�L4�hL�<t E�bHf� �?��@h�@|i hit�*|�

�** |�iLhi4tc *i44@tc @?_ i^�@|�L? ?�4Miht �ihi�? hiuih |L |��t @TTi?_� L?*)(

|��t @TTi?_� �t ti*u�UL?|@�?i_�

2 wLU@* w�4�| +it�*|

wi| #�c #2c � � � Mi @ ti^�i?Ui Lu6�_�4i?t�L?@* h@?_L4 �@h�@M*it ��|� 4i@? 3ihL @?_ ��

?�|i tiUL?_ 4L4i?|t� `�|�L�| *Ltt Lu }i?ih@*�|)c *i| *�4?<".
��t

�
?

S?
�'� #�

� �t
�
?

S?
�'� #�

���
'

U6� wi| a? _i?L|i |�i _�t|h�M�|�L? u�?U|�L? Lu
t

�
?

S?
�'� #� @?_ *i| x _i?L|i |�i 6�

���



�@h�@|i t|@?_@h_ ?Lh4@* _�t|h�M�|�L? u�?U|�L?� A�i *LU@* *�4�| hit�*|t ��** Mi ThL�i?

�?_ih |�i uL**L��?} |�L UL?_�|�L?t�

�L?_�|�L? �G A�i h@?_L4 �@h�@M*it #�c #2c � � � �@�i UL?_�|�L?@* U�@h@U|ih�t|�U

u�?U|�L?t ��c �2c � � � EtL |�@| �� �t |�i U�@h@U|ih�t|�U u�?U|�L? Lu |�i _�t|h�M�|�L? Lu #�

UL?_�|�L?@* L? #�c � � � 	 �� ��|� |�i ThLTih|) |�@|

< k : fc �f 	 4c �f 	 4 r�|� E��

t�T
�

m�� E|�m � �f m|m3k ; m|m � �f�

�L?_�|�L? � �t �i@!ih |�@? hi^��h�?}c uLh �?t|@?Uic |�@| |�i UL?_�|�L?@* _i?t�|�it Lu

|�i #� Mi �?�uLh4*) ML�?_i_c Lh i�i? |�@| @?) Lu |�i4 Mi ML�?_i_c |�L�}� �| _Lit

h�*i L�| _�tUhi|i?itt�

�L?_�|�L? �G � �ihh)�,ttii? |�iLhi4 �L*_t uLh #�c #2c � � �c |�@| �tc

< q : fc > 	 4c �� 	 4 r�|� t�T
5M-6

ma? E5�� xE5�m � ��?
3q *L}> E?� E2�

A)T�U@* �ihh)�,ttii? |�iLhi4t tTiU�u) @ T@h|�U�*@h UL?t|@?| �� @?_ �@�i q ' �
2
@?_

> ' f EU� u� 6i**ih E�b.��c 6� B�L|3i E�bb��c O@** @?_ Oi)_i E�bHf��� OL�i�ihc |�i

*LU@* *�4�| hit�*|t �ihi _L ?L| hi*) L? |�iti tTiU��U �@*�itc @?_ tL @hi ThL�i? uLh |�i

4Lhi }i?ih@* t|@|i4i?| 2�

wi44@ � E�h@4�ih �b�.� 5�TTLti |c lc � 5 ?6� Wu � E|� �t @ U�@h@U|ih�t|�U u�?U�

|�L? t�U� |�@| m� E|�m � D 	 � uLh @** m|m � � c |�i? �i �@�i uLh m|m 	 �

m� E|�m � �� E�� D�2
m|m2
H�2

E��

��2



�hLLu Lu wi44@ � G � |ihti ThLLu uLh 6 ' � �t |L Mi uL�?_ L? T@}i 2S Lu �h@4�ih

E�b�.�� OL�i�ihc �| �t }��i? �? @? i T@?_i_ uLh4 �ihi uLh |�i hi@_ih<t UL?�i?�i?Ui�

