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We propose a new model of exchange rates, based on the hypothesis that the
possibility of rare but extreme disasters is an important determinant of risk
premia in asset markets. The probability of world disasters as well as each coun-
try’s exposure to these events is time-varying. This creates joint fluctuations in
exchange rates, interest rates, options, and stock markets. The model accounts for
a series of major puzzles in exchange rates: excess volatility and exchange rate
disconnect, forward premium puzzle and large excess returns of the carry trade,
and comovements between stocks and exchange rates. It also makes empirically
successful signature predictions regarding the link between exchange rates and
telltale signs of disaster risk in currency options. JEL Codes: G12, G15.

I. INTRODUCTION

We propose a new model of exchange rates, based on the hy-
pothesis of Rietz (1988) and Barro (2006) that the possibility of
rare but extreme disasters is an important determinant of risk
premia in asset markets. The model accounts for a series of major
puzzles in exchange rates. It also makes signature predictions
about the link between exchange rates and currency options,
which are broadly supported empirically. Overall, the model
explains classic exchange rate puzzles and more novel links be-
tween options, exchange rates, and stock market movements.
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In the model, at any point in time, a world disaster might
occur. Disasters correspond to bad times—they therefore matter
disproportionately for asset prices despite the fact that they occur
with a low probability. Countries differ by their riskiness, that is
by how much their exchange rate would depreciate if a world
disaster were to occur (something that we endogenize in the ar-
ticle, relating it to the productivity of the export sector). Because
the exchange rate is an asset price whose future risk affects its
current value, relatively riskier countries have more depreciated
exchange rates.

The probability of a world disaster as well as each country’s
exposure to these events is time-varying. This creates large fluc-
tuations in exchange rates, which rationalize their apparent
“excess volatility.” To the extent that perceptions of disaster
risk are not perfectly correlated with conventional macroeco-
nomic fundamentals, our disaster economy exhibits an “exchange
rate disconnect” (Meese and Rogoff 1983).

Relatively risky countries also feature high interest rates be-
cause investors need to be compensated for the risk of an exchange
rate depreciation in a potential world disaster. This allows the
model to account for the forward premium puzzle. This is true
both in samples with no disasters and in full samples with a rep-
resentative number of disasters, but the intuition is easier to
grasp in the case of samples with no disasters.! Indeed, suppose
that a country is temporarily risky: it has high interest rates, and
its exchange rate is depreciated. As its riskiness reverts to the
mean, its exchange rate appreciates. Therefore, the currencies
of high interest rate countries appreciate on average, conditional
on no disaster occurring. We also offer a detailed intuition in
terms of time-varying disaster risk premia for the case of full
samples with a representative number of disasters.

The disaster hypothesis also makes specific predictions about
option prices. This article works them out, and finds that those

1. According to the uncovered interest rate parity (UIP) equation, the expected
depreciation of a currency should be equal to the interest rate differential between
that country and the reference region. A regression of exchange rate changes on
interest rate differentials should yield a coefficient of 1. However, empirical studies
starting with Tryon (1979), Hansen and Hodrick (1980), Fama (1984), and those
surveyed by Lewis (2011) consistently produce a regression coefficient that is less
than 1 and often negative. This invalidation of UIP has been called the forward
premium puzzle: currencies with high interest rates tend to appreciate. In other
words, currencies with high interest rates feature positive predictable excess
returns.
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signature predictions are reasonably well borne out in the data.
We view this as encouraging support for the disaster hypothesis.

The starting point is that in our theory, the exchange rate of
arisky country commands high put premia in option markets—as
measured by high “risk reversals” (a risk reversal is the differ-
ence in implied volatility between an out-of-the-money put and a
symmetric out-of-the-money call). Indeed, investors are willing to
pay a high premium to insure themselves against the risk that
the exchange rate depreciates in the event of a world disaster. A
country’s risk reversal is therefore a reflection of its riskiness.

Accordingly, the model makes four signature predictions re-
garding these put premia (“risk reversals”). First, investing in
countries with high risk reversals should have high returns on
average. Second, countries with high risk reversals should have
high interest rates. Third, when the risk reversal of a country
goes up, its currency contemporaneously depreciates. These pre-
dictions, and a fourth one detailed below, are broadly consistent
with the data.

The model is very tractable, and we obtain simple and intui-
tive closed-form expressions for the major objects of interest, such
as exchange rates, interest rates, carry trade returns, yield curves,
forward premium puzzle coefficients, option prices, and stocks. To
achieve this, we build on the closed-economy model with a stochas-
tic intensity of disasters proposed in Gabaix (2012) (Rietz 1988;
Barro 2006 assume a constant intensity of disasters), and use
the “linearity-generating” processes developed in Gabaix (2009).
Our framework is also very flexible. We show that it is easy to
extend the basic model to incorporate several factors and inflation.

We calibrate a version of the model and obtain quantitatively
realistic values for the quantities of interest, such as the volatility
of the exchange rate, the interest rate, the forward premium, the
return of the carry trade, as well as the size and volatility of risk
reversals and their link with exchange rate movements and in-
terest rates. The underlying disaster numbers largely rely on
Barro and Ursua (2008)’s empirical numbers, which imply that
rare disasters matter five times as much as they would if agents
were risk neutral. As a result, changes in beliefs about disasters
translate into meaningful volatility. This is why the model yields
substantial volatility, which is difficult to obtain with more tra-
ditional models (e.g., Obstfeld and Rogoff 1995).

In addition, our calibration matches the somewhat puzzling
link between stock market and exchange rate returns.
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Empirically, there is no correlation between movements in the
stock market and the currency of a country. However, the most
risky currencies have a positive correlation with world stock
market returns, whereas the least risky currencies have a nega-
tive correlation. Our calibration replicates these facts.

Finally, recent research (Lustig, Roussanov, and Verdelhan
2011) has documented a one-factor structure of currency returns
(they call this new factor HMLpgx). Our proposed calibration
matches this pattern. Our model also delivers the new prediction
that risk reversals of the most risky countries (respectively least
risky) should covary negatively (respectively positively) with this
common factor. This prediction holds empirically.

To sum up, our model delivers the following patterns.

Classic puzzles

(i) Excess volatility of exchange rates.

(i1) Failure of uncovered interest rate parity. The coefficient
in the Fama regression is less than 1, and sometimes
negative.

Link between options and exchange rates

(iii) High interest rate countries have high put premia (as
measured by “risk reversals”).

(iv) Investing in countries with high (respectively low) risk
reversals delivers high (respectively low) returns.

(v) When the risk reversal of a country’s exchange rate in-
creases (which indicates that the currency becomes risk-
ier), the exchange rate contemporaneously depreciates.

Link between stock markets and exchange rates

(vi) On average, the correlation between a country’s ex-
change rate returns and stock market returns is zero.

(vii)) However, high (respectively low) interest rate countries
have a positive (respectively negative) correlation of
their currency with the world stock market: their cur-
rency appreciates (respectively depreciates) when world
stock markets have high returns.

Comovement structure in exchange rates

(viii) There is a broad one-factor structure in the excess cur-
rency returns (the HMLgx factor of Lustig, Roussanov,
and Verdelhan 2011): high interest rate currencies tend
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to comove, and comove negatively with low interest rate
currencies.

(ix) There is a broad one-factor structure of stock market
returns: stock market returns tend to be positively cor-
related across countries.

(x) There is a positive covariance between the above two
factors.

At the same time, we match potentially challenging domestic
moments, for example,

(xi) High-equity premium.
(xi1) Excess volatility of stocks.

Hence, we obtain a parsimonious model of exchange rates, inter-
est rates, options, and stocks that matches the main features of
the data. It delivers novel predictions borne out in the data, no-
tably the link between movements in option prices (risk rever-
sals), currency returns, and stock returns.

I.A. Relation to the Literature

Our article is part of a broader research movement using
modern asset pricing models to understand exchange rates, espe-
cially the aforementioned puzzles.

In the closed-economy literature, there are three main para-
digms for representative agent rational expectations models to
explain the level and the volatility of risk premia (something
that the plain consumption CAPM with low risk aversion fails
to generate):? habits (Abel 1990; Campbell and Cochrane 1999),
long-run risks (Epstein and Zin 1989; Bansal and Yaron 2004),
and rare disasters (Rietz 1988; Barro 2006; and for time-varying
disasters, Gabaix 2012; Gourio 2012; Wachter 2013).

Economists have extended these closed-economy paradigms
to open-economy setups to understand exchange rates. Habit
models were used by Verdelhan (2010), Heyerdahl-Larsen
(2014), and Stathopoulos (2012) to generate risk premia in cur-
rency markets. Long-run risks models were applied by Colacito
and Croce (2011, 2013) and Bansal and Shaliastovich (2013),
using a two-country setting. Given that our model features

2. Pavlova and Rigobon (2007, 2008) provide an elegant and tractable frame-
work for analyzing the joint behavior of bonds, stocks, and exchange rates which
succeeds in accounting for comovements among international assets. However,
their model is based on a traditional consumption CAPM, and therefore generates
low risk premia and small departures from UIP.
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some form of long-lasting shocks, it would be interesting to extend
our framework to an Epstein-Zin setting, in particular with a more
usual production function and capital accumulation, for example,
along the lines of Colacito et al. (2014). One specific feature of the
disaster approach is that it allows to think naturally about the risk
reversals, which makes the four signature predictions outlined
above. In addition, the present disaster model is particularly trac-
table, so that closed forms obtain and we can think about an arbi-
trary number of countries rather than just two.

To the best of our knowledge, we are the first to adapt the
disaster paradigm to exchange rates. After the present article was
circulated, Gourio, Siemer, and Verdelhan (2013) and Guo (2010)
studied related and complementary models numerically in an
RBC and a monetary context, respectively, while Du (2013) ex-
plores quantitatively a related model, with a different focus. His
results are mostly numerical (as they apply to a more complex
Epstein-Zin world, where closed forms are hard to obtain), apply
to two countries (which makes it impossible to address an inher-
ently multicountry set of issues, like Lustig, Roussanov, and
Verdelhan [2011]’s HMLgpx) and do not touch on the cross-
moments between stocks and exchange rates and between
stocks and currency options. Martin (2013) presents a two-country
model with i.i.d. shocks and characterizes the impact of deviations
from log normality using cumulants, and generates a Fama coef-
ficient equal to 0; however, he does not investigate a number of
issues that we explore, such as currency options and stocks.
Because of his conceptual focus, he only offers a limited numerical
illustration rather than a full-blown quantitative analysis.?

On the empirical front, several recent papers investigate the
hypothesis that disaster risk accounts for the forward premium
puzzle. This debate is active and ongoing. Brunnermeier, Nagel,
and Pedersen (2009) find evidence of a strong link between cur-
rency carry trade premium and currency crash risk. Burnside
et al. (2011) compare hedged and unhedged carry trade returns
and conclude that the carry trade premium can be explained by
rare events, reflecting high values of the stochastic discount

3. Another strand of the literature departs from the assumption of frictionless
markets. Alvarez, Atkeson, and Kehoe (2002) rely on a model with endogenously
segmented markets to qualitatively generate the forward premium anomaly.
Pavlova and Rigobon (2012) study the importance of incomplete markets for external
adjustment. Gabaix and Maggiori (2015) present a model of exchange rate determi-
nation and carry trade based on limited risk-bearing capacity of the financial sector.
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factor and negative carry trade returns—consistent with the rare
disaster hypothesis. Using a similar methodology, Jurek (2014)
reaches a more skeptical conclusion about the disaster hypothesis
and argues that it accounts for at most one third of the carry trade
returns. Using a different methodology that makes direct use of
option prices at various degrees of moneyness, Farhi et al. (2015)
find that global disaster risk accounts for a large fraction of the
carry trade risk premium in advanced countries in the 1996-2014
sample, and that global disaster risk is an important factor in the
cross-sectional and time-series variation of exchange rates, inter-
est rates, and equity tail risk. These and our papers are also
related to an older literature on so-called peso problems (Lewis
2011). Under the “pure peso” view, there are no risk premia and
the forward premium puzzle is simply due to a small sample bias.
By contrast, under the “rare disasters” view, there are risk premia,
and the forward premium puzzle also holds in full samples.

