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ABsTrACT. This paper studies the identification of best response functions in binary
games without making strong parametric assumptions about the payoffs. The best
response function gives the utility maximizing response to a decision of the other
players. This is analogous to the response function in the treatment-response litera-
ture, taking the decision of the other players as the treatment, except that the best
response function has additional structure implied by the associated utility maxi-
mization problem. Further, the relationship between the data and the best response
function is not the same as the relationship in the treatment-response literature
between the data and the response function. We focus especially on the case of a
complete information entry game with two firms. We also discuss the case of an
entry game with many firms, non-entry games, and incomplete information. Our
analysis of the entry game is based on the observation of realized entry decisions,
which we then link to the best response functions under various assumptions includ-
ing those concerning the level of rationality of the firms, including the assumption
of Nash equilibrium play, the symmetry of the payoffs between firms, and whether
mixed strategies are admitted.
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1. INTRODUCTION

In Identification Problems in the Social Sciences, Manski (1995, p. 110) studies the identi-
fication problems “that arise when observations of equilibrium outcomes are used to analyze
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social interactions.” Most important from a historical perspective is the analysis of supply
and demand, which Manski points out was called “the” identification problem by Fisher. We
focus here on the link between data and response functions in simple games. Many of the
identification issues that arise in supply and demand, a social interaction, also arise in the
analysis of games, a different social interaction, “when observations of equilibrium outcomes
of games” are used to identify players’ best response functionsH This paper contributes to
that area.

We study the problem of the identification of best response functions in binary games.
The best response function gives the utility maximizing response to decisions of the other
players. This is analogous to the response function in the treatment-response literature, tak-
ing the decisions of the other firms as the treatment. The motivating example throughout
the paper is an entry game, and especially a two firm entry game with complete information.
Economists and particularly the econometrics and industrial organization literatures have
routinely used entry game models and other similar models to learn about strategic inter-
action. These games model the profit of a firm as depending on the entry decisions of the
other firms, with the consequence that there is strategic interaction between the firms. In

applied work the model is usually parametric and is based on the underlying economic situ-

ation that is being studied. See Bresnahan and Reiss (1991a), Berry (1992), Mazzeo (2002),

IThe analysis in Manski (1995) deals with the case in which the best response functions have a parametric
structure that depends on observed covariates, and in which equilibrium is assumed. We make different
assumptions.



Tamer (2003), Seim (2006), Beresteanu, Molchanov, and Molinari (2009), Ciliberto and
Tamer (2009), Grieco (2009), Aradillas-Lopez (2010), and Bajari, Hong, and Ryan (2010)
among many others. In these models problems arise due to the presence in the underlying
game of multiple equilibria and mixed strategies, among other things, which complicate the
inferential question since they add nuisance parameters that need to be accommodated. See
for example Tamer (2003) for more on this. We consider this problem without making para-
metric assumptions. We give a more complete comparison of our results with the results of
the literature in section [ after reporting our results.

The objects of interest in this paper are the best response functions. This paper uses the
convention that for the entry game entering is action 1 and not entering is action 0. Then
the best response functions in the two firm entry game are the functions v'(t) : {0,1} —
{0,1} for firm ¢ € {1,2}. The best response function is a function of the entry decision
of the other firm, and gives the utility maximizing entry decision in response to that entry
decisionﬂ Our analysis of best response functions is motivated by their potential for use
in policy analysis. In particular, the best response functions are the relevant objects if
a planner is considering regulating the entry decision of one firm and is interested in the
reaction of the other firm. The econometrician does not observe the best response functions,
but is interested in learning about the best response functions based on the observation of
realized entry decisions. The realized entry decisions (the data) result in the probabilities
(P(1,1), P(1,0), P(0,1), P(0,0)), where P(y1,y2) is the probability that firm 1 has realized

entry decision y; and firm 2 has realized entry decision .

2We make a mild assumption on the payoffs that guarantees that this utility maximization problem has
a unique solution, so the best response function is well-defined.



Despite the analogy between the best response function and the response function, it turns
out that the relationship between the best response function and the data is qualitatively
different than the relationship between the response function and the data in the treatment-
response literature. In the standard treatment-response literature if treatment ¢ is realized
and v(+) is the response function, then the observed outcome must be v(t). Without further
assumptions, this effectively exhausts the information in the data. That the response is
observed only at the realized treatment is the selection problem. This basic model implies
in particular that under reasonable regularity conditions like discreteness of the treatments
even without any assumptions, something non-trivial can be learned about the distribution
of response functions from the data alone. See the worst-case bounds in Manski (1995).

The analogous relationship between the data and the best response function does not
hold in our setting. First, without further assumptions on the behavior of the firms the
data need not be informative about the best response functions at all. For example, the
data could be realizations of arbitrary entry decisions, completely unrelated to the utility
maximization problem associated with the best response function. In order to account for
this we use a game theory model. This provides us with a useful structuring of the data
and makes additional assumptions more transparent. Second, even with the game structure
the data does not have the same relationship to the best response function as it does in
the treatment-response literature. This is because the best response function concerns the
utility maximization problem when one firm is allowed to best respond to the decision of
the other firm. In the data this assumption cannot usually be justified, if firms can make

decisions simultaneouslyf] For example, it could be that v'(1) = 0 = v2(1), despite observing

3By simultaneously we mean in the game theory sense of without knowledge of the other firms’ decisions.
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that both firms enter the market, if the firms are playing a mixed strategy. Thus, we do
not observe data that is necessarily disciplined by the best response function in the way
that the data is disciplined to be realizations of the response function in the treatment-
response literature.ﬁ In particular, this implies that the data can be completely uninformative
under weak assumptions, as in our Lemma [2.2] This model can be viewed as a particularly
severe, but useful, relaxing of the stable unit treatment value assumption (SUTVA), since
the “treatment” of one firm is the “outcome” of the second firmfl We then add various
plausible assumptions which allow us to draw sharper inferences about the best response
functions. I particular, we exploit the identification power of different levels of rationality,
and Nash equilibrium play.

This identification problem is related to the question of nonparametric identification in a
simultaneous equations model, which has a long history in econometrics. See for example
the recent work of Matzkin (2008) and references therein. The defining difference is that in
our model we consider a problem with multiple decision makers where the effect of strategic
interaction (like implications of Nash equilibrium play) result in possibly multiple predicted
outcomes. So, methods developed for nonparametric identification of triangular systems, or
other simultaneous systems, though important, are not directly applicable to our setup.

We focus on deriving results in the case of a two firm entry game. However, our method

of analysis can be applied to other games. For example, we consider the case of a many firm

4Assumptions on the timing of the treatments (e.g., one firm observes the decision of the other firm in
the data) can place the problem closer to the usual treatment-response model. However, timing assumptions
will typically not be attractive as they are unlikely to hold in the game actually being played by the firms,
and in particular assume away the fact that decisions might be made simultaneously, an essential feature
we are trying to capture. In addition, timing assumptions can be more complicated since they can involve
dynamic considerations.

5Heuristically, suppose that there is a treatment in an elaborated model that is common knowledge, and
is modeled to directly affect the entry decision of firm 1. Then, for example, if that treatment causes firm 1
to enter, because of the strategic interaction among firms, it has an effect on firm 2, an apparent violation
of SUTVA with respect to the treatment in the elaborated model.
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entry game in section [3] Further, our method of analysis can be applied to different sets of
assumptions than we consider in this paper. In particular, in the conclusions we show that
without the assumption of the entry game payoff structure, and no assumption to replace it,
much less can be learned. We consider only identification in this paper; we do not consider
estimation because the estimation problems are basically standard. We start with the setup

and then we provide our main results.

2. IDENTIFICATION OF BEST RESPONSES IN AN ENTRY GAME

We consider in this section what can be learned from data on entry in a two firm entry game
with complete information. Two firms simultaneously decide whether to enter a market. The
realized entry decision of firm ¢ is y;. By convention y; = 1 if firm ¢ enters the market and
y; = 0 if firm ¢ does not enter the market. If mixed strategies are admitted there is not an
invertible mapping from the realized entry decision to the strategy of the firm. The payoft to
firm ¢ when the entry decisions are (y1,y2) is 7™ (y1, %2). These payoff functions are common
knowledge among the firms in a market, but unobserved by the econometrician. The entry
game structure imposes that the payoffs are such that each firm gets 0 payoff if it does not
enter the market. Thus, 7(0,72) = 0 = 72%(y1,0). The game is summarized in Table

below.

TABLE 1. Entry game with general payoffs

Yo = 0 Yo = 1
y1 =0 0,0 0,7%(0,1)
p= 1| 7(1,0),0 | 7(L 1), 7%(1,1)




The object of interest is the best response function of firm 1 to an entry decision of firm
2, and the best response function of firm 2 to an entry decision of firm 1. The best response
of firm ¢ when the entry decision of firm —i is t_; is v'(t_;). The argument ¢_; of the
best response function refers to an entry decision conjectured by the econometrician, not
a realized entry decision observed in the data. This paper assumes that the payoffs are
in general position, which means that firm ¢ is never indifferent between entering and not
entering in response to an entry decision of firm —i. This is equivalent to 7'(1,1) # 0,
7!(1,0) # 0, 7%(1,1) # 0 and 7%(0,1) # 0. This implies that the best response functions in

this game are:
v (ty) = 1ty = 1]1[x*(1,1) > 0] + 1[to = 0]1[x*(1,0) > 0]

and

vi(ty) = 1[t; = 1]1[x*(1,1) > 0] + 1[t; = 0]1[x*(0,1) > 0]

Since the payoff functions are random from the perspective of the econometrician, the best

response functions are random from the perspective of the econometrician.

2.1. Objects of interest. The objects of interest are the best response probabilities:
P(v'(ty) = 1) = P(1[ty = 1]1[x"(1,1) > 0] + 1]ty = 0]1[x"(1,0) > 0] = 1)

and

P(w*(ty) = 1) = P(1[t; = 1]1[x*(1,1) > 0] + 1[t; = 0]1[x2(0,1) > 0] = 1)

For example, from the perspective of the econometrician P(v!(ty) = 1) is the probability

that firm 1 would enter the market if firm 2 were regulated to have entry decision t5, and



firm 1 were allowed to re-optimize its entry decision. This counterfactual random variable is
not observed since the observed data does not come from markets in which the entry decision
of one firm is known to the other firm. The identification analysis asks what can be learned
about the distribution of these best response functions given observations of realized entry
decisions. The paper answers this question under various assumptions. Especially, we derive
our identification results under assumptions concerning the level of rationality of the firms,

including the assumption of Nash equilibrium play. The next section elaborates on that.

2.2. Behavioral restrictions: levels of rationality and Nash equilibrium. This paper
entertains different assumptions about how firms behave in these markets, and especially
about “how rational” they are. This will affect what we are able to learn using data from
these markets. In particular, note that if we make no assumptions on the behavior of firms
there is no necessary relationship between the data and the utility maximization problem
associated with the best response functions.

We use the notion of levels of rationality implicit in the definition of rationalizability
introduced by Bernheim (1984) and Pearce (1984)ff The level of rationality of a firm can
be interpreted as a measure of “how rational” that firm is. The levels of rationality start
at level 0 rationality. Every strategy is level 0 rational; equivalently, every firm exhibits 0
levels of rationality. A strategy that is a best response to some level 0 strategy of the other
firm is level 1 rational; equivalently, a firm that plays such a strategy exhibits 1 level of

rationalityﬂ In general the levels of rationality are defined recursively such that a strategy

6This was also used by Aradillas-Lopez and Tamer (2008) to examine the identification power of equilib-
rium is parametric setups.

Tt is important to note here that a strategy, or a firm, can exhibit many different levels of rationality.
In particular, level 1 rationality is necessarily also level 0 rationality, and in general level k' rationality is
necessarily also level k rationality for k& > k.



that is a best response to some level k£ rational strategy of the other firm is level k + 1
rational. An interpretation of the levels of rationality is that firm ¢ makes a conjecture
about the strategy of firm —¢, and best responds to that conjecture. The sophistication of
that conjecture determines the level of rationality. Adapting slightly the words of Fudenberg
and Tirole (1991, p. 49), firm 1 can reason like: “I'm playing strategy o; because I think
firm 2 is using o9, which is a reasonable belief because I would play it if I were firm 2 and
I thought firm 1 were using o.” This reflects the reasoning of firm 1 exhibiting 2 levels of
rationality. Additional levels of this sort of reasoning increase the level of rationality.