+iU@** �ht| |�@| uLh tU@*@ht � @?_ �c ULt� � �
e
n �

e
ULt E2�� Et�?Ui �

e
ULt E2���

ULt E�� n �
e
' �

2
ULt2 E�� � ULt E�� n �

2
' �

2
EULt E��� ��2 � f� @?_ t�? E�� �� '

t�? E�� ULt E�� � t�? E�� ULt E���

m� E|�m2 '
] "

3"

] "

3"
e�|

�El3��_a El� _a E�� Ee�

'
] "

3"

] "

3"
� dt�? E|�l� ULt E|���� t�? E|��� ULt E|�l�o n

dULt E|� El � ���o _a El� _a E��

' �

5
9997
U"
3"

U"
3" t�? E|�l� ULt E|��� _a El� _a E���

U"
3"

U"
3" t�? E|��� ULt E|�l� _a El� _a E��

6
:::8

n
] "

3"

] "

3"
ULt E|� El � ��� _a El� _a E��

'
] "

3"

] "

3"
ULt E|� El � ��� _a El� _a E��

� �

e
n

�

e

] "

3"

] "

3"
ULt E2|� El � ��� _a El� _a E��

'
�

e
n

�

e

;AAAAAAAA?
AAAAAAAA=

�

5
9997
U"
3"

U"
3" t�? E2|�l� ULt E2|��� _a El� _a E���

U"
3"

U"
3" t�? E2|��� ULt E2|�l� _a El� _a E��

6
:::8n

U"
3"

U"
3" ULt E2|� El � ��� _a � El� _a E��

<AAAAAAAA@
AAAAAAAA>

'
�

e
n

�

e
m� E2|�m2

��ihi |�i �ht| i^�@*�|) �L*_t MiU@�ti |�i t^�@hi Lu @ UL4T*i ?�4Mih<t 4L_�*�t

i^�@*t �|t ThL_�U| E�? UL4T*i 4�*|�T*�U@|�L?� ��|� �|t UL4T*i UL?��}@|ic |�i tiU�

���



L?_ i^�@*�|) �L*_t M) |�i |h�}L?L4i|h�U �_i?|�|) hiU@**i_ @ML�ic |�i |��h_ �t 4ihi*)

@ hi@hh@?}i4i?|c @?_ |�i uL�h|� uL**L�t uhL4 |�i u@U| |�@| |�i |�L �?|i}h@*t �? |�i

�4@}�?@h) T@h| @hi i^�@*c tL |�i�h _�gihi?Ui �t 3ihL E�i 4@) t�4T*) hi*@Mi* |�i �@h��

@M*it�� A�i �?i^�@*�|) UL4it uhL4 |�i |h�}L?L4i|h�U �?i^�@*�|) ?L|i_ @ML�ic @?_

|�i *@t| |�L i^�@*�|�it @hi t�4T*) |�i �ht| uL�h R�? hi�ihti�� A��tc �i �@�i |�@| uLh

m|m 5
k
�
2
c�

�

m� E|�m2 � �� �

e
E�� D�2 ED�

@?_ �i 4@) hiTi@| |��t @h}�4i?| |L t�L� |�@| uLh m|m 5
k
�
2^
c �
2^3�

�
EuLh @?) �?|i}ih

^ � ��

m� E|�m2 � ��
�
�

e

�^
E�� D�2 	 �� E�� D�2

m|m2
e�2

ES�

tL |�@|c �? |�i t@4i hi}�L?c

m� E|�m � �� E�� D�2
m|m2
H�2

E.�

@t U@? Mi tii? M) t^�@h�?} |�i h�}�|�@?_ t�_i Lu |�i �?i^�@*�|) �44i_�@|i*) @ML�i

@?_ UL4T@h�?} �| |L |�i h�}�|4Lt| ^�@?|�|) Lu |�i �?i^�@*�|) �? |�i Thi��L�t _�tT*@)�

