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By Definition 2 we have
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Next, we find expressions for each component of the sum in equation 1

var(Dk) = E(θ2
i ) − θ2 + 2E(r(Xi)2) − 2E(r(X2k−1)r(X2k))

+ 2E (θi[r(Xi) + εi]) − E(θ2k−1[r(X2k) + ε2k]) − E(θ2k[r(X2k−1) + ε2k−1])
+ 2E(ε2

i )
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cov(Dk,Dh) =
1
4

[E(θ2k−1θ2h−1) + E(θ2k−1θ2h) + E(θ2kθ2h−1) + E(θ2kθ2h)] − θ2(3)

These give
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0.1. Derivation of equation 2.
var(Dk) = E(θ2

i ) − θ2 + 2E(r(Xi)2) − 2E(r(X2k−1)r(X2k))
+ 2E (θi[r(Xi) + εi]) − E(θ2k−1[r(X2k) + ε2k]) − E(θ2k[r(X2k−1) + ε2k−1])
+ 2E(ε2

i )
(5)

proof: Let β1 = E[Yi(0)] and β0 = E[Yi(1)].
E(Dk) = E[E(Dk|T2k−1)] = E(T2k−1[E(Y2k−1(1)|T2k−1) − E(Y2k(0)|T2k−1)]

+(1 − T2k−1)[E(Y2k(1) − Y2k−1(0)|T2k−1)])
since {Yi(1),Yi(0)} y T j∀i, j

E(Y2k−1(1)|T2k−1) = β1

E(Y2k(0)|T2k−1) = β0

E(Y2k(1)|T2k−1) = β1

E(Y2k−1(0)|T2k−1) = β0

(6) E[E(Dk|T2k−1)] = E(T2k−1[β1 − β0] + (1 − T2k−1)[β1 − β0]) = θ
E(D2

k) = E(A2 + B2 + 2AB) = E(A2) + E(B2) + 2E(AB)
where

A = T2k−1[Y2k−1(1) − Y2k(0)]
B = (1 − T2k−1)[Y2k(1) − Y2k−1(0)]

E(A2) = E(T 2
2k−1[Y2k−1(1) − Y2k(0)]2)

= E(E(T 2
2k−1[Y2k−1(1) − Y2k(0)]2|T2k−1))

= E(E(T 2
2k−1[Y2k−1(1) − Y2k(0)]2)) since {Yi(1),Yi(0)} y T j

= E(T 2
2k−1)E([Y2k−1(1) − Y2k(0)]2)

=
1
2

[E(Yi(1)2) + E(Yi(0)2) − 2E(Y2k−1(1)Y2k(0))]

E(B2) = E((1 − T2k−1)2)E([Y2k(1) − Y2k−1(0)]2)

=
1
2

[E(Yi(1)2) + E(Yi(0)2) − 2E(Y2k(1)Y2k−1(0))]

E(AB) = E(T2k−1[Y2k−1(1) − Y2k(0)](1 − T2k−1)[Y2k(1) − Y2k−1(0)])
= E(T2k−1(1 − T2k−1))E([Y2k−1(1) − Y2k(0)][Y2k(1) − Y2k−1(0)])
= 0 since E(T2k−1(1 − T2k−1)) = 0

So
E(D2

k) = E(A2) + E(B2) + 2E(AB)

=
1
2

[E(Yi(1)2) + E(Yi(0)2) − 2E(Y2k−1(1)Y2k(0))]

+
1
2

[E(Yi(1)2) + E(Yi(0)2) − 2E(Y2k(1)Y2k−1(0))]

= E(Yi(1)2) + E(Yi(0)2) − E(Y2k−1(1)Y2k(0)) − E(Y2k(1)Y2k−1(0))
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So
Var(Dk) = E(Yi(1)2) + E(Yi(0)2) − E(Y2k−1(1)Y2k(0)) − E(Y2k(1)Y2k−1(0)) − θ2

Now we use
Yi(0) = r(Xi) + εi
Yi(1) = θi + r(Xi) + εi

E(Yi(1)2) = E[(θi + r(Xi) + εi)2]
= E(θ2

i ) + E[r(Xi)2] + E(ε2
i ) + 2E(θir(Xi)) + 2E(θiεi) since E(r(Xi)εi) = 0

E(Yi(0)2) = E([r(Xi) + εi]2)
= E(r(Xi)2) + E(ε2

i )