More formally, the set of all strategies for firm ¢ are collected in the set R*(0,7) = Al. A
strategy of firm 7 is a best response to a conjecture of firm ¢ if, given the distribution over
entry decisions implied for firm —¢ by that conjecture, the strategy of firm ¢ maximizes the
expected payoff to firm i. The levels of rationality are then defined recursively from R*(0, 7).
Strategies of firm ¢ that are best responses against some conjecture of the strategy of firm —:
that is in R™(k, 7) are collected in R*(k+1,7). That is, for k > 0, R{(k+1,7) = {o' € Al :
ot € Rk, m) s.b. Egi g—i (y1,y2) > Eai/p_mi(yl,yz) for all ¢ € A'}. Equivalently,
the set Ri(k + 1, ) is the set of best responses to R™(k, 7).

A firm i that uses a strategy that is in R'(k, ) is said to exhibit k levels of rationality;
this can be written as Rk. Similarly, the strategies in R'(k, ) are said to exhibit & levels
of rationality. The set of strategies for firm 7 that are consistent with Nash equilibrium play
are collected in the set N(7). Therefore, the set Né(7) is the set of strategies such that
there is a strategy in N ~/(7) that together comprise a Nash equilibrium. The collection of
all Nash equilibrium strategy pairs for the two firms is the set N (7). A market that uses

a strategy that is in A/(7) is said to exhibit Nash equilibrium play. The level of rationality
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exhibited by one firm is unrelated to the strategy of the other firm in the market, but Nash
equilibrium requires coordination in strategies across firms in the market.

The following lemma collects some standard facts about these solution concepts. The
first claim in this lemma establishes that a strategy that exhibits &’ levels of rationality
also exhibits k levels of rationality when & > k. The second claim establishes that a
Nash equilibrium strategy exhibits k levels of rationality for any k. Finally, the third claim
establishes that there are strategies that exhibit k levels of rationality for every k, but that

are not Nash equilibrium strategies. The proof is standard and so is omitted.

Lemma 2.1. If k' > k then R'(k',7) C R'(k, ). For any k, N*(w) C R(k,w). There are
payoffs 7 in general position such that there is a strateqy o' that satisfies o' € R'(k,m) for

all k but o' ¢ N(r).

In appendix [A] we show that this definition of level of rationality is equivalent to the one
used by Pearce (1984) to characterize rationalizability. Next, we will provide identification

results for the best response probabilities.

2.3. Definition of the identified set. We assume throughout that we observe a population
of realized entry decisions (y1,y2). The uncertainty of the econometrician is specified through
a probability space (2, F,P). We assume without further consideration that the entry
decisions and payoffs are measurable with respect to this probability space. Also, in the
proofs establishing sharpness of the identified sets we also use the fact that we are allowed
to construct, for any measurable set B € F with positive probability, a finite measurable
partition {Cy} of B of any cardinality, with arbitrary conditional probabilities P(C|B),

other than satisfying ), P(Ck|B) = 1. This is basically a continuity assumption on the
10



probability measure, and guarantees that there is sufficient richness of the probability space
to avoid complications about what probabilities can be achieved from measurable sets. This
condition is satisfied in particular by Lebesgue measure.

As noted in the introduction, at least two problems complicate the relationship between the
realized entry decisions and the underlying best response functions. These are the presence
of multiple equilibria or multiple strategies that are rational to a firm, and the presence
of (non-pure) mixed strategies. Both complicate the relationship since they imply that for
given payoffs there may be more than one possible realized entry decision.

The identification problem asks what can be learned about the best response functions
given knowledge of P(y1,y2). We define the joint identified set for the best response proba-
bilities below.

Definition 2.1 (Sharp identified set). Suppose that the econometrician maintains some set

of assumptions about the entry game and the data. The sharp joint identified set for
(V11, V10, V21, V2p) = (P(Ul(l) =1),= P(Ul(()) = 1>7P(U2(1) = 1)7P(U2(0) = 1))

is the set ©r of values (v11,v10, V21, Ve0) such that for each (vy1,v10,v91,09) € Oy, there
are realized entry decisions y1(w) and ya(w) and payoffs m(w) for each realization of the
uncertainty such that: (i) the realized entry decisions have probability distribution the same
as the observed probability distribution P(yi,ys), (ii) the payoffs m(w) are consistent with
the assumptions, (iii) the realized entry decisions y;(w) and yo(w) could be observed as an
outcome of the game given the payoffs m(w) and the assumptions, and (iv) the payoffs are

consistent with the values of (v11, V10, Va1, Vag)-

This defines the sharp joint identified set to be the set of (v11,v1g, Va1, Ug) that can be

rationalized by an underlying entry game, {y;(w), y2(w), T(w) }weq, consistent with the data
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and the assumptions. The first condition is an extremely minimal consistency condition
that requires that the rationalization of the data has the same distribution of realized entry
decisions as does the data. The second condition requires that the payoffs be consistent with
the assumptions, and the third condition requires the same of the realized entry decisions as
a function of the payoffs. Finally, the fourth condition is the link between the rationalization
of the data and the objects of interest, and requires that for any value of (v11, v19, V21, Ug) in
the sharp identified set, indeed these payoffs considered in the other conditions imply that
value of (vy1, v1g, Va1, V).

It might be reasonable to add to the definition of the sharp identified set the following
additional conditions.
Definition 2.2 (Sharp identified set, additional conditions). Additionally there are strategies
01(w) and oy(w) such that: (v) o1(w) and oa(w) are consistent with the payoffs w(w) and the
assumptions, (vi) y1(w) and ya(w) could be observed as an outcome of the game given o1(w)

and o9(w), and (vii) the distribution of realized entry decisions implied by o1 and oy is the

same as the observed probability distribution P(y1,yz).

The first two of these additional conditions are implicit in Definition 2.1} the new condition
is condition (vii). This requires a consistency between the distribution of entry decisions
according to the strategies used to rationalize the data and the observed entry decisions.
For example, if the rationalization has that for each realization of the uncertainty the firms
use mixed strategies such that both enter the market with probability p, then condition (vii)
requires that both firms enters the market with probability p in the data.

This might be a reasonable condition to impose if the econometrician is certain that

the realized entry decisions are independent draws from the strategies, but might not be
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otherwise. This issue relates to deep questions about what it means for a firm to use a mixed
strategy and how firms actually decide what action to take given their mixed strategy. The
view that a mixed strategy reflects the fact that firms deliberately randomize their action is
taken by von Neumann and Morgenstern (1944). This does not necessarily imply, however,
that realized entry decisions should be assumed to be independent draws. First, it could
be that the way that firms draw from the strategies is somehow correlated across markets.
Perhaps firm ¢ decides to enter or not enter by using the randomization from sunspots. This
would cause correlation between the entry decisions of firm ¢ across markets, but in each
market the marginal strategy would be the same and an equilibrium, as long as firm —: does
not observe this sunspot. This would violate condition (vii). Second, the sense of a mixed
strategy equilibrium is now increasingly interpreted to be an equilibrium in beliefs (e.g.,
Harsanyi (1973), Aumann (1987)), rather than an equilibrium in which the firms deliberately
randomize their action. This relates to the difficulty with mixed strategy equilibrium that,
in the words of Aumann (1987, p. 15), “the reason a player must randomize in equilibrium is
only to keep others from deviating; for himself, randomizing is unnecessary” since the player
is indifferent between all the actions in the support of its mixed strategy (and indeed possibly
actions off the support of its mixed strategy). This sense of a mixed strategy equilibrium
does not imply condition (vii). Consequently, in the spirit of worst case bounds it seems
more reasonable to take condition (vii) as an additional assumption to maintain, and not
part of the basic definition of the sharp joint identified set. We derive below the bounds on
the objects of interest when (vii) is imposed and when it is not.

Overall, the identifying power of the additional conditions in Definition is surprisingly

limited, but is not nothing. If only pure strategies are used to rationalize the data condition
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(vii) has no additional identifying power since then it is implied by Definition The
additional condition (vii) can tighten the identified set with mixed strategies as follows.
Suppose that we assume that there is Nash equilibrium play and that in the data at least one
joint entry decision has probability zero. Under condition (vii) this requires us to conclude
that (for probability one of the uncertainty) both firms use pure strategies. This is because if
in a market either firm uses a (non-pure) mixed strategy, under the assumption that payoffs
are in general position, both firms use a (non-pure) mixed strategy. This would imply
observing all joint entry decisions with positive probability under condition (vii). Then this
implies, for example, that when (1, 1) is observed, (1,1) is a pure strategy Nash equilibrium.
This implies in turn that 7!(1,1) > 0 and 7%(1,1) > 0. If we could not conclude that (1, 1)
is observed from a pure strategy Nash equilibrium, it could be from a mixed strategy Nash
equilibrium in which monopoly profits are positive but duopoly profits are negative. This
argument applies to the apparently non-generic case that at least one joint entry decision has
probability zero. The proof of Lemma shows that, at least without assumptions beyond
the assumption of Nash equilibrium play, as long as all joint entry decisions are observed
with positive probability, it cannot be ruled out that all realized entry decisions are the
outcome of mixed strategy Nash equilibrium play consistent with the additional conditions
in Definition 2.2

Consequently we use the definition of the sharp joint identified set in Definition [2.1] and

note some changes under the addition of the conditions in Definition [2.2]

2.4. Identification of best response functions. Our first assumption formalizes the as-

sumption that payoffs are in general position. This assumption allows us to avoid dealing
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with non-generic cases in which the firms are indifferent between entering and not entering,

even if the entry decision of the other firm were known.

Assumption 2.1. Let the following hold:
(L) #0; 7H(1,0) #0; 7%(1,1) #0;  and 7%(0,1) #0

Under only this assumption we find the following negative result about the identification of

the best response probabilities.

Lemma 2.2. Let Assumption hold. Assume further that there is Nash equilibrium play
in each market. The following holds:
(1) The sharp identified sets for P(v'(1) = 1), P(0'(0) = 1), P(v*(1) = 1), and
P(v?*(0) = 1) are [0,1].
(2) Let the additional conditions in Definition hold.
e [f all four joint entry decisions have positive probability, then the sharp identified
sets for P(v'(1) = 1), P(v'(0) = 1), P(v*(1) = 1), and P(v*(0) = 1) remain
[0, 1].
e Suppose that at least one of the joint entry decisions has zero probability. Then

with probability one the firms use pure strategies, and the sharp identified sets
are P(v'(1) = 1) = [P(1,1),1 — P(0,1)], P(v'(0) = 1) = [P(1,0),1 — P(0,0)],

Proof. (1): Consider payoff functions m; and my such that in m; both firms have positive
monopoly profits and negative duopoly profits, and in w5 both firms have negative monopoly
profits and positive duopoly profits. For either payoff function, since for firm ¢ the monopoly
payoff is on the opposite side of zero from the duopoly payoff, there is a (non-pure) mixed
strategy of firm —i that gives ¢ payoff 0 to entering. When firm —¢ enters with that probabil-

ity, firm 7 is indifferent between entering and not entering. Thus, there is a (non-pure) mixed

72(0,1) w1(1,0)

72(0,1)—n2(L,1) and o3 = L0 —nl(L1)

strategy Nash equilibrium. That mixed strategy is o1 =

This implies that for any realization of the uncertainty w, since m(w) can be specified to be
15



either m; or 7y, the realized entry decisions y;(w) and y,(w) can be specified to take any of
the four logically possible combinations of values.

In particular, let p € [0, 1] be given. Take any set B € F such that P(B) = p. Specify
the payoff function to be 7, on B and 7, on BY. Let A; 1, A1, A1, Ao € F be a partition
of Q such that P(Ay;) = P((1,1)), P(A10) = P((1,0)), P(Ap1) = P((0,1)) and P(App) =
P((0,0)). Specify that the realized entry decisions (y;,y2) are (1,1) on A;4, (1,0) on A,
(0,1) on Ap 1, and (0,0) on Agg. These payoffs and realized entry decisions satisfy all of the
consistency requirements in Definition And, P(7'(1,1) > 0) = P(7*(1,1) >0)=1—p
and P(7'(1,0) > 0) = P(x%(0,1) > 0) = p. This gives the claim, since p is arbitrary.

(2): First suppose that all four joint entry decisions have positive probability. Then it is
possible to find four pairs of (non-pure) mixed strategies (o%,03) with 0 < of,05 < 1 for

s =1,2,3,4 such that there are probabilities p* such that
(P(1,1),P(1,0), P(0,1), Zp 0703,01(1 = 03), (1 = 07)o3, (1 — of)(1 — 03)).