�L�c ^ �t @hM�|h@h)c tL |�i _it�hi_ UL?U*�t�L? 4�t| �L*_ uLh m|m 5 Efc��� ��| �i

!?L� |�@| � Ef� ' �c tL �i @hi �?�t�i_� "�,�#�

A�iLhi4 2 EN?��@h�@|i wLU@* w�4�| A�iLhi4� 5�TTLti |�@| �L?_�|�L?t � @?_

� �L*_c @?_ *i| 6 ' �� A�i? ; _ 5 �c < � E_� 	 4 @?_ ?f E_� 	 4 t�U� |�@|c

��e



;? : ?f E_�c

t�T
5M-

����E_�? E5�� �E_� E5�
��� � � E_�?3q * 2_n� d*L} E?�o> * 2_n�

��ihi �E_�? �t |�i _|� _ih��@|��ic _ ' fc �c 2c � � �c Lu |�i _i?t�|) Lu #�n#2nuuun#?I
?

E|��t

_i?t�|) ��** Mi t�L�? |L i �t| uLh t��U�i?|*) *@h}i ? @t T@h| Lu |�i ThLLu�c @?_ �E_� �t

|�i _|� _ih��@|��i Lu |�i t|@?_@h_ ?Lh4@* _i?t�|)�
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� D� ì U@? ?L� @TT*) �h@4�ih<t

��S



*i44@ |L LM|@�? t�T� m�� E|�m � �� E�� D�2 �|�2
HB2

; m|m 	 B� A��tc �i �@�ic

t�T
?D?f

����E_�? E5�
��� � t�T

?D?f

] B
I
?

3BI?
m|m_

#
�� E�� D�2

|2 * ?

HB2

$?

_| n E�f�

t�T
?D?f

D?36
] "

B
I
?
m|m_

#
�f

m| * s
?mk

$6

_| n

t�T
?D?f

D?36
] 3BI?

3"
m|m_

#
�f

m| * s
?mk

$6

_|

� t�T
?D?f

] B
I
?

3BI?
m|m_ i T

�
��|2

�
_| n

2 t�T
?D?f

D?36�6
f ?k6 * 2

] 3BI?

3"
m|m_3k6 _|

� t�T
?D?f

] B
I
?

3BI?
m|m i T

�
��|2

�
_| n

2 t�T
?D?f

�
)E_n2� * k B
f D?3)E_n2� * kB?E_n2� * 2

] "

B
m|m32 _|

� �2 E_� 	 4

��ihi |�i tiUL?_ �?i^�@*�|) uL**L�t M) ti||�?} � ' E�3D�2
HB2

@?_ LMtih��?} |�@| i T E��|2� '

t�T?
�
�� �|2

?

�?
c |�i |��h_ �?i^�@*�|) uL**L�t M) U�LLt�?} 6 '

o
_n2
k

p
c ��ihi g�h �t |�i

*i@t| }hi@|ih ELh i^�@*� �?|i}ih u�?U|�L?� A�i _it�hi_ w�TtU��|3 UL?_�|�L? �t ?L� �ih��
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Appendix C: Description of Time Series Data Used in the Empirical Analysis

This appendix lists the time series used to construct the forecasts discussed in section 4.
The format is: series number; series mnemonic; data span used; transformation code; and brief
series description.  The transformation codes are:  1 = no transformation;  2 = first difference;  4 =
logarithm;  5 = first difference of logarithms; 6 = second difference of logarithms.  An asterisk after
the date denotes a series that was included in the unbalanced panel but not the balanced panel,
either because of missing data or because of gross outliers which were treated as missing data.  The
series were either taken directly from the DRI-McGraw Hill Basic Economics database, in which
case the original mnemonics are used, or they were produced by authors' calculations based on data
from that database, in which case the authors calculations and original DRI/McGraw series
mnemonics are provided.  The following abbreviations appear in the data definitions:  SA =
seasonally adjusted;  NSA = not seasonally adjusted; SAAR = seasonally adjusted at an annual rate;
FRB = Federal Reserve Board; AC = Authors calculations