E(Y2k−1(1)Y2k(0)) = E([θ2k−1 + r(X2k−1) + ε2k−1][r(X2k) + ε2k])
= E(θ2k−1[r(X2k) + ε2k] + r(X2k−1)[r(X2k) + ε2k] + ε2k−1[r(X2k) + ε2k])
= E(θ2k−1[r(X2k) + ε2k]) + E(r(X2k−1)r(X2k)) since E(εir(X j)) = 0 ∀i , j.

Similarly,
E(Y2k(1)Y2k−1(0)) = E(θ2k[r(X2k−1) + ε2k−1]) + E(r(X2k)r(X2k−1))

so
var(Dk) = E(θ2

i ) + E(r(Xi)2) + E(ε2
i ) + 2E(θir(Xi)) + 2E(θiεi)

+E(r(Xi)2) + E(ε2
i )

−E(θ2k−1[r(X2k + ε2k)]) − E(r(X2k)r(X2k−1))
−E(θ2k[r(X2k−1) + ε2k−1]) − E(r(X2k)r(X2k−1)) − θ2

= E(θ2
i ) − θ2 + 2E(r(Xi)2) − 2E(r(X2k−1)r(X2k))

+2E(θi[r(xi) + εi]) − E(θ2k−1[r(X2k) + ε2k]) − E(θ2k[r(X2k−1) + ε2k−1]) + 2E(ε2
i )

0.2. Derivation of equation 3. Let k , h

cov(Dk,Dh) =
1
4

[E(θ2k−1θ2h−1) + E(θ2k−1θ2h) + E(θ2kθ2h−1) + E(θ2kθ2h)] − θ2(7)

proof: Let k , h
cov(Dk,Dh) = E(DkDh) − E(Dk)E(Dh)

= E(DkDh) − θ2

E(DkDh) = E([Ak + Bk][Ah + Bh])
= E(AkAh) + E(AkBh) + E(BkAh) + E(BkBh)

where
Ak = T2k−1[Y2k−1(1) − Y2k(0)]
Bk = (1 − T2k−1)[Y2k(1) − Y2k−1(0)]

E(AkAh) = E(T2k−1[Y2k−1(1) − Y2k(0)]T2h−1[Y2h−1(1) − Y2h(0)])

=
1
4

E([Y2k−1(1) − Y2k(0)][Y2h−1(1) − Y2h(0)])
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E(AkBh) = E(T2k−1[Y2k−1(1) − Y2k(0)](1 − T2h−1)[Y2h(1) − Y2h−1(0)])

=
1
4

E([Y2k−1(1) − Y2k(0)][Y2h(1) − Y2h−1(0)])

E(BkAh) =
1
4

E([Y2k(1) − Y2k−1(0)][Y2h−1(1) − Y2h(0)])

E(BkBh) =
1
4

E([Y2k(1) − Y2k−1(0)][Y2h(1) − Y2h−1(0)])

So

E(DkDh) =
1
4

E([Y2k−1(1) − Y2k(0)][Y2h−1(1) − Y2h(0)])

+
1
4

E([Y2k−1(1) − Y2k(0)][Y2h(1) − Y2h−1(0)])

+
1
4

E([Y2k(1) − Y2k−1(0)][Y2h−1(1) − Y2h(0)])

+
1
4

E([Y2k(1) − Y2k−1(0)][Y2h(1) − Y2h−1(0)])

E([Y2k−1(1) − Y2k(0)][Y2h−1(1) − Yh(0)])
= E(θ2k−1θ2h−1) + E(θ2k−1r(X2h−1)) + E(θ2k−1ε2h−1) + E(r(X2k−1)θ2h−1)
+E(r(X2k−1)r(X2h−1)) + E(ε2k−1θ2h−1) − E(θ2k−1r(X2h)) − E(θ2k−1ε2h)
−E(r(X2k−1)r(X2h)) − E(r(X2k)θ2h−1) − E(r(X2k)r(X2h−1)) − E(ε2kθ2h−1)
+E(r(X2k)r(X2h))