This can be accomplished as follows. It is an obvious result that any point in the 3-simplex is
a convex combination of the vertices, which are the standard basis for R?. That is, any point
in the 3-simplex can be written as a convex combination of (1,0,0,0), (0,1,0,0), (0,0,1,0),
and (0,0,0,1). Now consider perturbing these vertices slightly towards the interior of the
3-simplex. Any point on the interior of the 3-simplex can be written as a combination of the
perturbed vertices as long as the perturbed vertices are sufficiently close to the basis vertices.
And it is possible to get these perturbed vertices with the functional form (ojo3,o5(1 —
05), (1 — o5)os, (1 — o)(1 — 03)) with 0 < of,05 < 1. For example, (1,0,0,0) can be
approximately arbitrarily well on the interior of the 3-simplex by taking o] ~ 1 and o3 ~
Let Ay, As, A3, Ay € F be a partition of Q such that such that P(As) = p® for s =
1,2,3,4. Specify that the mixed strategy Nash equilibrium on Ay is (o3, 03) for s =1,2,3, 4.
Further, specify that the payoffs on A, are 7'(1,1) = 05:;11’0) and 72(1,1) = 5(1 for
s =1,2,3,4. Then let As11,As10,As0,1,As0,0 be a partition of A; for s = 1,2, 3,4. Specify
that P(As11) = p°oios, P(As10) = p°oi(1 —03), P(Asp1) = p*(1 — of)os, and P(Aspp) =
p*(1—07)(1—03). Specify that the realized entry decision on A, ;1 is (1,1), on A, 1is (1,0),
on Agpqis (0,1), and on A, is (0,0). This satisfies all of the conditions in Definition
and the additional conditions in Definition and the sign of any given payoff is arbitrary,

establishing sharpness of the bounds.
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Now suppose that fewer than all four of the joint entry decisions have positive probability.
Under Assumption [2.1]it cannot be a Nash equilibrium for one firm to use a pure strategy and
the other firm to use a (non-pure) mixed strategy. This is because the firm that uses a mixed
strategy must be indifferent, given the pure strategy of the other firm, between entering and
not entering. Suppose the other firm enters. Then this means that duopoly profits are zero
to the firm using a mixed strategy, but Assumption rules this out. Similarly if the other
firm does not enter this means that monopoly profits are zero to the firm using a mixed
strategy, but Assumption [2.1] rules this out.

If (with non-zero probability) there were markets in Nash equilibrium using (non-pure)
mixed strategies, under the additional conditions in Definition all four joint entry de-
cisions would be observed with positive probability. Therefore, if fewer than all four joint
entry decisions are observed with positive probability, it must be because probability zero
of markets are using mixed strategies. That means that each (with probability one) realized
entry decision must be from a pure strategy Nash equilibrium.

So suppose that (0,0) is a pure strategy Nash equilibrium. Then this implies that
71(1,0) < 0 and 7%(0,1) < 0. Suppose that (0,1) is a pure strategy Nash equilibrium.
This implies that 7*(1,1) < 0 and 7%(0,1) > 0. Suppose that (1,0) is a pure strategy Nash
equilibrium. This implies that 7!(1,0) > 0 and 72(1,1) < 0. Suppose that (1,1) is a pure
strategy Nash equilibrium. This implies that 7!(1,1) > 0 and 7%(1, 1) > 0. The other payoffs
are unrestricted; any specification of the other payoffs is consistent with that pure strategy

Nash equilibrium.
Then by the law of total probability and the fact that we conclude with probability one

that realized entry decisions are from a pure strategy Nash equilibrium,
P(v'(1) =1) = P(r'(1,1) > 0)
= P(r'(1,1) > 0/(1, 1))P((1,1)) + P(x'(1,1) > 0](1,0))P((1,0))
+ P(r*(1,1) > 0[(0,1))P((0,1)) + P(x'(1,1) > 0](0,0))P((0,0))

= P((1,1)) + P(x'(1,1) > 0[(1,0))P((1,0)) + P(x'(1,1) = 0/(0,0))P((0,0))
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P(v*(0) =1) = P(r'(1,0) > 0)
= P(7'(1,0) > 0/(1,1))P((1,1)) + P(x'(1,0) > 0|(1,0))P((1,0))
+ P(7'(1,0) > 0](0,1))P((0,1)) + P(x*(1,0) > 0[(0,0))P((0,0))

= P(x'(1,0) > 0|(1,1))P((1,1)) + P((1,0)) + P(x*(1,0) > 0[(0,1))P((0,1))

P(v*(1) = 1) = P(x*(1,1) > 0)
= P(x2(1,1) > 0/(1,1))P((1,1)) + P(x*(1,1) > 0|(1,0))P((1,0))
+ P(7(1,1) > 0](0,1))P((0,1)) + P(x*(1,1) > 0[(0,0))P((0,0))

= P((1,1)) + P(x*(1,1) > 0[(0,1))P((0,1)) + P(x*(1,1) > 0/(0,0))P((0,0))

P(v*(0) = 1) = P(7*(0,1) > 0)
= P(72(0,1) > 0|(1,1))P((1,1)) + P(x*(0,1) > 0|(1,0))P((1,0))
+ P(*(0,1) > 0](0,1))P((0,1)) + P(x*(0, 1) > 0[(0,0))P((0,0))

= P(7%(0,1) > 0|(1,1))P((1,1)) + P(7*(0,1) > 0](1,0)) P((1,0)) + P((0, 1))

The claimed bounds obtain after replacing the remaining conditional probability state-
ments with probabilities in [0, 1]. It remains only to show that the bounds are sharp.

Let Ay 1, A1, Aoa, Aoo € F be a partition of Q such that P(A4;,) = P((1,1)), P(A1o) =
P((1,0)), P(Ap1) = P((0,1)) and P(Aoo) = P((0,0)). Specify that the realized entry
decisions (y1,y2) are (1,1) on Ay, (1,0) on Ay, (0,1) on Apy, and (0,0) on Agp. Also
specify the pure strategy Nash equilibrium on each of the A sets is the realized entry decision.
Finally, on each of the A sets specify that payoffs satisfy the conditions established above for
that pure strategy Nash equilibrium. The unrestricted payoffs can be positive or negative,
and this satisfies all of the conditions in Definition 2.I] and the additional conditions in

Definition [2.2] establishing sharpness of the bounds. O
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This is an interesting negative result that shows, when assuming only Nash equilibrium
play and not imposing the additional conditions in Definition that the implications of
the game are too weak to provide any restrictions on any given best response probability.
Further, this result shows that when assuming Nash equilibrium play and imposing the
additional conditions in Definition [2.2] except for the apparently non-generic case that at
least one joint entry decision occurs with zero probability, the implications of the game are
too weak to provide any restrictions on any given best response probability. Notice that
the proof relies on admitting (non-pure) mixed strategies and the result will not hold if
we rule out (non-pure) mixed strategiesﬁ Consequently, for this model to provide more
information about the best response functions than is already logically implied we need to

add assumptions.

2.5. Adding more assumptions. The next assumption we consider, monotonicity, is one
that is natural in these settings. This paper assumes that monopoly payoffs are weakly

greater than duopoly payoffs.

Assumption 2.2. Let the following hold:

7(1,0) > 7'(1,1) and =*(0,1) > 7*(1,1)

This assumption is maintained throughout the rest of the paper because it is plausible,
and because of the observation in Lemma that without a monotonicity assumption there
are severe limits on what can be learned about the best response functions. Note that the

monotonicity assumption implies that if v*(1) = 1 then v*(0) = 1, since if a firm would enter

8For example, consider P(7'(1,1) > 0[(1,1)). If (non-pure) mixed strategies are not admitted, it must
be that (1,1) is a pure strategy Nash equilibrium, and so 71(1,1) > 0. Therefore we can conclude (not
necessarily sharply) that P(m!(1,1) > 0) > P(1,1) if we rule out (non-pure) mixed strategies.
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the market when the other firm is known to enter the market, it would enter the market
when the other firm is known to not enter the market. As a condition on the (best) response
function, this is the monotone treatment response assumption of Manski (1997). Moreover,
the monotonicity assumption implies the existence of a pure strategy Nash equilibrium, as

the following lemma establishes. The proof is in appendix [A]
Lemma 2.3. If Assumption holds, then there is a pure strategy Nash equilibrium.

The main result in this section characterizes the sharp joint identified set for the best
response probabilities under this set of basic assumptions. The proof serves as a basis for
the proofs of many of the rest of the results.

Theorem 2.1. Let Assumptions and hold. Assume further that each firm exhibits
at least 2 levels of rationality. The following holds:

(1) The sharp joint identified set for
(v11, V10, Va1, U20) = (P(v'(1) = 1), P(v'(0) = 1), P(v*(1) = 1), P(v*(0) = 1))
18

pPP(yr =192 = 1)+ ¢P(y1 = 1,42 = 0)

Py1=1)+sP(y1 =0,y2 = 1) +tP(y1 = 0,2 = 0)
S = ;. where p,q,r,s,t,u € [0,1]

pP(y1 =1Lya =1)+7rP(y1 = 0,52 = 1)

Py =1)+uP(y1 = 1,52 = 0) + tP(y1 = 0,y2 = 0)

We would also obtain this same sharp joint identified set even if we assume that there
18 Nash equilibrium play in each market.

(2) The set S above is also the sharp joint identified set under the additional conditions
in Definition [2.3. It remains sharp under the assumption that firms exhibit at least

k levels of rationality for some k > 2.
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(3) Assume that there is Nash equilibrium play in each market, and let the additional
conditions in Definition hold. The sharp joint identified set S’ is as follows:
If all four joint entry decisions have positive probability, then any point in S with
p,q,r € [0,1) and s,t,u € (0,1] is also in S (so, in particular, cl(S') = S); if at
least one of the joint entry decisions has probability zero, then with probability one

the firms use pure strategies, and S' is equal to S with p =1 and t = 0.

Corollary 2.1. Let Assumptions and [2.9 hold. Assume further that each firm exhibits
at least 1 level of rationality. The sharp marginal identified set for vy is [0, P(yy = 1)], for
vo 18 [P(yp = 1), 1], for vy is [0, P(y2 = 1)] and for vy is [P(ye = 1),1]. The same bounds
hold if we assume that there is Nash equilibrium play in each market. These are also the

sharp marginal identified sets under the additional conditions in Definition [2.2

Proof of Theorem [2.1. By the law of total probability, where it is understood that P(B|A)P(A) =
0 if P(A) =0, it holds that

P(w'(1) =1) = P(r*(1,1) > 0)
= P(r'(1,1) 2 0/(1,1))P((1,1)) + P(r' (1,1) > 0[(1,0)) P((1,0))

+ P(x'(1,1) > 0/(0,1))P((0,1)) + P(x(1, 1) > 0](0,0))P((0,0))

P('(0) = 1) = P(z'(1,0) > 0)
= P(7*(1,0) > 0|(1,1))P((1,1)) + P(x'(1,0) > 0|(1,0))P((1,0))

+ P(r'(1,0) > 0[(0,1)) P((0,1)) + P(x'(1,0) = 0/(0,0))P((0,0))

|
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<
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|
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P(7*(1,1) > 0)
= P(7*(1,1) > 0/(1,1))P((1,1)) + P(x*(1,1) > 0[(1,0))P((1,0))

+ P(7*(1,1) > 0[(0,1))P((0,1)) + P(x*(1,1) > 0](0,0))P((0,0))
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P(v*(0) = 1) = P(7*(0,1) > 0)
= P(72(0,1) > 0|(1,1))P((1,1)) + P(x%(0,1) > 0|(1,0))P((1,0))

+ P(7*(0,1) > 0[(0,1))P((0,1)) + P(x*(0, 1) > 0[(0,0))P((0,0))

By Lemma [2.1], and the assumption that for each realization of the uncertainty each firm
exhibits at least 2 levels of rationality, or there is Nash equilibrium play, we have that each
firm is R2, and also R1.

Consider the implications of the assumption that for each realization of the uncertainty
each firm is R1. Firm 1 can enter the market with positive probability if and only if there
is a strategy of firm 2 that enters the market with probability o such that on!(1,1) +
(1 — o)7'(1,0) > 0. By monotonicity and general position, this implies that 7'(1,0) > 0.
Therefore, if y; = 1, then 7'(1,0) > 0. Similarly, if y» = 1, then 7#2(0,1) > 0. Firm 1
can not enter the market with positive probability if and only if there is a strategy of firm
2 that enters the market with probability o such that o7'(1,1) + (1 — o)7'(1,0) < 0. By
monotonicity and general position, this implies that 7*(1,1) < 0. Therefore, if y; = 0, then

71(1,1) < 0. Similarly, if yo = 0, then 72(1,1) < 0. Therefore, under R1, the expressions

above simplify to

P(v(1) = 1) = P(r'(1,1) > 0[(1, 1)) P((1,1)) + P(x"(1,1) > 0[(1,0)) P((1,0))

P(v'(0) = 1) = P(y, = 1) + P('(1,0) > 0[(0,1)) P((0, 1)) + P(r'(1,0) > 0[(0,0)) P((0, 0))
P(v*(1) = 1) = P(r*(1,1) > 0[(1, 1)) P((1, 1)) + P(x*(1,1) = 0|(0, 1)) P((0, 1))

P(v*(0) = 1) = P(y, = 1) + P(x*(0,1) > 0[(1,0))P((1,0)) + P(x*(0, 1) > 0[(0,0))P((0,0))

This intermediate derivation is useful to avoid repetition when proving the Corollary about
the sharp marginal identified sets. The assumption that each firm is R2 adds restrictions
across these expressions, since probabilities conditional on the same realized entry decision
appear in multiple expressions.