Real output and income
ip 1959:01-1998:12 5 industrial production: total index (1992=100,sa)
ipp    1959:01-1998:12 5 industrial production: products, total (1992=100,sa)
ipf    1959:01-1998:12 5 industrial production: final products (1992=100,sa)
ipc     1959:01-1998:12 5 industrial production: consumer goods (1992=100,sa)
ipcd    1959:01-1998:12 5 industrial production: durable consumer goods (1992=100,sa)
ipcn    1959:01-1998:12 5 industrial production: nondurable condsumer goods (1992=100,sa)
ipe     1959:01-1998:12 5 industrial production: business equipment (1992=100,sa)
ipi     1959:01-1998:12 5 industrial production: intermediate products (1992=100,sa)
ipm      1959:01-1998:12 5 industrial production: materials (1992=100,sa)
ipmd 1959:01-1998:12 5 industrial production: durable goods materials (1992=100,sa)
ipmnd 1959:01-1998:12 5 industrial production: nondurable goods materials (1992=100,sa)
ipmfg   1959:01-1998:12 5 industrial production: manufacturing (1992=100,sa)
ipd     1959:01-1998:12 5 industrial production: durable manufacturing (1992=100,sa)
ipn     1959:01-1998:12 5 industrial production: nondurable manufacturing (1992=100,sa)
ipmin   1959:01-1998:12 5 industrial production: mining (1992=100,sa)
iput    1959:01-1998:12 5 industrial production: utilities (1992-=100,sa)
ipxmca  1959:01-1998:12 1 capacity util rate: manufacturing,total(% of capacity,sa)(frb)
pmi     1959:01-1998:12 1 purchasing managers' index (sa)
pmp     1959:01-1998:12 1 NAPM production index (percent)
gmyxpq  1959:01-1998:125 personal income less transfer payments (chained) (#51) (bil 92$,saar)

Employment and hours
lhel   1959:01-1998:12 5 index of help-wanted advertising in newspapers (1967=100;sa)
lhelx  1959:01-1998:12 4 employment: ratio; help-wanted ads:no. unemployed clf
lhem   1959:01-1998:12 5 civilian labor force: employed, total (thous.,sa)
lhnag  1959:01-1998:12 5 civilian labor force: employed, nonagric.industries (thous.,sa)
lhur   1959:01-1998:12 1 unemployment rate: all workers, 16 years & over (%,sa)
lhu680 1959:01-1998:12 1 unemploy.by duration: average(mean)duration in weeks (sa)
lhu5   1959:01-1998:12 1 unemploy.by duration: persons unempl.less than 5 wks (thous.,sa)
lhu14  1959:01-1998:12 1 unemploy.by duration: persons unempl.5 to 14 wks (thous.,sa)
lhu15  1959:01-1998:12 1 unemploy.by duration: persons unempl.15 wks + (thous.,sa)
lhu26  1959:01-1998:12 1 unemploy.by duration: persons unempl.15 to 26 wks (thous.,sa)
lpnag  1959:01-1998:12 5 employees on nonag. payrolls: total (thous.,sa)
lp     1959:01-1998:12 5 employees on nonag payrolls: total, private (thous,sa)
lpgd   1959:01-1998:12 5 employees on nonag. payrolls: goods-producing (thous.,sa)
lpcc   1959:01-1998:12 5 employees on nonag. payrolls: contract construction (thous.,sa)
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lpem   1959:01-1998:12 5 employees on nonag. payrolls: manufacturing (thous.,sa)
lped   1959:01-1998:12 5 employees on nonag. payrolls: durable goods (thous.,sa)
lpen   1959:01-1998:12 5 employees on nonag. payrolls: nondurable goods (thous.,sa)
lpsp   1959:01-1998:12 5 employees on nonag. payrolls: service-producing (thous.,sa)
lpt    1959:01-1998:12 5 employees on nonag. payrolls: wholesale & retail trade (thous.,sa)
lpfr   1959:01-1998:12 5 employees on nonag. payrolls: finance,insur.&real estate (thous.,sa
lps    1959:01-1998:12 5 employees on nonag. payrolls: services (thous.,sa)
lpgov  1959:01-1998:12 5 employees on nonag. payrolls: government (thous.,sa)
lphrm  1959:01-1998:12 1 avg. weekly hrs. of production wkrs.: manufacturing (sa)
lpmosa 1959:01-1998:12 1 avg.  weekly hrs. of prod. wkrs.: mfg.,overtime hrs. (sa)
pmemp  1959:01-1998:12 1 NAPM employment index (percent)