The rest of the article is organized as follows. In Section II, we
set up the basic model and in Section III derive its implications for
the major puzzles. Section IV contains extensions to options, stocks,
and the nominal yield curve. Section V shows the calibration of the
model. Section VI concludes. Most proofs are in the Appendix.

II. MODEL SETUP

II.A. Macroeconomic Environment

We consider a stochastic infinite horizon open economy
model. There are n countries indexed by i =1,2,...,n. There
are two goods in each country i: a traded good, called T, and a
nontraded good, called NT. The traded good is common to all
countries, the nontraded good is country-specific.

1. Preferences. In country i, agents value consumption of
traded good C% and nontraded good C}7 according to

(1) Eo |:Z exp (—pt)u(Cl, CYT, Qit)],
=0
where 0;; is a preference shock. We choose the following speci-
fication of utility

o1 e=17575(1-7)
Gl (CH)™ + & ()7 ]

1-y

2) u(CL, CNT,0,) =
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where y is the coefficient of relative risk aversion, o is the
elasticity of substitution between tradables and nontradables,
and the preference shock is a vector 0;; = (¢;, &) with a shifter
¢y for the marginal utility of wealth and a shifter &; for the
relative expenditure on traded versus nontraded goods.* Most
of our theoretical results do not in fact require this specific
structure for preferences. We adopt it only for concreteness
and because we make use of it in our calibration.

2. Endowments and Technology. At each date ¢, each country
receives a random endowment of the tradable good, 1% and of the
nontradable good, nf\t’T. The endowment of the nontradable good
can be used in one of two ways. It can be either consumed (Cf}’ T) or
invested in the production of the tradable good (Lg;). Investing one
unit of the nontraded good at time ¢ yields exp (—/As)w; ;+s units of
the traded good in all future periods ¢ + s > ¢. Here / is the de-
preciation rate of the initial investment, and w;; is the yield of the

export technology. This gives the following feasibility constraints

(3) T =0+ i,

(4) Y7 =ni+ ) exp (—is)wut], .
s=0

where Y7 is the total output of tradable goods in country i in
period ¢.

The consumption of tradable goods is subject to the world-
wide feasibility constraint:

(5) Y vi=Ych

3. Complete Markets. Markets are complete: there exists
a complete set of state- and date-contingent securities. As a
result, the welfare theorems apply and we can study the com-
petitive equilibrium as the solution of a planning problem. The

planner chooses a sequence of %, C%, and C)” to maximize a

4. The shifters are not essential. Their only role is to help capture the relative
movements in the consumption of traded goods, nontraded goods, and the exchange
rate (Backus and Smith 1993).
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weighted sum of welfare (equation (1)) across countries with
Pareto weights u; subject to equations (3)—(5). The Lagrangian is:

L= ZEO [iﬂieXP (—pt)u (Cg Cy".o; ):|
; =0

i =0

where M} is the Lagrange multiplier on the economy-wide re-
source constraint for tradable goods in period ¢. The first-order
conditions -2 it L —0 and CNT =0 deliver, respectively:

niexp (—ptyucr —M; =0,

oo
piexp (—ptiueyr — By My, exp (—is)wi s = 0.
s=0
. . UeNT
The relative price e; = e of nontradable to tradable goods
C?

within each country is obtained as

RS My,
ey = I Z exp (—4AS)w; t+s Sk
¢

s=0

4. World Numeraire and Pricing Kernel. We choose the traded
good as the world numéraire. As a result, M} is the pricing kernel
in the world numéraire. The price at time ¢ of an asset with a
stochastic stream of cash flows (D). (expressed in units of

[Zs 0 t+sDt+S]

the world numéraire) is given by

5. Exchange Rate. Recall that e;; is the relative price of
nontradables to tradables in country i. Since the tradable good
is the world numéraire, ¢;; is the exchange rate of country i vis-a-
vis the world numéraire if the domestic numéraire in country i is
the nontradable good. We sometimes refer to it as the “absolute”
exchange rate of country i. Our convention is such that when e;;
increases, the exchange rate appreciates. We also define the bi-
lateral exchange rate between country i and country j to be %ﬁ an

exchange rate appreciation of i with respect toj corresponds to an
increase of ¢
!
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If the domestic numéraire is a basket of nontradable and
tradable goods, then e;; and % correspond only approximately to
-Jt

the corresponding traditional notions of real exchange rates. This
correspondence becomes exact in the limit where nontradables
represent a large fraction of the consumption basket (&;,—0).
Section VII.A quantitatively discusses the issues further.

We collect these results in a proposition.

ProposiTioN 1. (Value of the exchange rate). The bilateral ex-
change rate between country i and country j is %, where the
absolute exchange rate e;; of country i is the present value of
its future export productivity:

Et |:Z t+sexp ( j~3)a)L t+s:|

* 9
M;

W) eir =

with the convention that an increase in e;; means an appre-
ciation of country i’s currency.

Equation (7) expresses the exchange rate directly as the net
present value of future fundamentals. The nontradable good is an
asset that produces dividends D;; s = exp (—4s)wists, and is
priced accordingly.

6. Existence of Equilibrium. To fully specify the model, we find
it convenient to proceed in the following way. Take a process for
productivity w;;. We posit a specific world pricing kernel M;. Our
specification will be chosen to be realistic yet deliver closed-form
solutions for exchange rates and interest rates. The following
lemma shows that endowment processes 77,-:: and itT can always
be found to rationalize this pricing kernel. In addition, this pro-
cedure allows us to match any process for net exports
nx; =YF - CL?

It would be desirable to uncover empirical evidence for the
endowment and preference shocks processes postulated in the
lemma.

5. We could have introduced Epstein-Zin preferences. Given processes for M
and w;, this would only change the implied processes for C} and C)7, as well as the
endowment processes 1. and Uth But it would not change our main results,

namely, the characterization of exchange rates, interest rates, stocks, and options.
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Lemma 1. (Existence of equilibrium).

(i) Take as given a process for the world pricing kernel M},
productivity w;;, preference shocks 0;;, and net exports
nx;; with the restriction that >, nx; = 0 for all ¢. There
exist endowment processes for traded goods ng and non-
traded goods 7T as well as Pareto weights j; for each
country i such that the equilibrium world pricing kernel
and net exports are indeed given by M; and nux;,
respectively.

(ii) Take as given a process for the world pricing kernel M},
productivity w;, consumptions C% and CJ7, and net ex-
ports nx;; with the restriction that > inx; =0 for all t.
There exist endowment processes for traded goods niTt
and nontraded goods nft’T, preference shocks 6;; as well
as Pareto weights p; for each country i such that the
equilibrium world pricing kernel, consumptions and net
exports are indeed given by M;, CI and C7, and nux;,
respectively.

II.B. Disaster Risk

We now specialize the model to incorporate variable disaster
risk. We study equilibria where the world consumption of the
tradable good M; follows the following stochastic process. In
line with Rietz (1988) and Barro (2006), we assume that in each
period ¢ + 1 a disaster may happen with probability p,. If no di-

saster happens, 1‘]’-{;1 = exp(—R) for some R. If a disaster happens,

then ”1 = exp(—R)B, /],

kernel M * evolves according to®

with B;.1 > 0. To sum up, the pricing

M* 1 if there is no disaster at ¢ + 1,
(8) =4t = exp(—R) x . .
M; B,| if there is a disaster at ¢+ 1.

In the calibration, we relate R to the discount factor p and the
growth rate g. of the world endowment of tradable goods. We

6. In a more complex variant, disasters could be followed by partial recoveries
(e.g., Gourio 2008; Nakamura et al. 2013). For a given y, that lowers the risk premia
coming from disaster risk. However, a slight increase in y could counteract that
effect. All in all, we find it simpler and more transparent to keep the simplest di-
saster formulation, at fairly little cost to the economics.
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use the Barro-Ursua (2008) numbers to discipline the choice of
B, .1 by relating it to the recovery rate of consumption in disas-
ters. Using the first-order conditions of the planning problem,
we have:

9 C?fT = Cg;(giteit)_”
and
1
M”< G o (1 1
T _(__ 7t —0 lfo'ml—/—l -
(19 Cir = <Mie_'0t§it) L+ &ey ] &) .

If there was just one good, the fact that the pricing kernel M} is
multiplied by B,; in a disaster would mean that consumption
is multiplied by B;;; in that disaster. In our situation with
multiple goods, the economics is broadly similar, though a bit
more complex in its details.

Consider first the case where e;;, &;;, and ¢;; do not jump if a
disaster occurs at ¢ + 1. Then our assumption (8) implies that both

CT and CYT are multiplied by B;;1 between ¢ and ¢+ 1, and so is
o—1 o=l o
the consumption basket [(CL) ~ + é—lt (ChT) = .

Of course we are interested in cases where ¢;;, &;, and ¢;; do
jump if a disaster occurs at ¢ + 1, potentially leading to jumps in
the relative consumption of traded versus nontraded goods in the
event of a disaster. This is easiest to see in the case where oy = 1.
Consider for example the situation where the exchange e;; is mul-
tiplied by a factor F;;.1 but §;,, and ¢; do not jump if a disaster

wie "y
is independent of ¢;; so that Cg; is multiplied by By, if a disaster
occurs at ¢+1 while equation (9) indicates C}” is multiplied by

—0
Bt+1Fi,t+1-

1
occurs at ¢ + 1. Then, equation (10) reduces to C% = (L) "and

1. Productivity. We assume that productivity of country i
follows:

W1 1 if there is no disaster at ¢+ 1,
(11) ———=exp(gy,) X . . .
[on F;;.1 if there is a disaster at ¢+ 1.

During a disaster, the relative productivity of the nontraded
good is multiplied by F;:.1. For instance, if productivity falls
by 20%, then Fi,t+1 =0.8.
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In the model, a sufficient statistic for many quantities of in-
terest is the “resilience” of a country i, defined as:

(12) H; =ptED [BH_le t+1 — ],

where EP (resp. ENP) is the expected value conditional on a
disaster happening at ¢+ 1 (resp. conditional on no disaster hap-
pening). A relatively safe country has a high resilience Hy, as it
has a high recovery rate F;;.;. Conversely, a relatively risky
country has low resilience. In equation (12), the probability p,
and the world intensity of disasters B;,; are common to all coun-
tries, but the recovery rate F; ;1 is country-specific. The changes
in prospective recovery rates could be correlated across countries.

Rather than separately specifying laws of motion for its com-
ponents (p;, Biy1, and F; ;11), we directly model the law of motion
for H;; and assume that it takes a particular, convenient func-
tional form. This will allow us to compute exchange rates, interest
rates and options in closed form.