Consider the implications of the fact that for each realization of the uncertainty each firm

is R2, for a given realization of the uncertainty. Under R2 it must be, if (1,1) is the realized
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entry decision, that either (7!(1,1) > 0 and 72(1,1) > 0) or (7*(1,1) < 0 and 7%(1,1) < 0).
Otherwise, suppose one firm has positive duopoly payoffs and the other firm has negative
duopoly payoffs. By monotonicity, the firm with positive duopoly payoffs gets positive payoff
to entering the market no matter what the other firm does. Thus, the only R1 strategy for
that firm is to enter the market. Thus, since the other firm has negative duopoly payoffs,
its only R2 strategy is to not enter the market. This would contradict observing the entry
decision (1,1).

Also under R2 it must be, if (0,0) is the realized entry decisions, that either (7'(1,0) > 0
and 72(0,1) > 0) or (7(1,0) < 0 and 72(0,1) < 0). Otherwise, suppose one firm has positive
monopoly payoffs and the other firm has negative monopoly payoffs. By monotonicity, the
firm with negative monopoly payoffs gets negative payoff to entering the market no matter
what the other firm does. Thus, the only R1 strategy for that firm is to not enter the market.
Thus, since the other firm has positive monopoly payoffs, its only R2 strategy is to enter
the market. This would contradict observing the entry decision (0, 0).

Therefore under R2 the expressions above further simplify to the following, where p =
P(r'(1,1) > 0/(1,1)) = P(x?(1,1) > 0|(1,1)) and t = P(x*(1,0) > 0[(0,0)) = P(7*(0,1)
0[(0,0)).

v

P(v'(1) =1) = pP((1,1)) + P('(1,1) > 0|(L,0))P((1,0))
P(v'(0) = 1) = P(y1 = 1) + P(7'(1,0) > 0/(0, 1)) P((0, 1)) + tP((0,0))
P(v*(1) = 1) = pP((1,1)) + P(7*(1,1) > 0[(0,1)) P((0, 1))

P(v*(0) = 1) = P(y> = 1) + P(x*(0,1) > 0[(1,0))P((1,0)) + tP((0,0))

The claimed bounds obtain after replacing the remaining conditional probability state-
ments with probabilities in [0, 1]. It remains only to show that these bounds are sharp. It
is enough to show that the bounds are sharp under the assumption that for each realization
of the uncertainty there is Nash equilibrium play, since by Lemma this implies the firms
are also Rk for any k.

It is consistent with Nash equilibrium play to observe (1, 1) with either (7!(1,1) > 0 and
72(1,1) > 0) or (7!(1,1) < 0 and 72(1,1) < 0). If #'(1,1) > 0 and 72(1,1) > 0 then it
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is a pure strategy Nash equilibrium for both firms to enter the market. If 7(1,1) < 0 and
7%(1,1) < 0, as long as 7*(1,0) > 0 and 72(0,1) > 0, there is a (non-pure) mixed strategy
Nash equilibrium, so that (1,1) could be the realized entry decisions.

In addition, (1,1) could be the realized entry decision with 7'(1,1) < 0 and 7%(1,1) < 0 if
the econometrician assumes that the firms are Rk for any k, but that there is not necessarily
Nash equilibrium play, from pure strategies. This holds because when 7!(1,1) < 0, 7%(1,1) <
0, 7(1,0) > 0, and 7%(0,1) > 0, then entering the market is Rk for every k. This is because,
for either firm, entering is a best response to a conjecture that the other firm does not enter,
and not entering is a best response to a conjecture that the other firm enters. This is useful
in establishing the later corollaries when mixed strategies are not admitted.

Let Ay 1, A1, Ao1, Aoo € F be a partition of © such that P(A;,) = P((1,1)), P(A1o) =
P((1,0)), P(Aq;) = P((0,1)) and P(Aqg) = P((0,0)).

Let the realized entry decisions on A;; be (1,1). For any p € [0,1], let B € F be such
that B C Ay, and P(B|A11) = p. On B specify that the payoffs are such that 7'(1,1) > 0
and 7%(1,1) > 0, and on A;; N BY specify that the payoffs are such that 7*(1,1) < 0 and
7%(1,1) < 0. Thus, the sharp identified set for P(m'(1,1) > 0|(1,1)) = P(7*(1,1) > 0|(1,1))
is [0, 1].

Further, it is consistent with Nash equilibrium play to observe (0,0) with either (7*(1,0) >
0 and 7%(0,1) > 0) or (x'(1,0) < 0 and 72(0,1) < 0). If 7'(1,0) < 0 and 7%(0,1) < O then
it is a pure strategy Nash equilibrium for both firms to not enter the market. If 7*(1,0) > 0
and 72(0,1) > 0, as long as w'(1,1) < 0 and 72%(1,1) < 0, there is a (non-pure) mixed
strategy Nash equilibrium, so that (0,0) could be the realized entry decision.

In addition, (0, 0) could be the realized entry decision with 7!(1,0) > 0 and 72(0,1) > 0 if
the econometrician assumes that the firms are Rk for any k, but that there is not necessarily
Nash equilibrium play, from pure strategies. This holds because when 7'(1,1) < 0, 7%(1,1) <
0, 7'(1,0) > 0, and 7%(0,1) > 0, then not entering the market is Rk for every k. This is
because, for either firm, entering is a best response to a conjecture that the other firm does
not enter, and not entering is a best response to a conjecture that the other firm enters. This
is useful in establishing the corollaries when mixed strategies are not admitted.

As before, this implies that the sharp identified set for P(7'(1,0) > 0](0,0)) = P(7*(0,1) >
0[(0,0)) is [0,1]. Let the realized entry decisions on Ay be (0,0). For any ¢t € [0,1],
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let B € F be such that B C Ayo and P(B|App) = t. On B specify that the pay-
offs are such that 7'(1,0) > 0 and 72(0,1) > 0, and on Ago N BY specify that the
payoffs are such that 7'(1,0) < 0 and 7%(0,1) < 0. Thus, the sharp identified set for
P(m'(1,0) > 0](0,0)) = P(7*(0,1) > 0](0,0)) is [0, 1].

It remains to show that Nash equilibrium play places no restriction on the remaining
conditional probabilities. The first step is to show that P(x*(1,1) > 0|(1,0)), P(72(0,1) >
0/(1,0)) can take on any value in [0, 1] x [0,1]. It is enough to show that (1,0) can be the
realized entry decisions under Nash equilibrium play for any of the four possible joint signs
of 7!(1,1) and 72(0,1).

If 71(1,0) > 0, then as long as 72(1,1) < 0, it is a pure strategy Nash equilibrium for firm
1 to enter and firm 2 to not enter. Since 7'(1,0) > 0 firm 1 has no profitable deviation.
Since 72(1,1) < 0 firm 2 has no profitable deviation. The fact that 7'(1,0) > 0 implies
nothing about the sign of 7'(1,1). Further, 72(1,1) < 0 implies nothing about the sign of
72(0,1). This establishes that (1,0) can be the realized entry decisions under pure strategy
Nash equilibrium play when 7!(1,1) > 0, 72(0,1) > 0 and when 7!(1,1) > 0, 7%(0,1) < 0
and when 7'(1,1) < 0 and 7%(0,1) > 0 and when 7*(1,1) < 0, 7%(0,1) < 0.

Let the realized entry decisions on A; o be (1,0). Also for any py, p2, ps, ps € [0, 1] such that
> pr =1, let By, By, By, By € F be a partition of Ay and P(By|A19) = pr. On By specify
that the payoffs are such that 7*(1,1) > 0 and 72(0,1) > 0, on B, specify that the payoffs are
such 71(1,1) > 0 and 7%(0,1) < 0, on Bs specify that the payoffs are such that 7'(1,1) < 0
and 72(0,1) > 0, and on By specify that the payoffs are such that 7'(1,1) < 0 and 7%(0,1) <
0. This implies that P(x'(1,1) > 0[(1,0)) = p1 4+ p; and P(7*(0,1) > 0[(1,0)) = p1 + ps.
For any ¢,u € [0,1] it is possible to specify p; such that P(7!(1,1) > 0|(1,0)) = ¢ and
P(7%(0,1) > 0|(1,0)) = u. If ¢ > u, then specify p; =u, po =q¢—u, p3=0,and py = 1 — q.
If uw > q, then specify p; = ¢, po = 0, p3 = u — ¢, and py = 1 — u. Thus, the sharp
joint identified set for P(7'(1,1) > 0|(1,0)) and P(7%(0,1) > 0|(1,0)) is [0,1] x [0,1]. By
exchanging firm 1 with firm 2 in this analysis, this establishes also that the sharp joint
identified set for P(7'(1,0) > 0/(0,1)) and P(x*(1,1) > 0/(0,1)) is [0, 1] x [0, 1].

Thus, using these specifications of the payoffs and realized entry decisions, the claimed
bounds are sharp.

Under the assumption that each firm exhibits at least 2 levels of rationality, but if there

is not necessarily Nash equilibrium play in each market, this rationalization of the data can
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use only pure strategies, so this is also the sharp joint identified set under the additional
conditions in Definition 2.2l

Now consider the identified set under the additional conditions in Definition 2.2l when the
econometrician is willing to maintain that there is Nash equilibrium play in each market.

Suppose that all four joint entry decisions have positive probability. Obviously the sharp
joint identified set with the additional conditions in Definition [2.2|is contained in the sharp
joint identified set under only Definition[2.1] Further, the sharp joint identified set under only
Definition is closed.ﬂ Consequently, the closure of the sharp joint identified set with the
additional conditions in Definition [2.2]is contained in the sharp joint identified set under only
Definition Therefore, showing that all points where p, ¢, € [0,1) and s,t,u € (0, 1] are
in the the sharp joint identified set with the additional conditions in Definition [2.2] establishes
the claim.

So consider such a point. Let Aq, Ao, A3, Ay, As, Ag, A7, Ag € F be a partition of €.

Specify that ¢y = (1 — p)P(1,1) and g4 = tP(0,0). Let 0 < 0 < min{l — ¢,u} and
g9 = 62P(1,0) and 0 < 93 < min{l — r,s} and €3 = J3P(0,1). Since p,q,r € [0,1) and
s,t,u € (0,1] and all four joint entry decisions have positive probability, the min in the
definition of d, and d3 are strictly positive, and all € variables are strictly positive. Let
€ = &1+ ey + 3+ e4. As in the proof of Lemma [2.2] it is possible to find four pairs of
(non-pure) mixed strategies (o7, 03) with 0 < o}, 05 < 1 for s = 1,2, 3,4 such that there are
probabilities p® such that

1
g (51752753a 54) = Zps (afag,af(l - U;)a (1 - UT)U;, (1 - Uf)(l - U;)) .

Specify that the mixed strategy Nash equilibrium on Ay is (0, 03) for s = 1,2,3,4. Then
let Ags11, As10, As01,As 00 be a partition of A for s = 1,2,3,4. Specify that P(A,1,1) =
00103, P(Asro) = p'oi(1—03), P(Asoy) = ep*(1-03)03, and P(A.g0) = ep*(1—o)(1 -
05). Specify that the realized entry decision on A4 is (1,1), on A1 is (1,0), on Ay is
(0,1), and on Ay is (0,0). On A;-Ay specify that 7'(1,1) < 0, 7%(1,1) < 0, 7'(1,0) > 0
and 72(0,1) > 0.