Real retail, manufacturing and trade sales
msmtq    1959:01-1998:12 5 manufact. & trade: total (mil of chained 1992 dollars)(sa)
msmq     1959:01-1998:12 5 manufact. & trade:manufacturing;total(mil of chained 1992 dollars)(sa)
msdq     1959:01-1998:12 5 manufact. & trade:mfg; durable goods (mil of chained 1992 dollars)(sa)
msnq     1959:01-1998:12 5 manufact. & trade:mfg;nondurable goods (mil of chained 1992 dollars)(sa)
wtq     1959:01-1998:12 5 merchant wholesalers: total (mil of chained 1992 dollars)(sa)
wtdq    1959:01-1998:12 5 merchant wholesalers:drble goods total (mil of chained 1992 dollars)(sa)
wtnq    1959:01-1998:12 5 merchant wholesalers:nondurable goods (mil of chained 1992 dollars)(sa)
rtq     1959:01-1998:12 5 retail trade: total (mil of chained 1992 dollars)(sa)
rtnq    1959:01-1998:12 5 retail trade:nondurable goods (mil of 1992 dollars)(sa)

Consumption
gmcq     1959:01-1998:12 5 personal consumption expend (chained)-total (bil 92$,saar)
gmcdq    1959:01-1998:12 5 personal consumption expend (chained)-total durables (bil 92$,saar)
gmcnq    1959:01-1998:12 5 personal consumption expend (chained)-nondurables (bil 92$,saar)
gmcsq    1959:01-1998:12 5 personal consumption expend (chained)-services (bil 92$,saar)
gmcanq  1959:01-1998:12 5 personal cons expend (chained)-new cars (bil 92$,saar)

Housing starts and sales
hsfr    1959:01-1998:12 4 housing starts:nonfarm(1947-58);total farm&nonfarm(1959-)(thous.,sa
hsne    1959:01-1998:12 4 housing starts:northeast (thous.u.)s.a.
hsmw     1959:01-1998:12 4 housing starts:midwest(thous.u.)s.a.
hssou   1959:01-1998:12 4 housing starts:south (thous.u.)s.a.
hswst   1959:01-1998:12 4 housing starts:west (thous.u.)s.a.
hsbr    1959:01-1998:12 4 housing authorized: total new priv housing units (thous.,saar)
hmob     1959:01-1998:12 4 mobile homes: manufacturers' shipments (thous.of units,saar)
hsbne   1959:01-1998:12 4 houses authorized by build. permits:northeast(thou.u.)s.a
hsbmw   1959:01-1998:12 4 houses authorized by build. permits:midwest(thou.u.)s.a
hsbsou   1959:01-1998:12 4 houses authorized by build. permits:south(thou.u.)s.a
hsbwst   1959:01-1998:12 4 houses authorized by build. permits:west(thou.u.)s.a