We decompose

(13) Hy =H;, +H,,

where H;, and H i+ are the constant and variable parts of resil-
ience, respectively. For tractability, we posit that the law of
motion for H;; follows a linearity-generating process:

1+H,;,
1+, ——Fexp(—pp ) Hit + €,
where ¢y, denotes the speed of mean reversion of resilience and

(14) Hij=

the innovations &,
conditional on a disaster (IE;[¢ Lt+1] ]ED[ Lt+1] =0).

The economic meaning of equation (14) is that H ;4 mean-re-
verts toward 0, but is subject to shocks. Because H;, hovers around

H;., ﬁfl is close to 1 and the process behaves like a regular AR(1)
it+1 The

= is innocuous from an economic perspective but

have mean zero, both unconditionally and

up to second-order terms in H, it -H, it+1 = exp (=g, )H i+ el

14+H;,
1+H;

provides analytical tractability (see the technical appendix in
Gabaix 2009 for a discussion). Linearity-generating processes
allow the derivation of the equilibrium exchange rate in closed
form.”

“twist” term

7. For the process to be well behaved, we need to impose that H i+ 1s always
above a negative lower bound H, = (1 + H;,)(exp (—¢g,) — 1). To ensure this, the
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2. Resilience as a Sufficient Statistic. As we shall see shortly,
resilience H;; is a sufficient statistic for the impact of p;, B;,1, and
F; .11 on exchange rates, interest rates, as well as consumption.
We leverage this insight and do not independently specify
the processes for p;, B;11, and Fj;;1. We simply assume that
they lead to the process for resilience H;, that we have posited
above.

III. MAIN RESULTS

III.A. Exchange Rates and Interest Rates

1. Exchange Rate. We start by deriving the value of the ex-
change rate. We define A;, :=1In (1 + H;,) and

(15) Tej :=R+)L_ga)i _hi*-

As we shall see below, r,; — 4 is the interest rate when the
temporary component of resilience, H;, is 0.

ProrosiTioNn 2. (Level of the exchange rate). The bilateral ex-
change rate between country i and country j is 2, where e;
is the exchange rate of country i in terms of the World numeér-
aire and is equal to

i ﬁi
(16) ey =2 <1 +—f>

Tei Tei + d)Hi
in the limit of small time intervals.

Equation (16) implies that the exchange rate e; increases
(appreciates) with A;, and H;;: risky (i.e., low resilience) countries
have a low (depreciated) exchange rate. Safer (i.e., high resil-
ience) currencies have a high (appreciated) exchange rate.
Risky countries are those whose currency value (and, more prim-
itively, whose relative price of nontradables) is expected to drop
during disasters.

The exchange rate fluctuates with the resilience H, i As we
shall see in the calibration, these fluctuations are plausibly large
and can therefore generate “excess volatility” of the exchange rate
(see the Online Appendix for a generalization with several factors).

variance of the innovations 8% +1 goes to 0 when H ;¢ 1s close to E i The Online
Appendix details this.
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To the extent that they are imperfectly correlated with tra-
ditional macroeconomic fundamentals, the fluctuations in resil-
ience can generate an “exchange rate disconnect.”

2. Derivation of Proposition 2. The appendix provides a rigor-
ous proof. Here we guess and verify a solution of the form
(17) %t _ a+bH,
Wit
with coefficients ¢ and b to be determined. Equation (7) gives:

3k
€it e [ Mg @41 i
— = 1 +e Et |
Mt Wit Wj 41

Using the process for M}, w;; (equations (8) and (11)) we have:

M ;
Et[ t+*1 wz,t+1:| — o Rtey ((1 — Dy +ptE?[B;f1Fi,t+1])
Mt Wit

]‘4-4< w; 1
E 1Tt ) —Rgu, (1 4 H
(18) t[ M o e (1+ Hy),
which shows the origin of the definition of resilience. Using the

process for b2 i++1 In equation (14), and the fact that innovation
afft +1 has mean 0 independently of the realization of the disaster

(e, BP[ef 1 =E)P[el 1= 0), we get:

it+1
*
€t — Mt+1 Wi 141 €it+1
——1l=e ]Et » Et
Wit M;  w; W; 141

— e_)'_R+g‘“i (1 + Hit)]Et |:ei,t+li|

Wi 141

= e # R (1 4 Hy)Br[a + bH, 1.1 | using (17)
= R4 (a(l + Hyg) + b(1 + Hi)BiH 1111 ).
Using equations (13) and (14),
Gt _ 1= R <a (1 +H;, +ﬁit) +b(1+H;.)exp (_¢Hi)ﬁit)
Wit

=" FH8u ghis (a + (ae " + bexp (—¢p,))H it) ,using 1+ H;, =eh

=e e (a + (ae ™" + bexp (—¢Hi))ﬁ it) :
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By (17) we have %;_ l=a- 1+bﬁit, hence:
a—1=eTiq,

b = ae i his 4 pe e 0H;

Solving for a and b gives:

Wi exp (—1e — hix) =
19 it = 1 Ha )
19) e =7 exp (—7e;) ( 1o exp (e — ¢;,) t>

Taking the limit of small time intervals (i.e., small r.; and ¢y.)
gives expression (16). []

3. Domestic Pricing Kernel. We can use this proposition to derive
an expression for the domestic pricing kernel, M;; = uie*"tui’cgyr.
We get '

Af*, . *% ﬁit
(20) M = Myew =M, ei (1 + Tei + ¢Hi).

If there is a world disaster on the tradable good (so that M} is
multiplied by B, +y1), there is also a disaster on the domestic,
nontradable good (so that M; is multiplied by B,, +y1Fi,t+1, as
w;; 1s multiplied by Fj;;.1). Disasters affect marginal utility
with respect to both tradable and nontradable goods.

The decomposition also shows how the domestic pricing
kernel M;; is subject to both common disaster shocks with coun-
try-specific loadings (B, +y1Fi,t+1) that command an international
risk premium and nondisaster shocks that do not command an
international risk premium: the innovations to H;; (and also the
innovations to w;, that are orthogonal to disasters, if we had in-
troduced them), which can be correlated across countries, but still

do not command a disaster premium.

4. Interest Rate. We first derive the interest rate in terms
of the pricing kernel, before giving its concrete value. The argu-
ment is standard, but for completeness we spell it out here.
One unit of the domestic currency is worth e;; at time ¢. One
can invest it in the domestic bond and get (1 + r;;) in the domestic
currency at time ¢ + 1, hence (1 + r;)e; 11 of the world numéraire

910z ‘sz Afenige4 uo A1SIBAIUN I0 A MON e /Bio'sfeulnolpio)xo-alby/:dny woiy pspeojumoq


http://qje.oxfordjournals.org/

RARE DISASTERS AND EXCHANGE RATES 17

at time ¢ + 1. The value of the payoffis Et[ LL(1 +ripe;, t+1] at time
t. Hence

M*
ejt = Et|: 41 (1 +rie;, t+1j|

so that the interest rate is given by:

1 M; +1el t+1
@ o e

The following proposition calculates its value in the disaster
model. Recall that r,; := R + 1 — g, — hix.

ProrostTioN 3. (Interest rate). The value of the interest rate in
country i is

(22) Fit =T — A ——— S

Tei + ¢p, + Hit

in the limit of small time intervals.

Proof. In this proof, it is useful to define x;; = et H ;. Then,
equation (18) gives:

M | w;
E; %”H = exp(—R +gwi)(1 +H;;) =exp(—re; + ) (1 +x;¢).
Mt Wit
Equation (14) implies E;[x; 1] = exp(—¢p,) 17, and equation (19)
yields et = a)itA(l + BXit) with A = % s = eXp (7)) .
Thus: e ) T ew )
1iry— M*eit — wiA(1 + Buxir)
E Hlei } ]E[ a)l A(1+ Bx; ]
[ e | B[N A1 Br)
. 1+ B
= o
E, [#] Et[l + Bxi,t+1]
t Wit
o 1+ BJCit
| N
eXp(_ret + ))(1 + xlt)<1 +B 1+ Xt )
— exp(ri — /) L B

1+ xit(1+ Bexp (—¢g.))
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1+ exp (_rei)
) 1- exp (7rei - ¢HL-)
= exp(roi — 1) -
1+

Xit

1—exp (—rei — ¢m,) i

(1 — exp (—rei))exp (—hi)H,;
1 —exp (—rei — ¢m,) + exp (—hi)H

— exp(rei — /) [1 -

Hence,

ri = exp(r — 7)| 1 (1 — exp (—rei))exp (—hi)H |-
1 — exp (—rei — ¢p,) + exp (—hi)H

(23)

Taking the limit of small time intervals gives equation (22). [ ]

When a country is “risky” (low h;, or H;;), its interest rate is
high according to equation (22) because its currency has a high
risk of depreciating in bad states of the world. Note that this is a
real risk of depreciation, not a default risk. Safe countries can
borrow at a lower interest rate, which may explain why histori-
cally the dollar or Swiss franc interest rates were low (Gourinchas
and Rey 2007).

5. Safe Haven Countries Can Borrow at Low Interest Rates and
Have an Appreciated Currency. Consider two countries, one with
low risk/high average resilience h;, (Switzerland, the safe
haven), and one with high risk/lower average resilience A,
(Brazil). Equations (15)—(22) imply that, on average (i.e.,
when H;; = 0), Switzerland has low interest rates (equation
(22) with H;; = 0), while Brazil has high interest rates. This
is a compensation for disaster risk, not default: investors are
willing to lend to Switzerland at low interest rates because the
Swiss exchange rate will appreciate relative to Brazil’s in a
disaster.

At the same time, the exchange rates are e;; = 7 when resil-
iences are at their central value (equation (16) w1th H, i =0).
Hence, the Swiss exchange rate is on average appreciated
(“strong”) compared with the Brazilian exchange rate.

Switzerland (the safe haven) therefore benefits from the “ex-
orbitant privilege” of borrowing at low interest rates. This under-
lying mechanism is different from those of Gourinchas, Govillot,
and Rey (2010), who emphasize differences in risk aversion,
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and Maggiori (2013), who emphasizes differences in financial de-
velopment. A distinctive feature of our model is that the exchange
rates of safe haven countries appreciate in the times of crisis.
Colacito et al. (2015) generate similar facts using a model with
heterogeneous exposures to a long-run risk, rather than a disas-
ter, factor.

III.B. Forward Premium Puzzle and Carry Trade

1 Carry Trade. Consider the following carry trade from the
perspective of an international investor. The trade borrows one
unit of international numéraire in currency j at interest rate r;,
and invests it in currency i at interest rate r;; for one period. The
return on this carry trade is

€ t+1 €jt+1
Riji1= S (L) — (1 + rjt)'
€t Jt

It is important to characterize the expected return on this carry
trade. Because disasters are rare events, it is useful to compute
this expected return both in samples with no disasters and in
full samples with representative disasters. Formally, the former
corresponds to the expectation conditional on no disasters EﬁVD
[Rij,t+1] and the latter corresponds to the unconditional expec-
tation E;[Rjjs1]-

ProposiTioN 4. (Carry trade return). Consider two countries i and
Jwithre,=re, Hy, = H,, ¢y, = ¢y for k =i, j, and consider the
limit of small time intervals. The expected returns of the
carry trade (unconditionally, and conditionally on no disas-
ters in the sample) are equal to:

(24) B[R] = (1 _EV) (ﬁﬁ _ﬁit) - (1 _EV) <1+";—H) (rie — 7).

(25) EﬁVD[Rij,t_;,_l] = ﬁjt — ﬁit = (1 + ?ﬂ) (rit — I"jt).

The first expression requires the additional assumption
that B,,; is constant with value B. The two right-hand
sides expressed with r;—r; hold up to second-order
terms in H;; and Hj;.