9Consider any sequence of points in the identified set that converges in R%. Then consider the associated
sequence p,q,7,s,t,u. Since this sequence is in [0,1]%, there is a convergent subsequence of p,q,r,s,t,u.
Then along this subsequence, clearly the sequence of points in the identified set converges to a point in the
identified set. But, since the original sequence of points in the identified set converges, the limit of that

sequence is the same as the limit of this subsequence. So the original sequence converges to a point in the
identified set. So the identified set is closed.
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On Aj specify that the realized entry decision is (1, 1), on Ag specify that it is (1,0), on A7
specify that it is (0, 1), and on Ag specify that it is (0,0). Further on each of these sets that
the strategy is the corresponding pure strategy Nash equilibrium. And on Aj specify that
7i(1,1) > 0, #2(1,1) > 0, #'(1,0) > 0, and 72(0,1) > 0. On Ag specify that 7%(1,1) < 0
and 7'(1,0) > 0. On A; specify that 7'(1,1) < 0 and 72(0,1) > 0. On Ag specify that
7(1,1) <0, #*(1,1) < 0, 7*(1,0) < 0, and 72(0,1) < 0. All other payoffs are unrestricted.
Specify that P(As;) = pP(1,1), P(4s) = (1 — 92)P(1,0), P(A7) = (1 — 65)P(0,1), and
P(Ag) = (1 —t)P(0,0). This satisfies all the additional conditions in Definition and
achieves the claimed point in the identified set.

Suppose that strictly fewer than all four joint entry decisions have positive probability.
Then as in the proof of Lemma we conclude that with probability one the firms use pure
strategies. This adds to the conditions derived already under R2 that if (1, 1) is the realized
entry decision, then 7'(1,1) > 0 and 72(1,1) > 0. And if (0,0) is the realized entry decision,
then 7!(1,0) < 0 and 7%(0,1) < 0. Consequently, p = 1 and t = 0. Otherwise, sharpness

follows from the same arguments. O

Proof of Corollary. The proof of the Theorem establishes the expressions for the marginal
identified set using the law of total probability under only R1, so the validity of the bounds
follows. The sharpness follows from the arguments used to establish the sharpness of the joint
identified set in the Theorem. Under the additional conditions in Definition 2.2 Theorem 2.1
shows every point is in the marginal identified set, except the upper bound on P(v!(1) = 1)
and P(v%(1) = 1) and the lower bound on P(v'(0) = 1) and P(v*(0) = 1). But these points

can be achieved by rationalizing the data using only pure strategy Nash equilibria. 0

Remark 2.1. Theorem establishes that, under the assumptions maintained, there is
never point identification of all of the best response probabilities. This is evident from the
sharp marginal identified sets in the Corollary. If P(y, = 1) > 0, then P(v'(1) = 1) is not
point identified, and if P(y, = 1) = 0, then P(v(0) = 0) is only identified trivially to be in
0, 1].

Remark 2.2. The Theorem above establishes that the assumption of Nash equilibrium play
has the same identification power on the best response probabilities as does the much less

controversial assumption that each firm exhibits at least 2 levels of rationality, at least without
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the additional conditions in Definition[2.9. With the additional conditions in Definition
as long as all joint entry decisions have positive probability, the Theorem establishes that
the assumptions of Nash equilibrium play effectively has the same identification power as
the assumption that each firm exhibits at least 2 levels of rationality. Aradillas-Lopez and
Tamer (2008) study the identifying power of assuming some level of rationality and assuming
Nash equilibrium play, for games with parametric assumptions. Their objects of interest are
parameters that describe the payoff function. They show that the identified set for their
object of interest under the assumption of Nash equilibrium play can be tighter than under
the assumption of 1 level of rationality.

That firms exhibit at least 2 levels of rationality is logically a less controversial assumption
than the assumption of Nash equilibrium play, by Lemma 2.1 Moreover, the Theorem es-
tablishes that the potentially controversial assumptions that there is always Nash equilibrium
play, or that all firms exhibit the same number of levels of rationality, have the same identi-
fication power as the less controversial assumption that each firm exhibits at least 2 levels of
rationality. This is interesting since this does not require that every firm’s level of rationality
1s the same. This implies that, unless the econometrician is willing to maintain assumptions
inmvolving more than just the rationality of the firms, there is no need to assume Nash equi-
librium play for the purposes of identification of the best response probabilities. This narrows
the scope of disagreements between different econometricians studying the same population,

as long as it is uncontroversial that all firms exhibit at least 2 levels of rationality.

Remark 2.3. The bounds in Theorem [2.1] allow for P(v'(1) = 1) = P(v*(0) = 1) and for
P(v?*(1) =1) = P(v*(0) = 1) by settingp=q=r =1 and s =t =u = 0. This is important
since this implies that it 1s not possible to rule out that there is no non-trivial strategic
interaction, in probability. This has potentially important policy implications. Consider
from before the planner who is considering requlating the decision of one of the firms and is
concerned about the reaction of the other firm, the unrequlated firm. This result establishes
that the planner cannot rule out that, in probability, the unrequlated firm will react the same

way to either decision of the requlated firm.
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However, this will only happen at the extreme points of the identified set where p = q =
r=1ands =t =u = 0 as long as all joint entry decisions have positive probability.
Consider, for example, the condition that p = 1. From the proof of the Theorem, this means
that P(mw(1,1) > 0|(1,1)) = 1, which the econometrician may consider to be implausible, for
example if Nash equilibrium outcomes from (non-pure) mized strategies are “likely.” This
is because with mized strategies it is possible to observe the realized entry decision (1,1) but
not have 7' (1,1) > 0. So, although theoretically possible, it might be considered practically
or economically implausible, with the addition of a priori information, that the model allows
for P(v'(1) =1) = P(v'(0) = 1) and for P(v*(1) = 1) = P(v*(0) = 1). In addition, in the

next sections we make further assumptions that will rule out this equality.

If we are interested in the marginal identified set for the best response probabilities, the
Corollary shows that similar results are possible under the weaker assumption that firms
exhibit at least 1 level of rationality.

Next, we make further plausible assumptions on the entry game to help narrow the bounds.

2.6. Further assumptions about the entry game. In particular, it can be reasonable
to assume that payoffs are symmetric, in the weak sense that duopoly payoffs have the
same sign for both firms and monopoly payoffs have the same sign for both firms. This
is, of course, implied by the assumption that payoffs are symmetric in the usual sense that

7!(1,1) = 7%(1,1) and #'(1,0) = 7%(0, 1).
Assumption 2.3. Let the following hold: w'(1,1) > 0 if and only if 7*(1,1) > 0 and
7(1,0) > 0 if and only if 7*(0,1) > 0.

Corollary 2.2. Let Assumptions and hold. Assume further that each firm
exhibits at least 2 levels of rationality. The following holds:
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(1) The sharp joint identified set for
(Ull,l}lo,’vgl,l}go) = (P(Ul(]_) = 1),P(’U1(0) = 1),P(U2(1) = 1),P(’U2(0) = 1))

18

T ={(pP(1,1),P(y; = 1) + P(0,1) + tP(0,0), pP(1,1), P(y, = 1) + P(1,0) + tP(0,0)) : p,t € [0,1]}

We would also obtain this same sharp joint identified set even if we assume that there
18 Nash equilibrium play in each market.

(2) The set T above is also the sharp joint identified set under the additional conditions
in Definition [2.3. It remains sharp under the assumption that firms exhibit at least
k levels of rationality for some k > 2.

(3) Assume that there is Nash equilibrium play in each market, and let the additional
conditions in Definition hold. The sharp joint identified set T' is as follows:
If all four joint entry decisions have positive probability, then any point in T with
p€[0,1) and t € (0,1] is also in T (so, in particular, cl(T") =T ); if at least one of
the joint entry decisions has probability zero, then with probability one the firms use

pure strategies, and T' is equal to T withp =1 and t =0 (i.e., see Assumption .

Proof. Since this Corollary only adds assumptions to the Theorem, the same arguments es-
tablishing the bounds (but not necessarily sharpness) are valid here. The additional restric-
tion implied by Assumption is that P(7'(1,1) > 0/(1,0)) = 0 = P(x*(1,1) > 0](0,1))
and P(71(1,0) > 0](0,1)) =1 = P(x%(0,1) > 0[(1,0)).

If (1, 0) is the realized entry decision, then by the assumption that each firm is R1, as in the
proof of the Theorem, it must be that, since yo = 0, 72(1,1) < 0, and therefore by symmetry,
71(1,1) < 0. Thus, P(7'(1,1) > 0[(1,0)) = 0. Similarly, P(7?(1,1) > 0[(0,1)) = 0. This
implies that ¢ = 0 = r in the statement of the identified set.

If (0, 1) is the realized entry decision, then by the assumption that each firm is R1, as in the
proof of the Theorem, it must be that, since y = 1, 72(0,1) > 0, and therefore by symmetry,
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7(1,0) > 0. Thus, P(7'(1,0) > 0](0,1)) = 1. Similarly, P(7(0,1) > 0[(1,0)) = 1. This
implies that s = 1 = v in the statement of the identified set.

Otherwise, the same arguments as before still establish sharpness. 0

Next, we derive the sharp joint identified set when we restrict attention to pure strategies.
Assumption 2.4. Let the following hold: firms use only pure strategies.

Corollary 2.3. Let Assumptions[2.]], and[2.4] hold. Assume further that each firm
exhibits at least 2 levels of rationality. The sharp joint identified set, even if the econome-

trician is willing to assume that firms exhibit at least k levels of rationality for some k > 2,

for
(v11, V10, Va1, Vag) = (P(Ul(l) = 1),P(U1(0) = 1),P(U2(1) = 1),P(v2(0) = 1))
{(pP(1,1),P(y; = 1)+ P(0,1) + tP(0,0),pP(1,1), P(y2 = 1) + P(1,0) + tP(0,0)) : p,t € |0, 1]}

This is also the sharp joint identified set under the additional conditions in Definition|2.2

Proof. Since this Corollary only adds assumptions to the Theorem, the same arguments
establishing the bounds (but not necessarily sharpness) are valid here. However, as long as
the econometrician allows that each firm exhibits 2 levels of rationality, but that there is not
necessarily Nash equilibrium play, the sharpness proof still holds.

This is the sharp joint identified set under the additional conditions in Definition

because only pure strategies are used. 0

Note that the sharp joint identified set in this Corollary, under the additional assumption
that each firm uses a pure strategy, is the same as in the previous Corollary under the

same other conditions. Thus, under the maintained assumptions that payoffs are in general
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position, that payoffs are monotonic, that payoffs are symmetric, and that firms exhibit
at least 2 levels of rationality, the assumption that each firm uses a pure strategy has no
empirical content. In the proof of the result, it is evident that establishing sharpness depends
on the possibility that markets are not in Nash equilibrium play. Therefore, finally, there is
a result in which the assumption of Nash equilibrium play is substantively stronger than the

assumption that firms exhibit at least some minimal number of levels of rationality.

Corollary 2.4. Let Assumptions and [2.4] hold. Assume further that in each

market there is Nash equilibrium play. The best responses are point identified:
(UH,Ulo,Ugl,Ugo) = (P(’Ul(]_) = ].),P(’Ul(O) = 1),P(U2(1) = 1),P(’U2(0) = 1))
= (P(L1), P(y1 =1)+ P(0,1), P(1,1), P(y2 = 1) + P(L,0))

This is also the sharp joint identified set under the additional conditions in Definition [2.9

Proof. Since this Corollary only adds assumptions to the Theorem, the same arguments es-
tablishing the bounds (but not necessarily sharpness) are valid here. The additional restric-
tion implied by Assumption is that P(r'(1,1) > 0](1,1)) = 1 = P(x?*(1,1) > 0](1,1))
and P(7*(1,0) > 0[(0,0)) = 0 = P(x%(0,1) > 0|(0,0)). This is because when the firms use
pure strategies, the realized entry decisions are also the strategies. A market can have Nash
equilibrium play with both firms entering if and only if the duopoly payofts of both firms is
positive. Similarly, a market can have Nash equilibrium play with both firms not entering if
and only if the monopoly payoffs of both firms is negative. Thus, p =1 and ¢ = 0.

This is the sharp joint identified set under the additional conditions in Definition

because only pure strategies are used. 0

This is an interesting model which implies that under pure strategy Nash equilibrium play

and other assumptions the best response probabilities are point identified.
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3. IDENTIFICATION OF BEST RESPONSES WITH MORE THAN TWO FIRMS

This section generalizes the identification above to entry games with N > 2 players. As
before, the realized entry decision of firm ¢ is y;. The payoff to firm ¢ when the realized
entry decisions are (y1,¥s,...,yn) 1S T (Y1,%2,...,yn). The entry game structure imposes
that the payoffs to the firms are such that each firm gets 0 payoff if it does not enter the
market. Thus, 7 (y1,...,%i-1,0,%it1,.--,yn) = 0. The best response function for firm ¢
for when the econometrician conjectured entry decision of firms —i is t_; is v(¢t_;). Thus,
vi(t_;) = 1r'(ty, tay .. tio1, 1, tir1, ..., ty) > 0]. In this section, the marginal identification
of the best response probabilities when there are more than two firms is studied.