Real inventories and inventory-sales ratios
ivmtq   1959:01-1998:12 5 manufacturing & trade inventories:total (mil of chained 1992)(sa)
ivmfgq   1959:01-1998:12 5 inventories, business, mfg (mil of chained 1992 dollars, sa)
ivmfdq   1959:01-1998:12 5 inventories, business durables (mil of chained 1992 dollars, sa)
ivmfnq   1959:01-1998:12 5 inventories, business, nondurables (mil of chained 1992 dollars, sa)
ivwrq     1959:01-1998:12 5 manufact. & trade inv: merchant wholesalers (mil of chained 1992

dollars)(sa)
ivrrq   1959:01-1998:12 5 manufacturing & trade inv:retail trade (mil of chained 1992 dollars)(sa)
ivsrq   1959:01-1998:12 2 ratio for mfg & trade: inventory/sales (chained 1992 dollars, sa)
ivsrmq   1959:01-1998:12 2 ratio for mfg & trade:mfg;inventory/sales (87$)(s.a.)
ivsrwq  1959:01-1998:12 2 ratio for mfg & trade:wholesaler;inventory/sales(87$)(s.a.)
ivsrrq  1959:01-1998:12 2 ratio for mfg & trade:retail trade;inventory/sales(87$)(s.a.)
pmnv     1959:01-1998:12 1 napm inventories index (percent)
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Orders and unfilled orders
pmno     1959:01-1998:12 1 napm new orders index (percent)
pmdel    1959:01-1998:12 1 napm vendor deliveries index (percent)
mocmq   1959:01-1998:12 5 new orders (net)-consumer goods & materials, 1992 dollars (bci)
mdoq     1959:01-1998:12 5 new orders, durable goods industries, 1992 dollars (bci)
msondq  1959:01-1998:12 5 new orders, nondefense capital goods, in 1992 dollars (bci)
mo  1959:01-1998:12 5 mfg new orders: all manufacturing industries, total (mil$,sa)
mowu     1959:01-1998:12 5 mfg new orders: mfg industries with unfilled orders(mil$,sa)
mdo     1959:01-1998:12 5 mfg new orders: durable goods industries, total (mil$,sa)
mduwu   1959:01-1998:12 5 mfg new orders:durable goods indust with unfilled orders(mil$,sa)
mno     1959:01-1998:12 5 mfg new orders: nondurable goods industries, total (mil$,sa)
mnou     1959:01-1998:12 5 mfg new orders: nondurable gds ind.with unfilled orders(mil$,sa)
mu      1959:01-1998:12 5 mfg unfilled orders: all manufacturing industries, total (mil$,sa)
mdu     1959:01-1998:12 5 mfg unfilled orders: durable goods industries, total (mil$,sa)
mnu     1959:01-1998:12 5 mfg unfilled orders: nondurable goods industries, total (mil$,sa)
mpcon    1959:01-1998:12 5 contracts & orders for plant & equipment (bil$,sa)
mpconq  1959:01-1998:12 5 contracts & orders for plant & equipment in 1992 dollars (bci)

Stock prices
fsncom   1959:01-1998:12 5 NYSE common stock price index: composite (12/31/65=50)
fspcom   1959:01-1998:12 5 S&P's common stock price index: composite (1941-43=10)
fspin   1959:01-1998:12 5 S&P's common stock price index: industrials (1941-43=10)
fspcap  1959:01-1998:12 5 S&P's common stock price index: capital goods (1941-43=10)
fsput   1959:01-1998:12 5 S&P's common stock price index: utilities (1941-43=10)
fsdxp   1959:01-1998:12 1 S&P's composite common stock: dividend yield (% per annum)
fspxe   1959:01-1998:12 1 S&P's composite common stock: price-earnings ratio (%,nsa)

Exchange rates
exrus   1959:01-1998:12 5 United States effective exchange rate (merm)(index no.)
exrGer  1959:01-1998:12 5 foreign exchange rate: Germany (deutsche mark per U.S.$)
exrsw   1959:01-1998:12 5 foreign exchange rate: Switzerland (swiss franc per U.S.$)
exrjan  1959:01-1998:12 5 foreign exchange rate: Japan (yen per U.S.$)
exrcan   1959:01-1998:12 5 foreign exchange rate: Canada (canadian $ per U.S.$)