The intuition for expression (24) is as follows. First, if there
are no disasters (B = 1), the expected carry trade return is zero,
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Ei[R;j++1] = 0. Second, if there are disasters (B < 1), then the ex-
pected carry trade return is positive if the investment currency i

has lower resilience than the funding currency j (H it — g i@ > 0),
that is, if currency i is riskier than currency j, so that this carry
trade will have highly negative returns in a disaster. At the same
time, we have H it — H it = —(1 + ";—H) (rjt — rit): if currency i is risk-
ier than currency j, its (real) interest rate r;; is greater than coun-
try j’s interest rate rj. In other words, investing in currencies
with high interest rates yields positive expected returns, which
is simply a compensation for bearing disaster risk.

A related intuition can be provided for expression (25).
Suppose again that currency i is riskier than currency

J (ﬁ it -H i >0, ry —ry > 0). If no disaster occurs, the investor
pockets the interest differential r; —rj;. Moreover, because

o~ o~

Hj;1 — H;:1 mean-reverts toward 0, the exchange rate of coun-
try i appreciates in expectation (conditional on no disasters)
against that of country j. As a result, the investor also collects
an expected capital gain, and the expected return of the carry

trade (conditional on no disasters) (1 —i—“;—’:) (r,-t — rjt) is greater

than r;; — rjt.s

2. Fama Regression. These results can be understood using
the related language of Fama (1984) regressions:
(26) Famaregression: Gt Gl _ + B(rje — 7ie) + ij 141,

€it ejt

where ;11 is a random variable with mean 0. As for the
expected return on the carry trade, it is useful to evaluate
this regression both in samples with no disasters (conditional
on no disasters) and in full samples with representative disas-
ters (unconditionally). We denote the corresponding coefficients

by VP and pré.

8. We can derive related expressions that are valid whether or not there are
differences in steady state resiliences (H;, # Hj,). Indeed, we have E;[Rjj.41]
= (1 — EV)(Hjt —Hy) and END [Riji+1] = Hi — Hy,. This applies in particular with
constant resiliences Hj; — H;; = Hj, — H;, = ri, — 1j, (assuming g,, = g,,). In that
case, there is a positive return to the carry trade equal to the constant interest rate
differential (as argued by Hassan and Mano 2015).
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We have e‘;—fl—e”“ =Ry, — (ry — r]t) in the limit of small
time intervals, so that the coefficients in the Fama regressions

are simply F* = 1 — bFull and VP = 1 — bNP | where b7 = (1 —

B"H(1+ ‘f—’:) and 6" =1+ “;—’: are the coefficients on interest rate

differentials in Proposition 4. Hence, we obtain the following

proposition.

ProposiTion 5. (Fama coefficients). Consider two countries i and j
with re,=re, ¢y, = ¢y for k =1i,j, and consider the limit of

small time intervals as well as small H i and bl . In the
Fama regression (26), if in addition B; is constant with

value B, then in a full sample the coefficient g7/ is:
@7) prat = =24 (142105 <1,

while in a sample with no disasters the coefficient 8 is:

(28) g

Te

The uncovered interest rate parity (UIP) condition can be
restated as requiring f=1. The “forward premium puzzle” is
the observation that empirically, the coefficient in the Fama re-
gression is 8 < 1. Our results can be seen as a rationalization of
the forward premium puzzle.

When there are no disasters (B =1) we have g/ —=1.
But when there are disasters (B < 1), we have g7/ < 1. The in-
tuition is similar to the one given for the expected return on the
carry trade and can be traced back to the existence of a time-
varying disaster risk premium. Note that we can even have
,BFull <0.

In addition, we always have g¥P < 0. There again, the intu-
ition is similar to the one given for the expected return on the
carry trade (conditional on no disasters), and derives from the

mean reversion in relative resilience H Gl — H it+1- In this sim-
plest model with one factor (resilience), g2 is always negative; in
richer models with more factors (resilience and inflation, see
below), VP can have both signs depending on the relative impor-
tance of the different factors.
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IV. EXTENSIONS
IV.A. Options and Risk Reversals

Disaster risk is inherently hard to measure, but options offer
a powerful way to assess its importance. Here, we characterize
the way disasters are incorporated into option prices. We discuss
the empirical validity of the model’s predictions.

Consider two countries i and j. Call j the domestic currency
and i the foreign currency. A put gives the investor the right at
date 1 to receive K units of currency j in exchange for ?—g units of

currency i, where K is the strike. As those 372 units of currency i
have a market value of 2—15’72 units of currency j at time 1, the put
pays off x; = (K - %?—g)Jr in units of currency j at date 1. This cor-
responds to ejix1 units of the international numéraire, so the date
0 price of the put is E, [%—geﬂxl] in the international numéraire,
and VP(K) = %%Eo [%ejlxl] in currency j. Hence, the put price in
currency j is:

(29) VE(K) =y [M i (‘EK - eiﬂ.

Mé €jo €0

Likewise, the currency j price at date 0 of a call with strike K is

M (e en g\
VC(K):]EO[AT%(%—;—;K> ]

1. Option Prices without Disasters. The Black-Scholes for-
mula for equity options was adapted by Garman and Kohlhagen
(1983) to currency options. We call V§S(S i, o,r,r*, T) and
VgS(S, k,o,r,r*, T) the Black-Scholes prices for a put and a call,
respectively, when the exchange rate is S, the strike is «, the
exchange rate volatility is o, the home interest rate is r, the for-
eign interest rate is r*, and the time to maturity is 7. The pricing
formulas in that case are well known.®

2. Option Prices in the Model. We use the index & for a state-
ment applying to both countries i, j. For tractability, we make two
simplifying assumptions as in Gabaix (2012). First, we assume
that if a disaster occurs in period 1, efl is equal to 0. Second,

9. Calling ® the Gaussian cumulative distribution function, we have:
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we assume that the distribution of e;; conditional on date 0 infor-
mation and no disaster occurring in period 1 is log-normal
with drift w, and volatility o,, where k indexes countries:
iﬁ = exp(uk + &, — 0—2’%), where ¢, ~ N(O, a,%), and pu:=R—1In
(1 +rx)(A + Hp)) is the expected exchange rate appreciation
conditional on no disasters.'® This enables us to derive option
prices in closed form. The standard deviation of the bilateral log

exchange rate (conditional on no disaster) is oy, := (aiz +o7—
1 . .
2p;j0:07)%, where p;; is the correlation between ¢; and &;.

ProposiTion 6. (Option prices). The price of a put with strike K
and maturity 1 is:

(30) VIK) = VENP(K) + VPP(K),

where VPND(K) and VPP (K) are the part of the price cor-
responding respectively to the no-disaster and disaster
states:

(81) VPNP(K)=exp (—R+11,)(1—po)Vs(Kexp (1 — 1), 01y).

VPP (K) = exp (—R + 1,)poEE [ By (Kexp (1, — 1) Fy —Fa) .
(32)

where VE(K,0):=VE,(1,K,0,0,0,1) is the Black-Scholes
put value when the strike is K, the volatility o, the interest
rates 0, the maturity 1, the spot price 1.

VSs(S. k0.7, 7, T) = Se " Td(dy) — ke T d(dy),
VEs(S,k, 0,7, 7, T) = ke 7T d(~ds) — Se " Td(—dy),

2
=(3) (- +5)7]
dy = K . dy=dy —ovT.

ovT

10. This can be ensured as in Gabaix (2012). We assume that if there is no
disaster, then “* = e¢(1+¢p,,), with Ei[ef,;] = Ee[e 162 ,] = 0. This does not
change any of the formulas for the exchange rate and the interest rate. The distur-
bance term &%, ; can be designed to ensure that - .- has the log-normal noise de-
scrlbed above. The exact expression for u; comes from the Euler equation

=E[(1 + r)e B+ (1 4+ Hy)].
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The price of a call is given by the put-call parity equation:

c P 1 K
(33) V(K)_V(K)+1+ri0 T4
The option price (30) is the sum of two terms. The first one is
a familiar Black-Scholes term. The second is a pure disaster term.
If the foreign currency i is riskier than the home currency j,
then out-of-the-money put prices on the currency pair (home, for-
eign) should be higher than out-of-the-money call prices as the
price of protection against a devaluation of the foreign currency
should be high. We next present a simple metric—risk rever-
sals—to measure the gap between out-of-the-money puts and
out-of-the-money calls.

3. Implied Volatility Smirk and Risk Reversals. We start by
surveying well-known notions in option theory. Given a call
option with strike K and price v, the implied volatility of the
option is the volatility o(K) that needs to be assumed in the
Black-Scholes formula to match the price: VgS(K ,0(K)) =v.
Implied volatilities on puts are defined similarly. For instance,
if a currency has a lot of disaster risk, its put price will be high
(Proposition 6) and its implied volatility will be high.

In particular, consider the implied volatility curve (i.e., the
graph of the implied volatility ¢(K) as a function of the strike K) of
a pair of currencies: a risky currency and a safe currency. Out-of-
the-money puts protect against the crash of the exchange rate of i
versus j and out-of-the-money calls protect against the crash of
the exchange rate of j versus i. Imagine that i is riskier than j.
Then the implied volatility of deep out-of-the-money puts is
higher than the implied volatility of out-of-the-money calls—a
pattern referred to as a “smirk.”

A popular way to quantify the smirk is the risk reversal (RR).
Intuitively, it is the difference in implied volatility of an out-of-
the-money put and a symmetric out-of-the-money call. Hence, a
very risky currency will have a high RR.

To formulate a more precise definition of the RR, we need to
define the delta of an option. It is the derivative with respect to
the time 0 currency price in the Black-Scholes formula. Formally,
if the call price (in the Black-Scholes/Garman-Kohlhagen model)

is V§s(S, k, 7, 7%, 0, T), the delta is A = aggs). The delta of a call

option decreases monotonically from 1 to 0 as § increases.
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Symmetrically, the delta of a put option decreases monotonically
from 0 to —1 as § increases. Given a value A € (0, 1), we define the
A risk reversal to be the difference in implied volatilities between
an out-of-the-money put and an out-of-the-money call with the
following properties. The strike of the put is chosen such that the
Black-Scholes/Garman-Kohlhagen delta is —A. Symmetrically,
the strike of the call is chosen such that the Black-Scholes/
Garman-Kohlhagen delta is A. In practice we work with
A = 0.25, corresponding to a “25 delta” RR.

We state a lemma to better understand the risk reversal. It is
drawn from Farhi et al. (2015, Proposition 5), and the Online
Appendix gives a self-contained proof.*!

LEmMA 2. In the limit of small time intervals, the risk reversal can
be expressed as:

(34) RRjj = ka(Hj: — Hy).

where k, 1= ﬁ is a numerical constant, with ¢ and ®

the density and cumulative distribution functions of a stan-
dard Gaussian.

Hence, if country i has more disaster risk than country j
(Hj; — Hi; > 0), then the risk reversal is positive: put prices on
currency i are very expensive and have a high implied volatility
(compared to symmetric call prices).

4. Four Signature Predictions of Disasters. The model makes
four broad predictions regarding option prices. The first three
were seen already, and the fourth one is detailed in Section V.C.

(i) Countries with high risk reversals have high interest
rates.

(i1) Investing in countries with high risk reversals generates
high expected returns.