E([Y2k−1(1) − Y2k(0)][Y2h(1) − Y2h−1(0)])
= E(θ2k−1θ2h) + E(θ2k−1r(X2h)) + E(θ2k−1ε2h)
+E(r(X2k−1)θ2h) + E(r(X2k−1)r(X2h)) + E(ε2k−1θ2h)
−E(θ2k−1r(X2h−1)) − E(θ2k−1ε2h−1) − E(r(X2k−1)r(X2h−1))
−E(r(X2k)θ2h) − E(r(X2k)r(X2h)) − E(ε2kθ2h)
+E(r(X2k)r(X2k−1))

E([Y2k(1) − Y2k−1(0)][Y2h−1(1) − Y2h(0)])
= E(θ2kθ2h−1) + E(r(X2k)θ2h−1) + E(ε2kθ2h−1)
+E(θ2kr(X2h−1)) + E(r(X2k)r(X2h−1)) + E(θ2kε2h−1)
−E(r(X2k−1)θ2h−1) − E(r(X2k−1)r(X2h−1)) − E(ε2k−1θ2h−1)
−E(θ2kr(X2h)) − E(θ2kε2h) − E(r(X2k)r(X2h))
+E(r(X2k−1)r(X2h))
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E([Y2k(1) − Y2k−1(0)][Y2h(1) − Y2h−1(0)])
= E(θ2kθ2h) + E(θ2kr(X2h)) + E(θ2kε2h)
+E(r(X2k)θ2h) + E(r(X2k)r(X2h)) + E(ε2kθ2h)
−E(θ2kr(X2h−1)) − E(θ2kε2h−1) − E(r(X2k)r(X2h−1))
−E(r(X2k−1)θ2h) − E(ε2k−1θ2h) − E(r(X2k−1)r(X2h))
+E(r(X2k−1)r(X2h−1))

So,
4[cov(Dk,Dh) + θ2]
= E(θ2k−1θ2h−1) + E(θ2k−1r(X2h−1)) + E(θ2k−1ε2h−1) + E(r(X2k−1)θ2h−1)
+E(r(X2k−1)r(X2h−1)) + E(ε2k−1θ2h−1) − E(θ2k−1r(X2h)) − E(θ2k−1ε2h)
−E(r(X2k−1)r(X2h)) − E(r(X2k)θ2h−1) − E(r(X2k)r(X2h−1)) − E(ε2kθ2h−1)
+E(r(X2k)r(X2h))
+E(θ2k−1θ2h) + E(θ2k−1r(X2h)) + E(θ2k−1ε2h)
+E(r(X2k−1)θ2h) + E(r(X2k−1)r(X2h)) + E(ε2k−1θ2h)
−E(θ2k−1r(X2h−1)) − E(θ2k−1ε2h−1) − E(r(X2k−1)r(X2h−1))
−E(r(X2k)θ2h) − E(r(X2k)r(X2h)) − E(ε2kθ2h)
+E(r(X2k)r(X2k−1))
+E(θ2kθ2h−1) + E(r(X2k)θ2h−1) + E(ε2kθ2h−1)
+E(θ2kr(X2h−1)) + E(r(X2k)r(X2h−1)) + E(θ2kε2h−1)
−E(r(X2k−1)θ2h−1) − E(r(X2k−1)r(X2h−1)) − E(ε2k−1θ2h−1)
−E(θ2kr(X2h)) − E(θ2kε2h) − E(r(X2k)r(X2h))
+E(r(X2k−1)r(X2h))
+E(θ2kθ2h) + E(θ2kr(X2h)) + E(θ2kε2h)
+E(r(X2k)θ2h) + E(r(X2k)r(X2h)) + E(ε2kθ2h)
−E(θ2kr(X2h−1)) − E(θ2kε2h−1) − E(r(X2k)r(X2h−1))
−E(r(X2k−1)θ2h) − E(ε2k−1θ2h) − E(r(X2k−1)r(X2h))
+E(r(X2k−1)r(X2h−1))

= E(θ2k−1θ2h−1) + E(θ2k−1θ2h) + E(θ2kθ2h−1) + E(θ2kθ2h) �
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