The notion of levels of rationality is the extension of that used already to the case of more
than two firms. The strategies of firm ¢ that are a best response to a conjecture that firms
other than i use a strategy profile that is in [], ; R/(k, 7) are collected in R*(k+1, 7). That
is, for k>0, Ri(k+1,7m)={c' € Al : do7" € H#i RI(k,m) st. Eyi g-i (Y1, Y2, - Yn) >
E, o (Y1, 2, -, yn) for all o € A'}. Equivalently, the set R*(k+1,7) is the set of best
responses to || ki RI(k,m). In fact, the proof in this section shows the result holds under an
even weaker “correlated levels of rationality” assumption, which allows that conjectures are
not necessarily the product of independent strategies across firms (i.e., correlated rational-
izability from Brandenburger and Dekel (1987) or Tan and da Costa Werlang (1988)). See
footnote M0l

This analysis requires modifying the assumptions slightly to the case of multiple firms.
The assumption of general position now imposes that the payoffs to any firm ¢, if it enters

the market, is not 0.

33



Assumption 3.1. Let the following hold: for all firms i, and any entry decisions y_;,
Tri(ylvly% ey Yie1, 17yi+1a s 7yN) 7£ 0.

The assumption of the monotonicity of the payoffs now imposes that the payoffs to firm
17, when firm i enters, depends only on the number of other firms that enter, and is weakly

decreasing in the number of other firms that enter.

Assumption 3.2. Let the following hold: for all firms 1,

T (Y1, Y2, - Yio1s L Yirts - UN) = Wi(zyj),
J#i

and if N —1> M > M' > 0 then «*(M') > 7'(M).

Equivalently, for all realizations of the uncertainty, if y_; and y’, are realized entry deci-

sions in which there are weakly more entrants in ' ;, it holds that

ﬂ-i(yhy?? e Yi1, 17yi+17 cee 7yN> > Wi(yi,yé7 s 73/;717 173/1/'+17 B 7y§V)

Similar results can also be derived under other notions of monotonicity. For example, it
could be that the payoffs depend on the identities of the other firms that enter, or on the
numbers of firms that enter in each of a few known classes of firms. The results would be
similar to the ones reported here, but the proofs would likely be more complicated. The next
theorem derives the sharp marginal identified sets for the best response probabilities in the

many firms case.

Theorem 3.1. Let Assumptions[3.1] and[3.9 hold. Assume further that each firm exhibits at

least 1 level of rationality. The sharp marginal identified set for vy = P(v'(1,1,...,1) =1)
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is [0, P(y; = 1)] and for vy = P(v'(0,0,...,0) = 1) is [P(y; = 1),1]. The sharp marginal
identified set for vy, = P(v'(t_;) = 1) where t_; # (1,1,...,1) and t_; # (0,0,...,0) is
[0,1]. These identified sets remain sharp even if the econometrician assumes that there is

Nash equilibrium play in each market.

Proof. Use the notation that (1,1,...,1) = 1 and (0,0,...,0) = 0. By the law of total
probability, where it is understood that P(B|A)P(A) =0 if P(A) = 0, it holds that

P(v'(1) =1) = P(7'(1) > 0)

= P(7'(0,0,...,1,...,0) > Oly; = 1)P(y; = 1)

+ P(7'(0,0,...,1,...,0) > Oly; = 0)P(y; = 0)

where in 7%(0,0,...,1,...,0) the 1 corresponds to the entry decision of firm 1.

Consider the implications of the assumption that for each realization of the uncertainty
each firm is R1, for a given realization of the uncertainty. Firm ¢ can enter the market with
positive probability if and only if there are strategies of firms —¢ that enter the market with
probabilities o_; such that [ @ (y1, v, ..., Yi1, 1, Yis1, - -, yn)do—i(y1, Yo, - .., Yn) > O.H By
monotonicity, 7¢(0,0,...,1,...,0) is weakly greater than every term in this integral, so by
general position, this implies that 7*(0,0,...,1,...,0) > 0. Therefore, if y; = 1, then
7(0,0,...,1,...,0) > 0. Firm 7 can not enter the market with positive probability if and
only if there are strategies of firms —i that enters the market with probability o_; such
that [ 7 (y1,v2, -+, Yi-1, L, Yir1s - - - Yn)do—i(y1, Y2, - .. ,yn) < 0. By monotonicity, 7(1) is
weakly less than every term in this integral, so by general position, this implies that 7*(1) < 0.

4

107t is here where “correlated levels of rationality” is seen to be enough, since we do not use that
do_i(y1,Y2,-..,yn) is the product of the marginal distributions.
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Therefore, if y; = 0, then 7¢(1) < 0. Therefore, under R1 the expressions above simplify to
P(v'(1) = 1) = P('(1) 2 0) = P(n'(1) = Oly; = 1) P(y; = 1)
P(v'(0) =1) = P(7%(0,0,...,1,...,0) > 0)

The claimed bounds obtain after replacing the remaining conditional probability state-
ments with probabilities in [0, 1]. It remains only to show that these bounds are sharp. It
is enough to show that the bounds are sharp under the assumption that for each realization
of the uncertainty there is Nash equilibrium play since this implies the firms are also Rk for
any k.

It is consistent with Nash equilibrium play to observe y; = 1 with either 7*(1) > 0 or
7'(1) < 0. First, suppose that 7*(1) > 0. Consider some realized entry decision y with
y; = 1. Specify the payoffs to all of the firms j other than i as follows. If j enters, specify
that its payoff when it enters at the realized entry decisions for —j is positive. If j does not
enter, specify that its payoff when it enters at the realized entry decisions for —j is negative.
Then there is a pure strategy Nash equilibrium in which the firms use the strategy the same
as the corresponding decision in y. Second, suppose that 7%(1) < 0. Consider some realized
entry decision y with y; = 1.

Suppose first that y # 1, so at least one firm other than ¢ does not enter the market.
Specify the payoffs to all of the firms j as follows. If j enters, specify that its payoff when it
enters at the realized entry decisions for —j is positive. If j does not enter, specify that its
payoff when it enters at the realized entry decisions for —j is negative. Then there is a pure
strategy Nash equilibrium in which the firms use the strategy the same as the corresponding
decision in y. Since at least one firm other than ¢ does not enter the market, it is consistent
with the assumptions that even though i gets positive payoff when the observed firms enter,
it has 7'(1) < 0.

Suppose otherwise that y = 1. Specify the payoffs to all of the firms other than ¢ and
some j # i to be always positive, and specify that their pure strategy is to enter the market.
Specify the payoffs to ¢ and j to be such that, given that all other firms enter the market,
the payoff to i (j) when j (i) enters the market is negative, but the payoff when j (i) does

not enter the market is positive. Thus, the decision of firm j is determinative to firm ¢ about
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whether to enter, given the decisions of the other firms to enter. Therefore, firms ¢ and j
can each play a mixed strategy such that they are both indifferent between entering and
not entering the market. Therefore, these strategies, together with the pure strategies of the
other firms, comprises a Nash equilibrium. These strategies are consistent with the realized
entry decision y = 1.

Let all the realized entry decisions such that y; = 1 be listed in z1, ..., 2k, and let x4
collect all of the the realized entry decisions with y; = 0. Let a partition Ay € F of Q)
satisfy P(Ag) = P(xy) for k = 1,2,..., K +1. For k = 1,2,..., K, set the realized entry
decision on Ay, to be x. For any k= 1,2,..., K, for any p € [0, 1], let B, € F be such that
By C Ay and P(By|Ai) = p. On By, specify that the payoffs are such that 7'(1) > 0, and
on A N BY specify that the payoffs are such that 7'(1) < 0. Thus, the sharp identified set
for P(7'(1) > 0ly; = 1) is [0, 1].

Similarly, it is consistent with Nash equilibrium play to observe y; = 0 with either
7(0,0,...,1,...,0) > 0 or 7*(0,0,...,1,...,0) < 0.

This establishes the claimed sharp identified sets.

Now consider the sharp identified set for vy, = P(v'(t_;) = 1) wheret_; # (1,1,...,1) and
t_; #(0,0,...,0). By definition, P(v'(t_;) = 1) = P(7*(t,ta, ..., ti_1, 1, i1, ..., tn) > 0).

Any realized entry decision is consistent, under the assumption of Nash equilibrium play,
with 7 (ty,to, ..., ti1, Litivy, ..., tx) > 0 and with 7 (1, te, ..., t;_1, 1, ti41, ..., tx) < 0. For
7ty toy .. ti1, 1 tiy1,. .., ty) > 0, suppose that, for each firm, monopoly profits from
entering are positive (call this 7y, which is the same for all firms) and profits to any other
arrangement of entry decisions are negative (call this 7y, which is the same for all firms
and for all arrangements of entry decisions other than monopoly). Suppose that all other
firms enter the market with the same probability o, so that no other firms enter the market
with probability 7 = (1 — ¢)V~!. Then the profit to firm 4 from entering the market is
Ty + (1 — 7)mn. Since my > 0 and 7y < 0 there is some probability 7 such that the
payoff to firm ¢ from entering the market is 0. Therefore, all firms using the mixed strategy
o is a mixed strategy Nash equilibrium. Similarly, for 7¢(ty,ta, ..., ti 1, 1, tiv1, ..., tn) < 0,
suppose that, for each firm, profits from entering to sharing the market with every firm is
negative (call this 7, which is the same for all firms) and profits to any other arrangement
of entry decisions are positive (call this my, which is the same for all firms and for all

arrangements of entry decisions other than sharing the market with every firm). By similar
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arguments, there is a mixed strategy Nash equilibrium with all firms using the mixed strategy
.

Let all the realized entry decisions be listed in zq,...,xx. Let a partition A, € F
of Q satisfy P(Ay) = P(xg). For k = 1,2,..., K, set the realized entry decision on
Ag to be xp. For any k = 1,2,... K, for any p € [0,1], let By € F be such that
By C Ay and P(Bg|Ax) = p. On By specify that the payoffs are some payoffs such that
mi(ty,toy oo tiog, Litior, ... ty) > 0, and on Ay N BY specify that the payoffs are some
payoffs such that 7'(ty,te,...,t; 1,1, tir1,...,tx) < 0. Thus, the sharp identified set for
P(ﬂ-i(tlat% s ati—lv 17 t’i+17 s atN) > O) is [07 ]-] 0

The sharp marginal identified set for the best response to all other firms entering, or not
entering, is effectively the same as that in the case of two firms. Nothing is learned about
the best response to any other conjectured entry decisions of the other firms, in the sense
that the sharp marginal identified sets are [0, 1], which is already logically implied without
data. We do not address the question of the sharp joint identified set in the case of N > 2
firms. Extrapolating from the result for two firms, we should expect that assuming that
firms exhibit at least 2 levels of rationality would tighten the joint identified set.

In fact, it is reasonable to suspect that assuming even more than 2 levels of rationality

would further tighten the joint identified set when there are N > 2 firms. We provide an

example of this in appendix [B]

4. RELATED LITERATURE

As noted in the introduction, there is an important literature on entry games in econo-
metrics and industrial organization. Some important early papers using game theory models
in an econometric model of entry are Bresnahan and Reiss (1990), Bresnahan and Reiss

(1991b) and Berry (1992). These papers are focused on achieving identification by assuming
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a linear functional form for profits that depends on observed covariates, by assuming that
firms are engaged in Nash equilibrium play, and by other “coherency” conditions that deal
with the multiple outcome problem of multiple equilibria and mixed strategies. The focus
of these papers, and papers that follow them, is to identify the profit function. See Reiss
(1996) for an early review of these papers. Tamer (2003) shows how to deal with the multiple
outcome problem, but still assumes a linear functional form for profits and that firms are
engaged in Nash equilibrium play. Aradillas-Lopez and Tamer (2008) consider the identifi-
cation power of replacing the assumption of Nash equilibrium play with levels of rationality.
Again, the focus of these papers is to identify the profit function. See reviews of this and
related literatures in Berry and Reiss (2007) and Berry and Tamer (2007).

This paper has avoided parametric assumptions and explored the identification power
of different behavioral assumptions. Moreover, this paper has not imposed any sort of
“coherency” condition. The focus of this paper is to identify the best response function.
Identification of the best response function is related to but not the same as identification of
the profit functions. For example, it could be that the profit function is not point identified,
but that the identified bounds on 7!(1, 1) are such that the sign of w*(1, 1) is point identified,
in which case P(v'(1) = 1) = P(x'(1,1) > 0) is point identified. As has been discussed, in
some policy situations the best response function is the quantity of interest, rather than the
profit functions directly.