11. Formula (34) holds for a “one-period” option, and H;; is expressed per period.
Suppose that “one period”is ryears (e.g., T = $;if a period is one month), and implied
volatilities are expressed in annual units, and the maturity of the option is 7" years.
Then, formula (34) becomes RR ;; = ﬁ (H; —Hy)VT, where RRj; = RRy o 4

NG
H, = % are the RR and the resilience expressed in annual units. In addition, for 25

delta options (A = 0.25), ﬁ ~ 1.57.
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(iii) When risk reversals go up, the exchange rate contempo-
raneously depreciates.

(iv) The risk reversal of risky (i.e., high risk reversal, high
interest rate) countries should covary negatively with
HMLpgx (which is the payoff of a portfolio going long
high interest rate currencies and short low interest
rate currencies), while the risk reversal of less risky
countries should covary positively with it.

Empirical support for these predictions can be found in various
papers: Carr and Wu (2007, prediction iii), Brunnermeier, Nagel,
and Pedersen (2009, predictions i—iii), Du (2013, prediction 1),
Farhi et al. (2015, predictions i—ii). Section V.C finds support for
prediction iv.

These four signature predictions of the disaster hypothesis
are therefore qualitatively borne out in the data. The calibration
will show that the correspondence between empirics and theory
can be made quantitative as well.

5. Illustration: Impact of a Change in the World Disaster
Probability. An important object is the probability of a world di-
saster, p;. Its movements have a number of signature effects that
we now study. Consider two countries, again one safe (high F,),
Switzerland, and one risky (low F;, < F};), Brazil. The difference in
their resiliences is

Hj — Hy :ptEtD[B;Vl (Fj,tH - Fi,t+1)]~

Suppose that p, increases, while EP B, (Fj 1 — Fi11)] re-
mains the same. Then, H;; — H;; increases: Switzerland becomes
relatively more resilient than Brazil. As a result, Switzerland’s
currency appreciates relative to Brazil’s.

IV.B. Stocks

Our model allows us to think in a tractable way about
the joint determination of exchange rate and equity values. We
consider the case of a stock of a generic firm in country i, that
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produces the traded good.'? Its dividend is D, in units of the
traded good (i.e., the international numéraire), and d; = e”
when expressed in the domestic currency. It follows the followmg

process

1 if there is no disaster,

D;
2 = exp(gp)(1+£P,,) % {

Dy Fpisi1  if there is a disaster,

D
where &,
ing kernel.

We define the resilience Hp;, of the dividend D;; of stock i as
Hpi = pEP[B,}\Fpis1 — 1] = Hp. + Hopi.

1 1s an idiosyncratic shock uncorrelated with the pric-

As before, we posit that the law of motion for H pi: 1s an LG
process:

~ 1+ Hp;, 5 H
(35) Hpit1 = 15 Hopy ———exp(—¢y,, )Hpit + & /1y
where ¢p, . is the speed of mean reversion of the resilience of
the stock. We also define hp;, := In (1 + Hp;.).

ProposiTion 7. (Price of stocks). The domestic price of the stock
Pp;; is, in the continuous time limit
1 + ﬁDit
(36) Ppit = diy—— 2o
TDi

where d;; is the dividend expressed in the domestic cur-
rency and rp; .= R — gp — hpis.

A more resilient stock (high H piz) has a higher price-dividend
ratio and lower future returns. The next lemma states the equity
premium.

Lemma 3. (Equity premium). The expected excess return of stocks
(in the domestic currency, over the domestic risk-free rate) is,
in the limit of small time intervals, and neglecting second-
order Ito terms: p/By[B, | (Fis+1 — Fpiri1)]-

12. The dividend of this firm may not be equal to total exports, as only a segment
of firms are listed in the stock market. The NBER working paper version of this
article also develops the case of a firm producing the nontraded good.
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IV.C. Yield Curve, Forward Rates, and Nominal Exchange
Rates

Until recently, forward real interest rates were not available.
Only their nominal counterparts were actively traded. Even
today, most bonds are nominal bonds. To model nominal bonds,
we build on the real model developed above. Let P; = L be

l_g(l_”is)
the price level in country i, where 7;; is inflation at time ¢ (this
formulation will prove tractable). The nominal exchange rate is:

~ e;
(37) & = Ftt

where we denote nominal variables with a tilde. The nominal
interest rate r; satisfies 1 = Et[ ’“e”“(l +rlt)] so that in the

continuous-time limit
(38) Tie = rig + Ty,

that is, the nominal interest rate, is the real interest rate plus
inflation. Because there is no burst of inflation during disasters,
Fisher neutrality applies. With a risk of a burst of inflation,
even short-term bonds would command a risk premium.

We posit that inflation hovers around r;,, roughly according
to an AR(1) process. More specifically, to ensure tractability of the
model, we posit the linearity-generating process:

(39) T4l = Tix + eXp( G (it — i) + €7 4115

1-—

1_
where i has mean 0 and is uncorrelated with innovations in
M7, |, in particular with disasters. This means, to the leading
order, that 711 — i >~ exp (—¢,;)(7wir — 7ix) + €7,,¢, that is, the
process is a (twisted) AR (1). One could allow for nonzero cor-
relation, but the analysis would become a bit more complicated.

ProrosiTion 8. (Forward rates). In the continuous-time limit, the
domestic nominal forward rate is, up to second-order terms in
H;; and m;; — ;.

(40) fiD)=rei— 7~

exp( ¢H ) lt+ﬂl*+exp( d)mT)(”Lt ”t*)-
el+¢H
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The nominal forward rate in equation (40) depends on real
and nominal factors. The real factor is the resilience of the
economy H ;. The nominal factor is inflation ;.

Each term is multiplied by a term of the type exp (—¢g T).
For small speeds of mean reversion ¢, the forward curve is fairly
flat.

We can derive the implications of our model for a Fama re-
gression in nominal terms:

€ittl €l - | nox = -
(41) e - T = G B(Fj — Tit) + Eijrsts
€t €t

where 7;; and 7; are the nominal interest rates in countries :
and j. Our model’s prediction is in the next proposition.

ProposiTion 9. (Value of the coefficient in the Fama regression in
nominal terms). In the nominal Fama regression (41) with
forward rates, the coefficients are:

42) B =i 15, B o 1,

where NP and ! are the coefficients in the Fama regres-
sion defined in Proposition 5 and

1

Var(nn 77tjt)
(ru_ E;HZ) Var(H,-H;)

is the share of variance in the forward rate due to H. ‘e

(43) b=

1+

In this ﬁlijmple model, the higher the variance of inflation,
the closer g is to 1. Hence, countries with very variable infla-
tion (typically countries with high average inflation) approxi-
mately satisfy the uncovered interest rate parity condition.
Bansal and Dahlquist (2000) provide empirical support for this
phenomenon. When disaster risks are very variable—and the
real exchange rate is very variable—then B is smaller and
can turn negative.
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V. QUANTITATIVE ANALYSIS
V.A. Calibration

We present a simple calibration of the model to work out its
basic quantitative properties. We leave a full-blown estimation of
the model for future work. As our data is nominal, use the exten-
sion to a nominal setup presented in Section IV.C.!* We use
monthly data from JP Morgan presented in Farhi et al. (2015)
for the January 2009—May 2013 period.'* We take the same pa-
rameters for all countries.

1. Key and Ancillary Parameters. Table I summarizes the
main inputs of the calibration, which are sufficient statistics for
the output of the model, summarized in Tables III-V. These
sufficient statistics can in turn be rationalized in terms of
“ancillary” parameters shown in Table II. We call these parame-
ters “ancillary” because they matter only via their impact on the
aforementioned sufficient statistics listed in Table I. For instance,
take ro; = R + /. — g4, — hi. (see equation (15)). Table I calibrates
it to be 6%. At the same time, many combinations of R, 4, —g,,
and —h;, can add up to r,; = 6%. We present one such combina-
tion of ancillary parameters in Table II.

Similarly, we directly calibrate the process (14) for resilience
H; =p:EP[B, 7 \F; 11— 1]. In the ancillary Table II, we show one
example of underlying processes of the disaster probability p,,
severity B:.1, and country-specific factors F;;;1 that generate
the sufficient statistic H;,. This allows for a more parsimonious
calibration that focuses on the key drivers of exchange rates.

2. Calibrating the Key Parameters. Cross-country correla-
tions: In the baseline calibration, we take the innovations to
el eﬁ”, and ¢ to be uncorrelated across countries. This is just
for clarity and simplicity. We introduce cross-country correlations

later in Section V.C. The Online Appendix details the exact spe-

cification that we adopt for the mean-zero innovations &, &7,
and 2.

13. The countries we use are Australia, Canada, euro area, Japan, Norway,
New Zealand, Sweden, Switzerland, United Kingdom, United States.

14. There was a large crash of carry trade in fall 2008. The post-2008 sample is
more economically homogeneous than the full sample.
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TABLE I
Key PARAMETER INPUTS

Exchange rate discount rate Tei = 6%

Resilience: volatility and speed of o, = 1.87%, ¢y, = 18%
mean-reversion

Inflation: volatility and speed of 0r =0.6%, ¢, =23%
mean-reversion

Stocks: discount rate, volatility and rpi = 4.4%, 0p, = 8.4%,8p, = 2.5%
growth of dividends

Stocks resilience: volatility and speed ory = 3.1%, ¢p,, =13%

of mean-reversion

Notes. This table reports the coefficients used in the model. oy is the average volatility, and ¢y is the
speed of mean reversion. The time unit is a year (the model is simulated at a monthly frequency, but for
readability the numbers are all annualized).

TABLE II
ANCILLARY PARAMETERS

Coefficient of risk aversion, IES y=40=1

Rate of time preference p=59%
Probability and severity of disasters b =36%, B=0.66
Recovery rate of export productivity F=1 05 =98%
Growth rate of consumption, export productivity 8e, =2.5%,8, =0
Depreciation rate A=5.5%

Recovery rate of stock dividend Fp,=B

Notes. This table reports the coefficients used in the model to generate the parameters of Table I. ox
is the average volatility, and ¢x is the speed of mean reversion. The time unit is a year (the model is
simulated at a monthly frequency, but for readability the numbers are all annualized). The parameters
also generate: H;= = 15.37%, R = 15.9%, op,, = 1.5%.

Exchange rate and interest rate: We call A the time-differ-
ence operator, Ax; = x; — x;_1, and o, = stdev(Ax;) the volatility of
a variable x;. For two countries, we define the volatility of the

bilateral exchange rate as afil = stdev (Aln %) and the volatility
i

of the difference in interest rates o% = stdev(A(ry —ry)).

Equations (16) and (22) give 0?! = r,;0%. The above equation
guides our calibration. We set r,; = 6%. This implies ¢4 ~ agﬂ

~ 11% and a reasonable value of the bilateral real interest rate
volatility, 0% = 0.7%.