Interest rates
fygt5   1959:01-1998:12 2 interest rate: U.S.treasury const maturities,5-yr.(% per ann,nsa)
fygt10  1959:01-1998:12 2 interest rate: U.S.treasury const maturities,10-yr.(% per ann,nsa)
fyaaac  1959:01-1998:12 2 bond yield: moody's aaa corporate (% per annum)
fybaac  1959:01-1998:12 2 bond yield: moody's baa corporate (% per annum)
fyfha   1959:01-1998:12 2 secondary market yields on fha mortgages (% per annum)
sfycp   1959:01-1998:12 1 spread fycp - fyff
sfygm3   1959:01-1998:12 1 spread fygm3 - fyff
sfygm6   1959:01-1998:12 1 spread fygm6 - fyff
sfygt1  1959:01-1998:12 1 spread fygt1 - fyff
sfygt5  1959:01-1998:12 1 spread fygt5 - fyff
sfygt10 1959:01-1998:12 1 spread fygt10 - fyff
sfyaaac  1959:01-1998:12 1 spread fyaaac - fyff
sfybaac  1959:01-1998:12 1 spread fybaac - fyff
sfyfha  1959:01-1998:12 1 spread fyfha - fyff

Money and credit quantity aggregates
fm1     1959:01-1998:12 6 money stock: m1(curr,trav.cks,dem dep,other ck'able dep)(bil$,sa)
fm2     1959:01-1998:12 6 money stock:m2(m1+o'nite rps,euro$,g/p&b/d mmmfs&sav&sm time

dep(bil$,nsa)
fm3     1959:01-1998:12 6 money stock: m3(m2+lg time dep,term rp's&inst only mmmfs)(bil$,sa)
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fm2dq    1959:01-1998:12 5 money supply-m2 in 1992 dollars (bci)
fmfba   1959:01-1998:12 6 monetary base, adj for reserve requirement changes(mil$,sa)
fmrra   1959:01-1998:12 6 depository inst reserves:total,adj for reserve req chgs(mil$,sa)
fmrnbc   1959:01-1998:12 6 depository inst reserves:nonborrow+ext cr,adj res req cgs(mil$,sa)

Price indexes
pmcp     1959:01-1998:12 1 napm commodity prices index (percent)
pwfsa   1959:01-1998:12 6 producer price index: finished goods (82=100,sa)
pwfcsa   1959:01-1998:12 6 producer price index:finished consumer goods (82=100,sa)
psm99q  1959:01-1998:12 6 index of sensitive materials prices (1990=100)(bci-99a)
punew    1959:01-1998:12 6 cpi-u: all items (82-84=100,sa)
pu83    1959:01-1998:12 6 cpi-u: apparel & upkeep (82-84=100,sa)
pu84    1959:01-1998:12 6 cpi-u: transportation (82-84=100,sa)
pu85    1959:01-1998:12 6 cpi-u: medical care (82-84=100,sa)
puc     1959:01-1998:12 6 cpi-u: commodities (82-84=100,sa)
pucd    1959:01-1998:12 6 cpi-u: durables (82-84=100,sa)
pus     1959:01-1998:12 6 cpi-u: services (82-84=100,sa)
puxf    1959:01-1998:12 6 cpi-u: all items less food (82-84=100,sa)
puxhs    1959:01-1998:12 6 cpi-u: all items less shelter (82-84=100,sa)
puxm     1959:01-1998:12 6 cpi-u: all items less midical care (82-84=100,sa)
gmdc     1959:01-1998:12 6 pce,impl pr defl:pce (1987=100)
gmdcd    1959:01-1998:12 6 pce,impl pr defl:pce; durables (1987=100)
gmdcn    1959:01-1998:12 6 pce,impl pr defl:pce; nondurables (1987=100)
gmdcs    1959:01-1998:12 6 pce,impl pr defl:pce; services (1987=100)

Average hourly earnings
lehcc   1959:01-1998:12 6 avg hr earnings of constr wkrs: construction ($,sa)
lehm    1959:01-1998:12 6 avg hr earnings of prod wkrs: manufacturing ($,sa)

Miscellaneous
hhsntn   1959:01-1998:12 1 u. of mich. index of consumer expectations(bcd-83)