We also consider the inferential impact of admitting mixed strategies in detail (see also
Bajari, Hong, and Ryan (2010)). We show that admitting or not admitting mixed strategies
can affect the identified bounds when also assuming Nash equilibrium behavior, and other

assumptions. We also show that the interpretation of mixed strategy can make a difference:
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the identifying power of the von Neumann and Morgenstern (1944) interpretation of a mixed
strategy Nash equilibrium with independence across markets is different than the identifying
power of the Harsanyi (1973)-Aumann (1987) interpretation or without independence across

markets.

5. CONCLUSIONS AND FURTHER DISCUSSION

This paper has studied the identification of best response functions in an entry game, with-
out parametric assumptions on the payoffs. This paper has done so under varied assumptions
on the rationality of the firms, the symmetry of the payoffs between firms, and whether mixed
strategies are admitted. In general there is not point identification, and identification under
the assumption of Nash equilibrium is the same as the identification under an assumption of
a minimal number of levels of rationality. More specifically, the identification power of Nash
equilibrium compared to just a sufficient number of levels of rationality varies depending on
the other assumptions made. For example, assuming Nash equilibrium play does not seem
to matter under just Assumptions -[2.3] but substantially adds identifying power under
all Assumptions [2.1] - See Corollaries and 2.4l Although the paper does not discuss
estimation, estimation is standard. Especially, estimation of the marginal identified sets is
straightforward, as they are intervals with endpoints characterized by moment conditions.

We conclude by remarking on four important issues, and especially on extending these
results to other settings. As a whole these remarks show that since our method of analysis
applies to many other settings, this paper sheds further light on the general question, origi-
nally asked by Manski (1995) as described in the introduction, of the identification of best
response functions in games. Our results show that the link between the data, or realized
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outcomes, and the underlying best response functions is not simple. In addition, our results
shed further light on the inferential questions in general discrete outcome models with “peer

effects,” and more generally in situations in which treatments are outcomes for other units.

Relationship to more parametric models: There have been many identification results
in the literature for discrete games, but mostly with distributional assumptions on the pay-
offs. In those papers there are still issues with multiple equilibria, mixed strategies, and, in
the case of incomplete information, how to deal with the information structure. The results
in this paper show that with only minimal assumptions the discrete game setup does not
contain empirical content; note that key to this is allowing firms to play mixed strategies.
This is in contrast to the usual treatment effect literature in which the bounds, though some-
times wide, are typically non-trivial, and thus informative. The size of the identified set will
depend on the assumptions that one brings to bear. For example, it is plausible that some
values in the identified set require extreme forms of behavior by the firms, which might be
ruled out by explicit assumption, or ruled out by implication by some parametric models.

See for example the discussion in Remark above.

Non-entry games: The assumption of the entry game payoff structure does, in general,
entail a loss of generality, compared to an arbitrary game with two players and two actions.
The assumption of the entry game payoff structure is the assumption that the payoff to
a firm is zero if that firm does not enter, for either entry decision of the other firm. The
results are different if we allow payoffs for a non-entering firm to be nonzero when the other

firm enters. In particular, the marginal identified sets for best response probabilities in a
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two player and two action game can be [0, 1] without the entry game payoff structure. For

example, consider the game with two specifications of possible payoffs given in Table

TABLE 2. Non-entry game: (a) first game, (b) second game

Y2=0 y=1 Yy =0 1y =1
y=0| 00 |—3—1 y=0| 00 | 1,1
y=1]—-1,-3|-2 2 =1 1,-1|—2-2

(a) (b)

The first specification of payoffs in game 1 has a mixed strategy Nash equilibrium in
which both firms choose action 1 with probability %, and the second specification of payoffs
in game 2 has a mixed strategy Nash equilibrium in which both firms choose action 1 with
probability % Thus, any realized outcome is consistent with either payoff structure. This
implies that the sharp marginal identified set for P(7'(1,0) > 0), and thus for the best
response of firm 1 to firm 2 playing 0, is [0, 1] under the assumptions of payoffs in general
position, monotonicity in the sense that given that firm ¢ chooses either action it has higher
payoff when firm —i chooses action 0, that payoffs are symmetric, and that there is Nash
equilibrium play.

We provide an example of such a non-entry game to illustrate this game has economic
relevance. The payoffs might obtain if the game modeled a contest to research and adopt
a new technology; especially, consider adopting a new technology to mean replacing an old
product with a new product in the market. The decision to research and adopt is action 1
in the normal form. Suppose that the cost of researching and adopting the new technology
is 8. Suppose that, for each firm, the profits gross of research costs in the market when

neither firm adopts the new technology is 3. If both firms adopt the new technology the
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profits gross of research costs in the market is 9, for each firm. Thus, if neither firm adopts
the new technology, both firms get payoffs 3, and if both adopt, both firms get payoff 1.
The difference in the two specifications of payoffs concerns what happens if only one firm
adopts. In the first specification, suppose that if only one firm adopts the new technology,
the firm that adopts gets profits gross of research costs 10 and the other firm gets 0. Thus,
the firm that adopts gets payoff 2 and the firm that does not adopt gets payoff 0. In the
second specification, suppose that if only one firm adopts the new technology, the profits
gross of research costs to the firm that adopts gets 12 and the other firm gets 2. Thus, the
firm that adopts gets payoff 4 and the firm that does not adopt gets payoff 2. The payoffs
in the normal forms are normalized, by subtracting 3, so that the payoff to both firms when
both firms play 0, is 0.

It is also true that the entry game payoff structure is without loss of generality in the sense
that the set of Nash equilibria is exactly the same for the two games given in normal form in
Table [3 However, the monotonicity assumption, or its generalization to a non-entry game,
can be satisfied in the first game but violated in the second game. Indeed, it can happen that
0 > 7'(0,1) and «'(1,0) > «'(1,1), so that monotonicity is satisfied in the first game for
firm 1 but that monotonicity is violated in the second game if 7' (0, 1) is sufficiently negative.
This shows that payoff normalization needs to be without loss of generality not only with
respect to the solution concept, but also the assumptions maintained by the econometrician.
We focus in this paper on the important special case of an entry game, but note again that

our method of analysis can be applied to study other games.
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TABLE 3. Non-entry game with general payoffs: (a) first game, (b) second game

y2:O y2:1

Y1 = 0 070 7T1(071)77T2(071)

y1:1 71—1(170)7’”2(1’0) W1(171)77T2(171)

y2:0 y2:1

y1 =0 0,0 0,7%(0,1)

yr =1 |741,0),0 | 74(1,1) — 71(0,1),72(1,1) — 72(1,0)
(b)

Incomplete information: We have studied an entry game with complete information,

under various additional assumption. A similar analysis holds if we study an entry game
with incomplete information, where complete information cannot be ruled out. An example
of those games are ones in which firms do not know the profit function of other firms, possibly
with heterogeneity unobserved by the econometrician.

In some cases, the results derived for a game with complete information translate im-
mediately to a game with incomplete information. There are two issues in translating the
results from a game with complete information to a game with incomplete information. The
first issue is establishing that the restrictions implying the bounds still hold with incomplete
information. Depending on the exact solution concepts entertained, this is likely to hold, for
example, if the restrictions require only that the firms know their own payoffs, as in exhibiting
1 level of rationality. The second issue is establishing that the bounds are still sharp. Again,
depending on the exact solution concepts entertained, this is likely to hold, for example,

if complete information cannot be ruled out. In the case that the econometrician assumes
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there to be a non-trivial information structure, our analysis need not hold. An approach to
this in parametric setups is in the work of Aradillas-Lopez and Tamer (2008). This is only
a sketch of the ideas involved in the analysis of incomplete information, and extensions of
our work to cover incomplete information with a non-trivial information structure is left for

future work.

Testable restrictions: For each combination of assumptions entertained the joint identi-
fied set is never empty, and in that sense these assumptions cannot be ruled out for any
observables. In particular, from Corollary it is never possible to rule out that firms are
engaged in Nash equilibrium play, monopoly payoffs are weakly greater than duopoly pay-
offs, payoffs are weakly symmetric across firms, and firms use pure strategies. For any data
there is a simple game theoretic rationalization of the data satisfying these assumptions.
For realizations of the uncertainty such that (1,1) is the realized entry decision, set both
firms to have positive monopoly and duopoly payoffs; such that (1,0) or (0, 1) is the realized
entry decision, set both firms to have positive monopoly but negative duopoly payoffs; and
such that (0,0) is the realized entry decision, set both firms to have negative monopoly and
duopoly payoffs. In all cases, the assumptions are satisfied, and the realized entry decision
is a pure strategy Nash equilibrium outcome for those payoffs.

It is possible to consider assumptions that result in an identified set that can be empty
for some datasets, in which case the assumptions are rejected for that data. For example,
the additional assumption that firm 1 has negative monopoly payoffs for probability p of
the uncertainty is rejected for those values of the observables for which firm 1 enters the

market with probability greater than 1 — p. This is because, under level 1 rationality and

45



monotonicity, whenever firm 1 has negative monopoly profits, it must not enter the market.
Alternatively, suppose some additional parametric assumption is made about the payoffs.
This parametric assumption will imply some possibly complicated additional structure of
the identified sets. If these additional assumptions result in the identified set being empty
for some datasets, and the other assumptions are considered maintained, the parametric

assumptions are rejected.
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APPENDIX A. RESULTS ABOUT SOLUTION CONCEPTS

Proof of Lemma[2.3. If (0,0) is a Nash equilibrium, the claim is established. So assume
that (0,0) is not a Nash equilibrium. This requires that at least one firm has a profitable
deviation, so this requires either that 7%(0,1) > 0 or 7'(1,0) > 0.

Suppose that 7%(0,1) > 0. If (0,1) is not a Nash equilibrium it must be because firm 1
has a profitable deviation, so 7'(1,1) > 0. If (1,1) is not a Nash equilibrium, it must be
because firm 2 has a profitable deviation, so 72(1,1) < 0. This implies that (1,0) is a Nash
equilibrium, since by monotonicity 7(1,0) > 7'(1,1) > 0 and #%(1,1) < 0.

By exchanging firm 1 with firm 2, this establishes also the existence of a pure strategy

Nash equilibrium if 7'(1,0) > 0. O

The definition of levels of rationality used in this paper may appear to be not the same as
that introduced by Bernheim (1984) and especially Pearce (1984), but the following lemma
establishes the equivalency. In all the definitions considered in this lemma, a strategy in
Ri(k + 1,7) is a best response, in some sense, against some conjecture in R~(k, 7). The
first definition in this lemma is the one used in this paper. According to this definition, the
strategies that are a best response to some conjecture in R~*(k, ), compared to any other
strategy of firm 4, are collected in R(k + 1, 7). The second definition in this lemma seems
to be another reasonable definition of levels of rationality. According to this definition, the
strategies in R'(k, ) that are a best response to some conjecture in R~ (k, ), compared
to any strategy of firm ¢ in R'(k,7), are collected in Ré(k + 1, 7). The third definition in
this lemma is the one used by Pearce (1984, Definition 1), and also in Fudenberg and Tirole
(1991). It is the same as the second definition, except that conjectures can be mixtures of

strategies in R™(k, 7). In a two player, binary game the definitions are equivalent.
Lemma A.1. The sets recursively defined as: for each firm i, R'(0,7) = Al and for k >0,
(1)

Ri(k+1,7) =

{oteAl: 3o ¢ Rl_i(k‘,ﬂ) s.1. E01,027Ti(y1,y2) >E o .y, ) for all o e Al}

4
ov o
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(ii)

Ry(k+1,7) =

{o" € Ry(k,7): Jo~" € Ry (k,7) s.t. EU1,Uz7ri(y1,y2) > Eo.i’p.fiﬂ-i(yl;yQ) for all o € R (k,m)}
(iii)
Ri(k+1,7) =

{o" € Ry(k,m): Fo~" € co(R3"(k, 7)) s.t. Ea1vgz7ri(y1,y2) > Ea_,-/ﬁ_iﬂ'i(yl,yg) for all 6% € RE(k,m)}

are the same for all k, for each firm 1.

Proof. The proof that the sets defined by (i) and (ii) are equivalent is established by induction
on k. It is immediate from the definitions that R!(1,7) = R%(1,7). So, for some k > 1,
assume that for all &' < k, R{(K,7) = RL(k/,7), in order to prove that Ri(k + 1,7) =
Ri(k+1,m).

Suppose that o € Ri(k + 1,7). Then, by Lemma 2.1} o € Ri(k, ), and thus by the
induction hypothesis o € R%(k, 7). Thus, using the same conjecture as rationalizes o' for

t ot € Ry(k+1,m). Therefore, R:(k + 1,7) C Ry(k + 1, 7).