For the speed of mean reversion of resilience, we take
¢u, = 18%, which gives a half-life of In 2/¢y = 3.8 years, in line
with estimates from the exchange rate predictability literature
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TABLE III
MoOMENTS: EMPIRICAL AND IN THE MODEL

Moments Data Calibration
Std. dev. (Aln é;;) 12.35% 11.9%
Carry trade return 3.44% 4.9%
Fama regression coefficient -1.29 -0.61
Mean(|RR;;|) 1.31% 1.25%
Std. dev. (RR;;,) 1.24% 1.28%
Std. dev. (ARR;j;) 2.60% 1.10%
Std. dev. (7;) 1.38% 1.28%
Std. dev. (A(Fi; —7j)) 0.71% 1.18%
Corr(Aln é;;, ARR;;;) -0.58 -0.90
Corr(In €441, In €;) 0.88 0.98
Corr(Aln é;54,1, Aln é5) -0.13 0.00
Corr(Fiy — Fjy, RRijr) 0.55 0.65

Notes. The table reports the moments generated by the model, using the inputs from Table I. The risk
reversal RR;; is defined as the implied volatility of an out-of-the-money put minus the implied volatility of
an out-of-the-money call, all at 25-delta. A high RR;;, means that the price of protection from depreciation
of currency i (against country j) is high. 7 is the nominal interest rate. We define e",ﬂ =%t the nominal
bilateral exchange rate between countries i and j: a high é;; means that currency i appfe51ates Carry
trade returns are the returns from a long-short portfolio going $1 long (resp. short) an equally sized
portfolio of high (resp. low) RR countries. The time unit is a year (the model is estimated and simulated
at a monthly frequency, but for readability the numbers are all annualized).

TABLE IV
MOMENTS RELATED TO STOCKS: EMPIRICAL AND IN THE MODEL

Moments Data Calibration
Equity premium: mean (r$©% — ;) 6% 7.5%
Volatility of stock returns: std. dev. (r$%k) 18% 18%
Mean 7= 23 18.7
Standard deviation of ln it 0.33 0.37
Volatility of stock returns in foreign currency: 20% 21%
std. dev. (r5ck$)

Corr(Aln &, ritok — -Stt“k) 0.00 0.03
Corr(Aln &, r5ioc® — pflocks) 0.75 0.55
Corr(ARR ., ritock — -St“’“k) -0.05 -0.01
Corr(ARRy;, i — iiocks) ~0.46 ~0.49

Notes. The table reports the moments generated by the model, using inputs from Table I. r&* (resp.
°mk %) is the stock return of country i expressed in country i’s domestic currency (resp. in US$) The risk
reversal RR;j, is defined as the implied volatility of an out-of-the-money put minus the implied volatility of
an out-of-the-money call, all at 25-delta. A high RR,,, means that the price of protection from depreciation
of currency i (against country j) is high. We define é;; := £, the nominal bilateral exchange rate between
countries ¢ and j: an increase in é¢;; means that currency L apprecmtes Here we take country j to be the
United States. The time unit is a year (the model is estimated and simulated at a monthly frequency, but
for readability the numbers are all annualized).
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TABLE V
MoMENTS RELATED T0 HMLyx: EMPIRICAL AND IN THE MODEL

Moments Data Calibration
Corr(HMLpy ;, r5tock) 0.39 0.33
Test of the one factor-structure: o; 0% 0*

in P& — o+ By gy HMLgx, + €3t
(for H,M,L portfolio) (for H,M,L portfolio)
Corr(HMLpx ;, Aln% (0.60, —0.01, —0.51) (0.50,0.04, —0.43)
Corr(HMLpgx ;, ARR;;) (—0.43,-0.05,0.36) (—0.47,—-0.02,0.43)

Notes. Here HMLpx, is the return of a portfolio going long high interest rate currencies and short low
interest rate currencies. r5°* is the average of stock market returns across countries. rcum"cy is the
currency return (capital gains plus interest rate) when going long a basket i (high / medium / low interest
rate currencies) and short an equally weighted basket of all currencies. 0* means that the value is not
statistically different from 0. - is the nominal exchange rate of country i vis-a-vis an equally weighted
basket of all currencies (€, is t e average exchange rate across countries, Iné,, = 12 In éj). Countries
are sorted by interest rates and are divided into three groups of high, medium, "and low interest rates
(H, M, L).

(Rogoff 1996). The standard deviation of the innovations to resil-
ience H;; are chosen to roughly match the level and volatility of
the risk reversals, as well as the volatility of the bilateral ex-
change rate, as reported in Table III. This leads us to set
OH, = 1.87%.

Inflation: Data (e.g., on currency options) are nominal, and
the essence of our model is real. Inflation contains a substantial
high-frequency and transitory component, which is in part due to
measurement error. Call 7; = 7;; + n;, the measured inflation
(which can be thought of as trend inflation plus mean-zero
noise), while 7;; is the trend inflation. We estimated inflation
using the Kalman filter, with 7;;,1 = C1 + Com;s + € ¢ 41for the
trend inflation and 7;; = 7;; + n;; for the noisy measurement of
inflation, in the sample 1985-2013 (so that we capture the post-
Volcker disinflation regime). This led to a volatility of inflation of
o, = 0.6% (by the way the estimate is quite unstable and sample-
dependent) and speed of mean reversion of ¢, = 23%.

Carry trade returns: A simple and important statistic that
captures risk premia in exchange rates is the average carry
trade return. We operationalize this strategy in the following
manner (see, e.g., Farhi et al. 2015). To better capture disaster
risk, we sort on risk reversals rather than interest rates. We
divide countries into two equally sized bins of resilience: the
risky countries are those in the bottom half of resilience and
the less risky countries are in the top half. We define the carry
trade as going long $1 in the equally weighted portfolio of risky
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countries (low H;,) and going short $1 in the equally weighted
portfolio of safe countries (high H;;).

Stocks: Empirically, domestic stock returns and the ex-
change rate are uncorrelated on average (see Table IV). We spe-
cify the correlation between innovations to Hp,; and H;, to match
this (the procedure is detailed in the Online Appendix). We match
the volatility of dividends d;; of 11%, as in Campbell and
Cochrane (1999); this leads to op, = 8.4% (remember that D;, is
in the world numéraire, and d;; is expressed in the domestic cur-
rency). We use the stock calibration in Gabaix (2012). We take the
speed of mean reversion of dividend resilience to be ¢, = 13%,
which mimics the speed of mean reversion of the stock’s price-
dividend ratio and rp; = 4.4%, to match the average price-divi-
dend ratio. We choose op,, to match the volatility of stock returns.

2. Interpreting Key Parameters in Terms of Specific Ancillary
Parameters. Resiliences are sufficient statistics for the calibra-
tion. To be more precise, our calibration only requires specifying
the joint laws of motion for the resiliences H; = p/E:[B,/
Fi;i1 —1]. The results of the calibration do not depend on
whether the shocks that drive the changes in resiliences come
from movements in p,, B,, i’l, or F;;.1. However, we discuss now
how their variations are related to deeper disaster parameters.

One simple specification to generate the volatility of resil-
ience in Table I is to assume that resilience innovations come
entirely from idiosyncratic movements of F;,. We keep p, and
B; .1 constant at p = 3.6% and B = 0.66, which as recommended
by Barro and Ursua (2008), is based on a certainty equivalent of

historical disasters (B := ]E[B*V]_% = 0.66, averaging over histor-
ical episodes; see also Barro and Jin 2011). We use a coefficient of
relative risk aversion y=4.

Then we calibrate or, = _(giy = 9.8%.1% This generates a dis-

persion in prospective recovery rates of var(Fi;)'/? ~ \/a;;_, so that
H;

the dispersion in expected bilateral recovery rates is

15. An interesting alternative is as follows. Suppose that innovations in differ-
ential resilience come entirely from movements in p, (keeping E,
[B.\(Fi.t+1— Fj111)] constant). With fixed values of Fy,, for example, | F; ;1 — Fj 1]
= 0.23 (similar to the numbers above) we have o, = 1.56%. This is of the same
order of magnitude as the calibration in Wachter (2013), which uses o, >~ 1.1%.
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oF,
N
rect, a weak consequence is that the realized dispersion of cur-
rency jumps during disasters should be at least 23%.'°
Empirically, the dispersion of actual currency movements is
indeed larger, at 53% (the interquartile range of 41%) during
World Wars I and II.'7 Hence, by that metric, the volatility in
resilience is reasonable.

Exports and productivity: In the calibration, we take o = % for
parsimony (so that the utility becomes separable) and also
assume that ¢;; and &; do not jump in a disaster. In a disaster,

var(ln Fi; —In th)l/z ~ = 23%. Hence, if the theory is cor-

_1
M; ) " (from equa-

wie "y

M;,, is multiplied by B,;. So, since C} = (
tion (10)), we have that Cit is multiplied by B;,; in a disaster.
Given CQ[T = CL(&,e) 7 (from equation (9)), CNT is multiplied

by B:11F; [, in a disaster. For simplicity in the choice of ancillary
parameters, we will take the case where the typical value of F; ;11

is F = 1. This way, in a typical disaster, the ratio of nontradable
to tradable consumption remains unchanged. In other words,
both types of consumption collapse by the same factor, By, 1.

This leads us to take H;, = p(B 'F — 1) = 15.3%. We catego-
rize H;, as ancillary because its value (given the existing key
parameters of Table I) does not affect (up to second-order
terms) the exchange rate and interest rate moments that we
report in Tables III and IV.

The growth rate of productivity g, is irrelevant in practice,
but for completeness we propose a specific value. Though results
are not sensitive to the choice of this parameter, we set g,, = 0; in
an economy where endowments all grow at a rate g, the

16. Indeed, consider the very mild enrichment of the model, where “4! is the
process assumed in the article (equation (11)), but multiplied by (1 + &, +1) where
?,,1 is 0 if there is no disaster, and is a mean-0 random variable is there is a
disaster. Then, none of the pricing expressions in the article change (including

the value of the exchange rate and interest rate). If there is a disaster at ¢,
AanT‘; = Aln%‘; + Aln%, so var?(Aln %ﬁ) > varD(Aln%':).

17. The data comje from Global Financial Data, and comprises Australia,
Austria, Belgium, Brazil, Canada, Denmark, Finland (only World War II),
France, Germany, India, Ireland (only World War II), Italy, Japan, the
Netherlands, New Zealand (only World War II), Norway, Portugal (only World
War II), Russia (only World War II), South Africa, Spain, Sweden, Switzerland,
and the United Kingdom.
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consumption of tradables and nontradables then both grow at g,,
as there is no differential advantage to the production of trad-
ables. We take A = 5.5% which leads to an average real interest
rate of r,; — 2 = 0.5%.

GivenR =r,; — 1+ 8., + hi., we obtain R = 15.9%. Given our
assumptions, we have R = p + yg.,, where g, is the growth rate of
tradable consumption. We choose the growth rates so that in
normal times consumption of nontradables grows at a rate
8c; = 2.5%. This in turn pins down the rate of time preference,
p=R—yg, =59%.

Stocks: We take the recovery of the stock dividend to be that
of the economy Fp, = B. By the same reasoning as before, we have

Hpi 0
op, == =15%.
Fp; 1_73 v o

V.B. Main Quantitative Findings

Tables III and IV present results from the calibration.'®

As Table III shows, the model hits the volatility of the bilat-
eral exchange rate, that is, generates the right amount of “excess
volatility” in exchange rates. The model also roughly matches
(and slightly undershoots) the size of disaster risk as measured
by the average size of risk reversals. At the same time, the model
generates a moderate volatility of the interest rate, as in the data.

We showed earlier that in the model countries with high risk
reversals have high interest rates, and that increases in risk re-
versals are associated with depreciations of the exchange rate. The
calibration confirms this. Table III reports the calibrated values of
Cov(Fit — 7z, RR;), which broadly matches up with its empirical
counterpart. Corr(Aln é;;, ARR;;) is a bit far from its empirical
value. The reason is that we have a one-factor model, which (es-
sentially) tends to generate a —1 correlation. If we have a two-factor
model (as in the Online Appendix), then the fit becomes quite good.

The carry trade generated by the model gives average re-
turns in line with the empirical evidence (see Farhi et al. 2015
for more variants of the carry trade). Investing in countries with
high risk reversals generates high expected returns. Indeed, the
expected return of the carry trade (given positive RR) is about

18. The Online Appendix presents a table that verifies that our calibration of
stocks also matches the pattern of predictability of the stock market with the price-
dividend ratio, with a slope and R? rising with the horizon (at least for a while). The
resultsin Lettau, Maggiori and Weber (2014) could help constrain the calibration of
the model’s higher moments.
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4.9% a year. Finally, the model generates Fama coefficients
B¥P = —0.61 in line with estimates of the literature cited above.
In the table, we report Verdelhan (2010)’s estimate, which is
representative.

Stocks. Table IV shows the moments related to stocks. We call

rtock — gtDI” 1 the return of the stock in country i, in the do-

mestic currency. We also call r5tok — ee,’ftl% — 1 Stk 4 A
= i—

Ine;; the return in a foreign currency, which we take to be the
dollar; é;; = 275 the bilateral exchange rate between countries i

and j. The equity premium is about 6%, in line with the usual
empirical estimates. We report the correlations between changes
in the exchange rate of two countries and changes in the relative
stock returns: corr(Aln &, ri** — r5te®k). Empirically, this corre-

lation is close to 0; movements in the stock market and the ex-
change rate are uncorrelated on average. The model reproduces
that fact. Likewise, changes in risk reversals and relative stock
returns are essentially uncorrelated in the data and in the model
(corr(ARRy;z, rit*k — rijoek) is close to 0).

We also study the correlation between stock returns in a

common currency and the change in the exchange rate:

Stock,$ Stock,$

corr(Aln ey, r); —ry ). Empirically, this correlation is

high, about 0.75. The model is roughly in line with this.

Likewise, there is a negative correlation between changes in

risk reversals and relative stock returns: corr(ARRy;, roteo$_

Stock $
]t
try ¢ becomes less risky, the risk reversal RR;; goes down, the
exchange rate ¢;; appreciates and its realized stock return differ-
Stock,$ Stock,$

) < 0 in the data and the model. Economically, when coun-

ential 7, —ry is higher.

We conclude that the disaster model can be made quantita-
tively broadly congruent with the salient empirical facts.

V.C. Additional Findings: Covariance Structure in Currencies

In their influential work, Lustig, Roussanov, and Verdelhan
(2011) find a one-factor structure in currency returns. Namely,
they form a portfolio, HM Ly, going long high interest rate cur-
rencies and short low interest rate currencies. They also find that
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currency excess returns are accounted for by the HMLzx factor.

: : Currency __
They find, in essence, that regressing currency return r; =

o; + B;HMLpx, + ¢ yields o; = 0. Here, rict“rre"cy is the currency
return (capital gains plus interest rate) when going long a
basket i (e.g., high interest rate currencies) and short a diversi-
fied basket of currencies.

In this subsection, we keep the previous calibration but give
it the additional structure of a one-factor model in currencies and
stocks, respectively. We find that we can match the salient facts
related to HMLzx and make a new, successful prediction linking
it to risk reversals.

1. Factor Structure. We define the normalized resiliences of
stocks and exchange rates as:

Hpit ~

TDi+PHp, H;
hD' = = -1, eit \ — .
! H rei + ¢
it ei T Pm,
1 + rei+¢Hi '

Using this notation, we can reexpress equations (16) and (36) as
follows:
et =24 (14 heio) o = 22 (14 )
Tei T'Di Wit

The innovation to the exchange rate and the stock price (and re-
turn) are captured by k,; and hp;;, respectively. We call ¢x, the
innovation to a random variable X, (ex, = X; — E._1[X:].

We posit that the innovation to normalized resilience follows
a one-factor structure: &, = B,; ;_1fer + 1.y Where f,; and 7,;; are
mean-0 innovations. We also specify 8,;, = b(Hy,; — H;;) with 6 > 0,
and H,, is the average of H;; over all other countries. This means
that when f,; is positive, the spread in the resilience between
risky and less risky countries shrinks, that is, risky currencies
appreciate over less risky currencies. Hence, f,; is proportional
to HMLpx ;. When f,; is positive, HMLpx , is positive and the
risk reversal of risky countries goes down while their exchange
rate appreciates. The key free parameter is b, which we set to
0.114.

Empirically, international stock markets tend to covary. This
naturally suggests a one-factor structure of stock resilience:
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Ehpw = Bpiy—1/De + Mpis- We set Bp, =1 and corr(fe:, fp:) = 0.65,
which allows us to match the empirical correlation between the
HML gx factor and the average of international stock market re-
turns (the Online Appendix details the process, including linear-
ity-generating terms.) The factors 7,;; and np;; are uncorrelated
with other variables.

2. Results. Table V shows the results.'® As expected, if we sort
countries by interest rates (high, medium, and low interest rates:
H,M,L; recall that in our model, risky countries have high real
interest rates), we observe that risky countries have a positive
correlation with HMLzx and the least risky countries have a neg-

ative correlation with it (see the row Corr(HMLpx ;, Aln e%)). The

model produces a good quantitative fit with this fact.
We also verify that the one-factor structure shown in Lustig,
Roussanov, and Verdelhan (2011) is replicated in our model (see

the row on rict”"ency = o; + B; gy HMLx, + &i).2° In addition, the
model replicates the positive correlation between HMLpx returns
and average stock market returns.

The new prediction of the model is that risk reversals should
covary with HMLgx: the risk reversal of risky countries should
covary negatively with HML zx, whereas the risk reversal of less
risky countries should covary positively with it. This is indeed the
case in the data, as indicated in Table V. We view this as an
additional comforting, previously undocumented disaster-like
feature of the data.

In conclusion, a parsimonious calibration of the model can
replicate the major moments of the link between currencies, in-
terest rates, stocks, and options, including the factor structure
documented in stocks and currencies.

19. This table is computed over the whole sample to maximize representative-
ness. The numbers are broadly the same when restricting to the post-2009 sample,
except Corr(HMLpx ;, rstm“k), which is smaller in that sample. We suspect that this
number is not representative of typical samples.

20. If we computed the returns of portfolios short a given currency (say, the
dollar), then we would need to add a second factor, namely, the return of that

currency.
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VI. CONCLUSION

We have proposed a disaster-based tractable framework
for exchange rates. Our framework accounts qualitatively and
quantitatively for both classic exchange rate puzzles (e.g.,
excess volatility of exchange rates, forward premium puzzle,
excess return of the carry trade) and links between currency op-
tions, exchange rates, and interest rates—signature predictions
of the disaster hypothesis.

The model is fully solved in closed form. It can readily
be extended in several ways. The Online Appendix works
out various extensions, including a detailed model of the
term structure and the incorporation of business cycle
movements.?!

The model offers a unified, tractable, and calibrated treat-
ment of the major assets and their links: exchange rates, bonds,
stocks, and options. Hence, we hope it may be a useful point of
departure to think about issues in international macro-finance.
In particular, studying more specifically the dynamics of produc-
tion and consumption in the disaster environment seems like a
fruitful direction for research.?” We speculate that this might in-
volve modeling adjustment costs in investment, imperfect risk
sharing, and price setting imperfections leading to pricing to
market and incomplete cost-to-price pass-through. Pursuing
this direction could lead to a unified international macro model
to think jointly about prices and quantities.

21. These extensions rationalize additional empirical facts uncovered by
Boudoukh, Richardson, and Whitelaw (2012) on forward rates and deviations
from UIP, and Lustig, Stathopoulos, and Verdelhan (2014) on the term premium
in the bond and currency riskiness. Boudoukh, Richardson, and Whitelaw (2012)
find that the carry trades based on long-dated forward rates exhibit small devia-
tions from UIP: in our model this is because at a long horizon, other factors (e.g.,
business cycle or inflation) are more important, and they tend to generate no devi-
ation from UIP. Lustig, Stathopoulos, and Verdelhan (2014) find that “risky” cur-
rencies have a lower term premium. In our model this holds even if all countries
have the same inflation dynamics, where inflation goes up in disasters (as in the
historical experience on average), which creates a term premium. Because risky
currencies will depreciate in a disaster, a portfolio long their short-term bond and
short their long-term bond will have little value in a disaster, whereas the equiva-
lent portfolio for safe countries will have a positive value: hence, the term premium
is high in safe countries and small or zero in risky countries.

22. Tokeep a tractable model of production with disasters, the “disasterization”
procedure may be useful. It was proposed in Gabaix (2011), and later used in Gourio
(2012).
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APPENDIX: COMPLEMENTS AND PROOFS
A. Different Notions of the Exchange Rate

In the article, we define the “absolute” exchange rate e;; to be
the price of the nontraded good in country i in terms of the world
numéraire. The more traditional definition would be &, the price
of the consumption basket in country i in terms of the world
numéraire.?® Using the usual algebra of CES price indexes, the
link between the two is:

(44) Eir = (& +eu' ).

The share of traded goods in consumption is
grel (&, +eit1"’)71. In the data, this share is small, so that &;
is close to 0. The consequence is that £; ~ e; and g—z ~ %, so that
the two notions are quantitatively close. This approximation is
exact up to a term O(gg). It is analytically simpler to characterize

the behavior of ¢;;. In any case, it is possible to go back and forth
between the two notions using equation (44).

B. Proofs

We present the proofs of the main results. Additional proofs
are in the Online Appendix. For simplicity, we drop the country
index i in most proofs.

The Limit of Small Time Intervals. We often take the limit of
small time intervals. We formalize this procedure here. Take for
instance the interest rate “per period” r;;. Let us call At the phy-
sical length of a time period (e.g., At = % of a year if the time
period is one month), and r; the interest rate in continuous
time notation. Then, r;; = rj; At. Likewise,

(45) H; = HyAt,p, = p,At, p= pAt, ) = AAL.

However, the exchange rate is not in “per period units,” so that
eit = e;. Likewise, B, = B, Fiy = Fj;. On the other hand, ¢t = £,
where ¢ is the physical time (in years). The limit of small time
intervals corresponds to A¢—0.

As an example, let us detail how equation (19) becomes equa-

tion (16) in the limit of small time intervals.

23. The bilateral exchange rate between country i and country j is then %
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o Wit <1 4 xp (—Tei — his) ﬁit>

T 1-exp(—Te)\ | 1—exp (~rui— dy)
wi; At exp (—ry At — hi At) =
= 1 At
1 — exp (—r.;At) 1 — exp (—reiAt — ¢y Al)
_ Wi At 1+ 1+ O(At) i At
re At + O((At)%) reiAt + g At + O((Ab)°)
W 1+ O(AY) ~
= ]. Hit
rei + O(At) rei + ¢y + O(At)

:@<1+i)+0mt)=@<1+ Hi )+O(At).