Suppose that o € Ri(k + 1,7). Then, o' € Ri(k,7) = Ri(k,7), so by Lemma 2.1} o' €
A'. Consider the conjecture 0 ~* € R;"(k, 7) against which o' is a best response, compared to
the strategies of firm 4 in R%(k, 7). It holds that o € Ri(k+1,7) as long as ¢ is also a best
response against o ¢, compared to all strategies of firm i. Let ¢% be the utility maximizing
response to o~ compared to all strategies of firm 4. This exists since there are only finitely
many actions. If it happens that ¢* € Ri(k,7) then o’ is a best response compared to
all strategies of firm 4, since it is a best response compared to the strategies of firm ¢ in
Ry (k,m). Otherwise, 0¥ € A"\R}(k, 7). Since 0~ € R, (k,7), also 07" € Ry (k — 1,7),
by Lemma and the induction hypothesis. Thus, o~% is an admissible conjecture for
R (k, ), and therefore is a admissible conjecture for R!(k, ), by the induction hypothesis.
Therefore, based on the conjecture o=, ¢ € Ri(k, ), and therefore 0% € Rj(k, ), by the

48



induction hypothesis. This contradicts that o € A"\ R, (k, 7). Therefore, indeed o' is a best
', compared to all strategies of firm i, so o* € R!(k + 1, 7). Therefore,
Ry(k+1,7m) C Ri(k+ 1, 7).

The proof that the sets defined by (ii) and (iii) are equivalent is established by induction

response against o~

on k. It is immediate from the definitions that R4 (1,7) = R5(1, 7). Moreover, Ri(1, ) is
convex. If R4(1,7) contains any mixed strategy, there is a conjecture against which entering
and not entering gives the same payoff to firm i, and therefore R;(1,7) = Al so is convex. If
R:(1, ) contains only one pure strategy, it is convex. So suppose that R%(1, ) contains both
pure strategies. Then there is a conjecture o, against which entering gives non-negative
payoff, and a conjecture o, " against which entering gives non-positive payoff. Thus, if i = 1,
identifying a strategy with the probability of entering, oy ‘z*(1,1)+ (1 — oy *)7*(1,0) > 0 and
oy 'm(1,1) 4+ (1 — 05 9)7(1,0) < 0, and similarly if i = 2, o7 '7%(1,1) + (1 — o;)7%(0,1) > 0
and o, '7'(1,1) + (1 — 05,")7%(0,1) < 0. Therefore there must be a conjecture o~* in the
convex hull of o, and o," against which entering gives zero payoff, against which each
mixed strategy is a best response, so, since Rgi(O, 7) is convex and therefore includes o7,
RL(1,7) = Al is convex. So, for some k > 1, assume that Ry (k, 7) = R4(k, m) and R (k, 7)
is convex, in order to prove that Rb(k + 1,7) = R4(k + 1,7) and R5(k + 1,7) is convex.

If o' € Ri(k + 1,7), then there is a conjecture 0% € R, *(k, ) against which o is a best
response compared to all strategies of firm 7 in R5(k, 7). The conjecture o~ is also an element
of co(R3"(k, 7)), and therefore o € Ri(k + 1, 7). Therefore, Ry(k + 1,7) C Ri(k + 1, 7).

If o' € Ri(k + 1,7), then there is a conjecture 0~ € co(R;"(k, 7)) against which ¢° is a
best response compared to all strategies of firm 7 in R%(k, 7). Since Ry “(k, ) is convex, also
o' € Ri(k,m) = Ri(k,m). Thus, 0" € Ry(k+1,7). Therefore, R4(k+1,7) C Ry(k+1,7).
The convexity of R4(k + 1,7) follows by the same arguments as the convexity of RE(1, ),
since R%(k, ) is convex by the induction hypothesis. O

APPENDIX B. IDENTIFICATION UNDER Rk, k > 2, WITH N > 2 FIRMS

For example, suppose that there are 3 firms. We consider two possible arrangements of
firm profits. The profits are as follows in the first arrangement. Firm 1 profits from entering

are positive for any entry decisions of the other firms. Firm 2 profits from entering are
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positive if it has a monopoly, but are negative otherwise. Firm 3 profits from entering are
positive as long as it does not share the market with both of the other two firms. The level
0 strategies for all firms is A'. The level k strategy for firm 1, for all ¥ > 1, is to enter, since
it gets positive profits no matter what the other firms do. The level 1 strategies for firm 2
includes entering and not entering. If neither of the other firms enter, firm 2 entering is the
best response, and otherwise if either firm enters, firm 2 not entering is the best response.
Also any mixture is a level 1 strategy. Similarly, the level 1 strategies for firm 3 includes
entering and not entering. If neither of the other firms enter, firm 3 entering is the best
response, and if both other firms enter, firm 3 not entering is the best response. Also any
mixture is a level 1 strategy. The level 2 strategy of firm 2 is to not enter, because the
only level 1 strategy of firm 1 is to enter. Consequently the only admissible conjecture at
level 2 to firm 2 has firm 1 entering, against which not entering is the best response for firm
2. The same is true for any level greater than 2. The level 2 strategies of firm 3 includes
entering and not entering. If only firm 1 enters, firm 3 entering is the best response, and if
both other firms enter, firm 3 not entering is the best response. Also any mixture is a level
2 strategy. Finally, the level 3 strategy of firm 3 is to enter the market. This is because the
only admissible conjecture at level 3 to firm 3 is for firm 1 to enter and firm 2 to not enter,
against which entering is the best response for firm 3.

The profits are as follows in the second arrangement, which only changes profits for firm
2. Firm 1 profits from entering are positive for any entry decisions of the other firms. Firm
2 profits from entering are positive as long as it does not share the market with both of the
other two firms. Firm 3 profits from entering are positive as long as it does not share the
market with both of the other two firms. The level 0 strategies for all firms is A'. The
level k strategy for firm 1, for all £ > 1, is to enter, since it gets positive profits no matter
what the other firms do. The level 1 strategies for firm 2 includes entering and not entering.
If neither of the other firms enter, firm 2 entering is the best response, and otherwise if
both other firms enter, firm 2 not entering is the best response. Also any mixture is a level
1 strategy. Similarly, the level 1 strategies for firm 3 includes entering and not entering.
Also any mixture is a level 1 strategy. The level 2 strategy of firm 2 includes entering and

not entering. If only firm 1 enters, firm 2 entering is the best response, and if both other
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firms enter, firm 2 not entering is the best response. Also any mixture is a level 2 strategy.
Similarly, the level 2 strategies of firm 3 includes entering and not entering. Also any mixture
is a level 2 strategy. Finally, the level 3 strategy of firm 2 includes entering and not entering.
If only firm 1 enters, firm 2 entering is the best response, and if both other firms enter, firm
2 not entering is the best response. Also any mixture is a level 3 strategy. Similarly, the
level 3 strategy of firm 3 includes entering and not entering. Also any mixture is a level 3
strategy.

We can summarize this in the following table.

TABLE 4. Strategies and levels of rationality: (a) firm 1, (b) firm 2, (¢) firm 3

Level | payoffs 1 | payoffs 2 Level | payofts 1 | payoffs 2 Level | payoffs 1 | payofts 2
0 Al Al 0 Al Al 0 Al Al
1 1 1 1 Al Al 1 Al Al
2 1 1 2 0 Al 2 Al Al
3 1 1 3 0 Al 3 1 Al

(a) (b) (c)

Under the first arrangement of payoffs, the entry decision (1,0, 0) could be observed under
level 2 rationality, but could not be observed under level 3 rationality. But, under the second
arrangement of payoffs, the entry decision (1,0, 0) could be observed under level 3 rationality.
This means that payoffs that can be ruled out based on realized entry decision (1, 0,0) under
level 3 rationality are different than under level 2 rationality. Consequently, there seems to
be scope for additional levels of rationality beyond 2 to have identifying power for the joint

identified set when N > 2.

51



REFERENCES

ARADILLAS-LOPEZ, A. (2010): “Semiparametric Estimation of a Simultaneous Game with Incomplete In-
formation,” Journal of Econometrics, 157(2), 409-431.

ARADILLAS-LOPEZ, A., AND E. TAMER (2008): “The Identification Power of Equilibrium in Simple Games,”
Journal of Business and Economic Statistics, 26(3), 261-283.

AUMANN, R. J. (1987): “Correlated Equilibrium as an Expression of Bayesian Rationality,” Econometrica,
55(1), 1-18.

BaJjari, P., H. HoNg, AND S. P. RyaN (2010): “Identification and Estimation of Discrete Games of
Complete Information,” forthcoming, Econometrica.

BERESTEANU, A., I. MOLCHANOV, AND F. MOLINARI (2009): “Sharp Identification Regions in Models
with Convex Predictions: Games, Individual Choice, and Incomplete Data,” Working Paper.

BERNHEIM, B. D. (1984): “Rationalizable Strategic Behavior,” Econometrica, 52(4), 1007-1028.

BERRY, S., AND P. REiss (2007): “Empirical models of entry and market structure,” in Handbook of
Industrial Organization, Volume 3, ed. by M. Armstrong, and R. H. Porter.

BERRY, S., AND E. TAMER (2007): “Identification in models of oligopoly entry,” in Advances in Economics
and Econometrics: Theory and Applications, Ninth World Congress, Volume 2, ed. by R. Blundell, W. K.
Newey, and T. Persson.

BERRY, S. T. (1992): “Estimation of a Model of Entry in the Airline Industry,” Econometrica, 60(4),
889-917.

BRANDENBURGER, A., AND E. DEKEL (1987): “Rationalizability and Correlated Equilibria,” Econometrica,
55(6), 1391-1402.

BRESNAHAN, T. F.; AND P. C. RE1ss (1990): “Entry in Monopoly Markets,” Review of Economic Studies,

57(4), 531-553.

(1991a): “Empirical Models of Discrete Games,” Journal of Econometrics, 48(1-2), 57-81.

(1991b): “Entry and Competition in Concentrated Markets,” Journal of Political Economy, 99(5),

977-1009.

52



CILIBERTO, F., AND E. TAMER (2009): “Market Structure and Multiple Equilibria in Airline Markets,”
Econometrica, 77(6), 1791-1828.

FUDENBERG, D., AND J. TIROLE (1991): Game Theory. MIT Press.

GRIECO, P. (2009): “Inference in Games with Complete and Incomplete Information Errors,” Northwestern
University Working Paper, in progress.

HaRrsanyr, J. C. (1973): “Games with Randomly Disturbed Payoffs: A New Rationale for Mixed-Strategy
Equilibrium Points,” International Journal of Game Theory, 2(1), 1-23.

Manskl, C. F. (1995): Identification Problems in the Social Sciences. Harvard University Press.

(1997): “Monotone Treatment Response,” Econometrica, 65(6), 1311-1334.

MaTzkIN, R. L. (2008): “Identification in Nonparametric Simultaneous Equations Models,” Econometrica,
76(5), 945-978.

Mazzeo, M. J. (2002): “Product Choice and Oligopoly Market Structure,” RAND Journal of Economics,
33(2), 221-242.

PEARCE, D. G. (1984): “Rationalizable Strategic Behavior and the Problem of Perfection,” Econometrica,
52(4), 1029-1050.

REIss, P. C. (1996): “Empirical Models of Discrete Strategic Choices,” American Economic Review, 86(2),
421-426.

SEmM, K. (2006): “An Empirical Model of Firm Entry with Endogenous Product-Type Choices,” RAND
Journal of Economics, 37(3), 619-640.

TAMER, E. (2003): “Incomplete Simultaneous Discrete Response Model with Multiple Equilibria,” Review
of Economic Studies, 70(1), 147-165.

Tan, T. C.-C., AND S. R. DA CosTA WERLANG (1988): “The Bayesian Foundations of Solution Concepts
of Games,” Journal of Economic Theory, 45(2), 370-391.

VON NEUMANN, J., AND O. MORGENSTERN (1944): Theory of Games and Economic Behavior. Princeton

University Press.

53



	1. Introduction
	2. Identification of best responses in an entry game
	2.1. Objects of interest
	2.2. Behavioral restrictions: levels of rationality and Nash equilibrium
	2.3. Definition of the identified set
	2.4. Identification of best response functions
	2.5. Adding more assumptions
	2.6. Further assumptions about the entry game

	3. Identification of best responses with more than two firms
	4. Related literature
	5. Conclusions and further discussion
	Appendix A. Results about solution concepts
	Appendix B. Identification under Rk, k>2, with N>2 firms
	References