Ie re + ¢Hi el Tei + ¢Hi

Complement to the Proof of Proposition 2. We now present a
rigorous proof. Let D; = exp (—At)w; and X; = H, (for simplicity,
we drop the subscript i in this proof). By Proposition 1, we have

Eo [Z M;‘Dt}

(46) eg=—"—=.
Mg

We calculate the moments:

B et | —exp(-R - 121 po + P (B o)
=exp(—R—-1+4+8,)1+H;)=exp(-R—-/+g,)(1+H,)
+exp(—R—1 +gw)I:f ¢
=exp(—R—2+8,)1+H,)+exp(—R —1+8,)X;
=exp (—7.) +exp (=1, —h.)X;,

using r. =R+ 1—g,—h,. Also:
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* D * D1
E, | 217t 5 — | 2t e
t[ M:D, t+1 ¢ M:D, (Xt 11]

1+H,
1+ H,

— e~ R—7+80—0n(1 T HH)H, =e "X,

e_¢HHt

= e B-7+8u(1 4 H,)

There are two ways to conclude. The first way uses the
notation of Gabaix (2009) %*: the above two moment calcu-
lations show that Y; = M;D,(1,X;) is an LG process with
generator Q:

(eXp (=re) exp(-re —h.) )
0 exp (=1, — ) )

Using Theorem 2 in Gabaix (2009), or equation 3 of the
“Précis,” we find e;p = wio(1, 0)I — Q) 11, X,),

wio exp (_rei - hl*) T
47 i0 = 1 Hol
(47) 40 =1 " exp (—re) < 1o exp (~7ei — ¢p) 0>

More generally, where w;; is the current productivity of the
country, we get equation (19). The second way is the more
heuristic proof in the main text.

Proof of Proposition 4. Derivation of equation (25): Using
equation (16), we calculate:

24. See also the compact version, on Gabaix’s web page: “Précis of Results on
Linearity-Generating Processes.” http:/pages.stern.nyu.edu/~xgabaix/papers/
lg-precis.pdf
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ﬁi.Hl
e; w;
]END|: it+1 1i| _ E{fVD i t+1 e t‘PH -1
eit @ity . H;
Te + ¢H

1+ %T;l
=EM | exp(g,,) — = — 1
it
Te + ¢H

— o~

H;: 1

=g, +ENP ’87;‘“1 1| +o(Ab)

1+ it
re+¢H

1+

H;—Hy,
= g, +EP 7] +o(At)
Te +¢H +Hzt

H i H
=8u — 7% R o(at),
re + ‘pH + Hzt
where we use the fact that equation (14) becomes, in the limit
of small time intervals, Hl,t+1 H,t = —(¢>H —|—H,t>Hlt + & t+1+

o((At)?). »y
Using equation (22), riy =r, — 4 — — and r. = R + A—
g _ h re+¢H+HLt
[0 ks
IE%VD |:ei¢7+1(1 +rit)] 1= EﬁVD |:e‘7‘7+1 _ 1] + 13 +0(A)
€it €t
Hy,+H H;
=8w;, — ¢Ht—+ALt+ —A— rit/\-f'o(At)
re+¢H+Hzt re+¢H+HLt
(re +éu +ﬁit>ﬁit
=R—hj — = +o(At)
re+oy +H;

—=R—H;, —Hy+0(At) =R — Hy; +0(Ab).

This implies:
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e; e;
P [Ryen] = B | 21| < 1P| (14 )|
i Jt

i — Hit + o(At) = Jt — it +o(At)

Next, we turn to proving equation (24).

e; €
Et|: i+l 1 —i—rit)] —1=(1—p,ENP [ﬂ(l +ri) — 1]
(73 €it

+pEP [eg‘“ (L+7ri)— 1}
it
=(1-p)(R—Hy)+pE? [Fitr1—1]4o0(Ab).
The last step is verified as follows:

€
ptE? [%H(l +rig) — 1:| =PtAtE?[Fi,t+1(1 +risAt) — 1]
i

:ptAt(EtD [Fi,t+1 - 1] + O(At))

= piEL[Fi 1 — 1] +0o(AD).

Given Hj =ptEf[§_yFi,t+1 —1] (equation (12)), as we
assumed that B,,; = B is deterministic,

Eo[Rijri1] = B [eL 1 +m)] E, |:€jét+1 (1 +rjt)]

-t

=1 —p)(Hjs — Hy) + pE[Fivi1 — Fjui1] +o(At)
= (1 -p:)(Hy — Hy) + B (Hy — Hy) + o(At)
- (1 — EV) (Hy — Hi) + o(AD).

The last step uses equation (45), which gives p; = O(A¢) and
Hj; — Hy; = O(At), so that p;(Hj — Hir) = O((A1)*) = o(AD).  ~

Finally, we use equation (22), which gives ry —rjy = — rr‘ﬁ;; +
O(Hzt) + Te +¢ + O(H t)’ hence H]t - it = (1 +qi_f)(rit - rjt) + O( Jjt +Hit)-
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Proof of Proposition 5. We use equation (25), which gives (in
the limit of small time intervals and resiliences):

e; e; e; e;
EﬁVD[ i+l J‘t+li| + (rit _ rjt) :E?’D[ 1,t+1 (1 +rit) _ S+l (1 +rjt)] —I—O(At)
eit ejt €it €jit

= (1 +(Z:‘—H> (rie —rjr) +o(Ab),
that is,

e; e;
EYP [“”1 - ””1} — P2 1) + o(20)
(73 €t T,

e

Hence, an econometrician running the Fama regression in
equation (26) will find gNP = — %

Te®

Likewise,
5 [ ) ] _ [(l _EV)<1 +¢H) - 1] (rie — i) +0(21)
e ejt Te

so that gf = —‘%’ + (1 +%)§y.

Proof of Proposition 6. Put price: We start with the put price:

* . . +
VP(K) =, [% (K‘ll - ei) ]
M\ "ejo e

M en e\’ M3 en e\’
o) omef (e -2)]
(1-po)Eg ;Ko e PolEg ;K e

1oen)’ 1 oen\ T
—(1— efRENDKKeJ_l_eLl) ]+ e*RED[B—}/(KeJ_l_eLI) }
(1—-po)e Ky e eio poe By | By (Ko =

where ND and D superscripts denote expectation conditional on
no disasters and a disaster, respectively. The next calculation
uses the following lemma, which is standard.?®

25. To verify it, we calculate that the characteristic function of y is the charac-
teristic function of distribution (48):

2 2
kay

N k2 2
E®[eP] = E[eHEM*% /Zeky] —exp <k]E[y] +5 7+ ECov(x, y)) —exp |:k(IE[y] +Cov(x,)) +%] .
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Lemma 4. (Discrete-time Girsanov). Suppose that (x, y) are jointly

Gaussian under P. Consider the measure @ defined by

‘é—g:exp(x—E[x]—%). Then, under @, y is Gaussian,

with distribution
(48) y~@N (Ely] + Cov(x, y), Var(y)),
where E[y], Cov(x,y), and Var(y) are calculated under P.

To perform the calculation, write for the ND case

2
€1 o7

4 o . . i

(49) eo exp <[Ll + & 5 )

and the analog for j. We call n =¢; —¢;, and calculate:
V1:]ENDKK@—@>+]
0 ejo  eio
2 2\\ "
_Ef)VD[<KeXp</Lj+8j—O2J> —exp(ui—l-si—azl)) }

0'2 ()'2 0'-2 *
= exp(u;)EYP |:exp (sj - é) (Kexp(uj — ;) —exp (si —g&+ Ej - é)) :| .

o?
We define %:exp(ej—gf), and use Lemma 4. Under @, with n

o2 2, . . . .
=g —¢g,y= n+7’—% is a Gaussian variable with variance o

and mean:

2
n

O’2 0'.2
E9y] = ij -5+ Cov(s; — ¢, &)
2
I or = — ()
2 2

Hence,
Vi =exp (,ui)EQ[(Kexp (1 — 1) = ey)+]

= exp (m)Vf;’s(KeXp (Mj - Mi)v Uiu‘)’

where o;; = (Var(s; — &) and VE((K, 0) = E[(K — exp(ou — 2))*]
(with u a standard Gaussian) is the Black-Scholes put value
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when the interest rate is 0, the maturity 1, the strike K, the
spot price 1, and the volatility o.

Next we observe that in disasters, %:exp(ui)Fil. This
implies:

' N
ED [BI" (KZJ—; - Z%;) } =EP [ny(exp (1;)KFj; — exp (;Li)Fil)+].
'j 1

We conclude that the value of the put is equation (30).
Call price: We use the put-call parity. Using the identity x™

=x+ (—x)" and the fact that ]EO[%;%] = 175> we have:
M €1 €1 + M3 €1 €1 M3 €1 €1 +
VCK:IE[ 1(——LK> =Fo|s2 (=LK |+E| - (LK-—=
( ) 0 M(’; €io €50 0 MS €io €50 0 Mak €0 €;0
1 K
=——— +VP(K).
1+rio 1+rjo "

Proof of Proposition 7. Using the same proof as in Gabaix
(2012, Theorem 1), the price of the stock in the international
numéraire (the traded good) is:

ﬁDit
= i+ ¢mp,
Ppiy =Dy -
. "Di . .
Hence, expressed in the domestic currency, the price is:

Hpit

. rDi tOH . . . .
Ppiy =Eot — ¢, —ni  Away from the continuous time limit
it €it I'Di ’

the price of the stock is:

—rpi—hpi) T
1+ exp (—rpi—hpis) Hpi
1—exp (*rDi*¢HDi

Ppir = d;
it = i 1 —exp (—rpi)

The Model with Nominal Prices. The inflation process is as in
Gabaix (2012), so we can take results from that paper. Let
Qi = Qio]_[i;})(l — m;s) be the value of money (the inverse of the
price level) in country i. Using the LG results, the expected value
of one unit of currency T periods later is:

910z ‘sz Afenige4 uo A1SIBAIUN I0 A MON e /Bio'sfeulnolpio)xo-alby/:dny woiy pspeojumoq


http://qje.oxfordjournals.org/

RARE DISASTERS AND EXCHANGE RATES 49
QL t+T:| _ (1 ) ( — exp ( ¢mT) T — ni*)
Qlt s — exp ( ¢m) 1 '

or E; [Q’ ”T] = exp(—m*T)(l — 7176Xp¢(f¢”iﬂ (i — m*)> in the con-

tinuous-time limit.
The time ¢ price of a nominal bond yielding one unit of cur-

(50) E [

rency at time ¢+ T'is Z,(T) = E; []%gi;iﬁ”] Because we assume
that shocks to inflation are uncorrelated with disasters, the pre-

sent value of one nominal unit of the currency is:

> o [ME e Qitir
61) 2um) = [ MTe | (Bt |,

Proof of Proposition 8. The derivation of the forward rate is as
in Gabaix (2012), Theorem 2 and Lemma 2, using equation (51).

Proof of Proposition 9. We start with the case of the regression
in a sample that does not contain disasters. So up to second-order
terms in H,; and m;;, using the fact that (up to o(At) terms), the
change in the nominal exchange rate is the sum of the change in
the real rate plus inflation differential,

€itr1—€it €+l —Ejt b5 (7 &
END | Sitt 1 T C (H —H-)— i — i) +o(A
|: ezt ejt re+¢H i Jt (nzt ]Tjt)+0( )

_ a(Hit _Hjt) +b (i — ) + ¢ +0(Al)

’:it_th:_ (A ﬁ )+(7Tlt—7TJt)+O(At)
:A(Hit —ﬁﬁ) +B(m;s — mjt) + C +0(At),

hence
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i1 —€it  Cjas1— €| o

Cov(Eﬁ\’D[lJr~ Lo R Ry — F
~ND (473 €t
Var(f” _fjt)

~

aAVar(ﬁit — Hﬂ) + bBVar(T[it — ﬂ]t)

- A2Var(ﬁ w—H jt) + B2Var(m; — mjt)

.a b ap -
—vZ—(l—v)E—v,BN +1-7,

1
BZVar(nl-t— jt) .
AZVar(ﬁit— Ajt)

The case of the full sample regression is proved similarly.

where v :=

HARVARD UNIVERSITY
NEW YORK UNIVERSITY

SUPPLEMENTARY MATERIAL

An Online Appendix for this article can be found at QJE
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